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Preface

The idea of modeling the behaviour of phenomena at multiple scales
has become a useful tool in both pure and applied mathematics.
Fractal-based techniques lie at the heart of this area, as fractals are
inherently multiscale objects. Fractals have increasingly become a use-
ful tool in real applications; they very often describe such phenomena
better than traditional mathematical models.

Fractal-Based Methods in Analysis draws together, for the first time
in book form, methods and results from almost 20 years of research on
this topic, including new viewpoints and results in many of the chap-
ters. For each topic, the theoretical framework is carefully explained.
Numerous examples and applications are presented.

The central themes are self-similarity across scales (exact or ap-
proximate) and contractivity. In applications, this involves introduc-
ing an appropriate space for contractive operators and approximating
the “target” mathematical object by the fixed point of one of these
contractions. Under fairly general conditions, this approximation can
be extremely good. This idea emerged from fractal image compression,
where an image is encoded by the parameters of a contractive transfor-
mation (see Sect. 3.1 and Figs. 3.3 and 3.4). The first step in extending
this methodology is to construct interesting contractive operators on
many different types of spaces. After this theoretical framework has
been established, the next step is to apply the methodology in practi-
cal problems. In this book, we present extensive examples of both of
these steps.

We originally conceived a document that we could give to our stu-
dents to help them learn the background for their research. This doc-
ument would contain an introduction to fractals via iterated function
systems (IFSs) and some of the important subsequent developments,
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viii Preface

all from this IFS viewpoint. This document has since taken on a life of
its own that has resulted in this book. The original goal is reflected in
the second chapter, which is designed to serve as the basis for a course.

In the first chapter, we give a “bird’s-eye” overview of the area,
painting with broad brushstrokes to give the reader the feel and phi-
losophy of the approach. We touch on many of the topics and appli-
cations, hoping to share our amazement at the breadth of interesting
mathematics and applications and to entice the reader into learning
more.

In Chapter 2, we present a brief course on the classical topics in the
iterated function systems viewpoint on fractals. In order to help the
reader who might be seeing the material for the first time, we have
included many exercises in this chapter. This is in keeping with our
own desire to use this particular chapter as the basis for a course on
IFS fractals.

In Chapters 3–5 we carefully develop the IFS framework in a large
variety of settings. In particular, in Chapter 3 we develop a theory of
IFSs on various spaces of functions, including the interaction of IFSs
with integral transforms and IFSs on wavelet spaces. IFSs on spaces
of transforms have been used in mathematical imaging, with IFSs on
Fourier transforms having applications in magnetic resonance imaging
(MRI). Chapter 4 extends this to IFSs on multifunctions (set-valued
functions) and measure-valued functions. Again, the primary motiva-
tion and application for this framework is in mathematical imaging.
Chapter 5 proceeds to a careful construction of the framework in var-
ious spaces of measures, with many new results. We consider signed
measures, vector measures, and multimeasures (set-valued measures).
Furthermore, there is a discussion of “generalized” measures as dual
objects to Lipschitz spaces. This is a very useful class of “measures”
for many purposes.

In Chapter 6, we turn to another classical topic in IFS fractals, that
of ergodic theory and the “chaos game.” An IFS defines a dynamical
system, which in turn generates an invariant measure. Chapter 6 ex-
tends the “chaos game” to IFSs on various function spaces, including
random algorithms for generating wavelet analysis and wavelet syn-
thesis.

Chapters 7 and 8 present an extensive range of applications of
fractal-based methods to inverse problems. The models that we dis-
cuss span the range from ordinary differential equations (ODEs), par-
tial differential equations (PDEs), and random differential equations
to stochastic differential equations (SDEs) and more. The range of ap-
plication topics presented is equally broad, from models in physics to
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biological, population, and economic models. These two chapters are
just the start of the possible application areas and serve to illustrate
the power of fractal-based methods.

The preface of a book is also the customary place for acknowledg-
ments and expressions of thanks to appropriate people – collaborators,
students, and individuals who have, in whatever way, helped the au-
thors with their work or understanding of the subject material. In
our case, the list of such people is quite long and the risk of omission
quite large, so we shall keep our acknowledgments rather brief. First
of all (and in a somewhat chronological order), Ed Vrscay would like
to thank Michael F. Barnsley who, while at Georgia Tech, introduced
him to the fields of fractal geometry and fractal image compression.
He would also like to thank Jacques Lévy-Véhel, Dietmar Saupe and
Claude Tricot for invaluable discussions, collaborations and assistance
that began in the late-1980s and led to the formation of the “Waterloo
Fractal Coding and Analysis Project.” It was the attraction of Bruno
Forte, former Chair of Applied Mathematics, University of Waterloo,
to the “Waterloo Project” that contributed to its significant initial
growth, in particular the mathematical formulation of generalized frac-
tal transforms and associated inverse problems. Further growth of the
project was made possible with the arrival of Franklin Mendivil. After
retiring from Waterloo in 1995, Bruno would return to Italy to assume
Emeritus Professorships, first at the University of Bari and then at
the University of Verona. Here, he would eventually supervise Davide
La Torre’s Master’s thesis on inverse problem for fractal transforms.
Davide La Torre would like to thank Vincenzo Capasso and Bruno
Forte for addressing him in these topics and for the suggestions, the
inspiration, and the support that they have given him during his aca-
demic career. Bruno Forte was the first professor Herb Kunze met in
the classroom while and undergraduate at the University of Water-
loo. A few years later, Herb worked repeatedly as Bruno’s teaching
assistant for the same advanced Calculus course. Herb Kunze wishes
to acknowledge the influential impact that Bruno had on his early
academic life.

For these reasons we are dedicating this book to him.
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Chapter 1

What do we mean by “Fractal-Based
Analysis”?

We consider “fractal-based analysis” to be the mathematics (and ap-
plications) associated with two fundamental ideas, namely, (1) self-
similarity and (2) contractivity :

1. Self-similarity. This is the “fractals” part of “fractal-based analy-
sis.” Let u ∈ X denote some mathematical object of interest, e.g.,
a set, a function, an image or a measure, in an appropriate space
X. (For the moment, we may consider X to be a complete met-
ric space.) The first step is to construct a number of “shrunken”
and “distorted” copies of u, to be denoted as gi, 1 ≤ i ≤ N . Then
combine these fractal components of u in some way to make a new
object v ∈ X. We’ll call the operation T that maps u to v a fractal
transform. In summary, T : X → X and v = Tu.

2. Contractivity. Under suitable conditions on the parameters which
characterize the shrinking and distortion mentioned above, the frac-
tal transform T will be contractive in the metric space X. From
Banach’s Fixed Point Theorem [11] (which will clearly play a cen-
tral role in this book), T has a unique and attractive fixed point
ū ∈ X, i.e., T ū = ū.

Given the nature of fractal transforms T , their fixed points ū will
exhibit some kind of self-similarity, making them generally “fractal” in
nature. In the particular case of iterated function systems(IFS), where
fractal transforms T are defined by a set of contractive mappings in Rn,
their fixed points ū can be made to resemble to a remarkable degree
natural objects such as leaves or trees (see Fig. 1.1 for an example).
Historically, this observation naturally led to the question of whether
fixed points of fractal transforms could be used to approximate im-
ages in general. Fractal image coding is an example of such an inverse
problem: Given a “target” image u ∈ X, can we find a contractive
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fractal transform T with fixed point ū such that ū approximates u to
a desirable accuracy?

Fig. 1.1: Fern leaf as a fixed point of an IFS.

The above inverse problem may be generalized to “non-fractal” sit-
uations, namely, the problem of approximating elements of a metric
space X by fixed points of a given class of contractive operators on X.
This will be the subject of several chapters of this book.

The above discussion, which was intended to be a very brief overview,
is admittedly incomplete and imprecise. It clearly raises a good number
of questions. For example:

1. What types of spaces X are amenable to fractal transforms?
2. How do we “shrink” and “distort” copies of an element u ∈ X?
3. How do we combine its fractal components gi to produce the ele-

ment v = Tu?
4. What are the conditions for contractivity of T on X?
5. And finally, what are some applications of such fractal-based meth-

ods?

These are some of the questions that will be investigated and answered
in this book.

For the remainder of this chapter, we provide a slightly deeper ver-
sion of the above discussion, if only to whet the general reader’s ap-
petite and provide a slightly broader picture of fractal-based analysis.
This is done with the understanding that a more complete and mathe-
matically rigorous discussion will appear in later sections of this book.
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1.1 Fractal transforms and self-similarity

Let (Y, dY) denote a complete metric space of mappings of a base space
X (typically a subset of Rn), to a range space R (typically a subset of
R). Consider an element u ∈ Y. Then do the following:

1. Make N spatially contracted copies of u, i.e.,

fi(x) = u(w−1
i (x)), x ∈ wi(X), 1 ≤ i ≤ N,

where the wi : X → X are contraction maps on X. (It may be
necessary to define fi(x) = 0, or perhaps fi(x) = ∅, the empty set,
for x /∈ wi(X).)

2. Modify the range values of these copies as follows,

gi(x) = φi(fi(x)), 1 ≤ i ≤ N,

where the “range maps” φi : R → R are sufficiently regular, e.g.,
Lipschitz. We refer to the gi, 1 ≤ i ≤ N , as the fractal components
of u.

3. Finally, combine the fractal components gi in an appropriate man-
ner (which may depend on the space R), i.e.,

v(x) = O(g1(x), g2(x), · · · , gN (x)), (1.1)

where the operator O : YN → Y may be required to satisfy some
properties, the details of which will be omitted here. In many sit-
uations O is simply a pointwise sum.
At this point, we may wish to include an additional, “nonfractal”
component, h ∈ Y in equation (1.1), i.e.,

v(x) = O(g1(x), g2(x), · · · , gN (x), h(x)).

We shall refer to such a term, h, which may be independent of u,
as a condensation term, as introduced by Barnsley and coworkers
[16] (see also section 2.6.1). In the discussion that follows, we omit
this term for notational simplicity, with the understanding that it
may be included in our formalism if necessary.

The above procedure may be written compactly as follows,

v = Tu,

where T : Y → Y is the fractal transform operator associated with the
set of contraction maps wi, 1 ≤ i ≤ N and associated φi maps.
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Under some conditions on the φi and the wi (specifically their Lips-
chitz/contraction factors), the fractal transform T is contractive. Once
again, from Banach’s Fixed Point Theorem, there exists a unique ū ∈ Y

which is the fixed point of T , i.e.,

T ū = ū. (1.2)

Moreover, for any element u0 ∈ Y, the iteration sequence defined as
follows,

un+1 = Tun, n = 0, 1, 2, · · · ,
converges to ū (in metric dY on Y). In other words, the unique fixed
point ū is globally attractive. This global attraction results from the
global contractivity of T and is a very useful feature when present.

From equations (1.1) and (1.2), the fixed point ū of a fractal trans-
form T satisfies the equation,

ū(x) = O(φ1(ū(w
−1
1 (x)), φ2(ū(w

−1
2 (x)), · · · , φN (ū(w−1

N (x))). (1.3)

This functional equation be viewed as a kind of self-similarity property,
i.e., that ū may be expressed as a combination/union of spatially-
contracted and distorted copies of itself.

Finally, we mention that Eq. (1.3) is a special form of the following
functional equation,

f(x) = F (x, f(g1(x)), · · · , f(gN (x))),

which was studied many years ago by Bajraktarevic [10], following
the work of Read [143]. For this reason, various researchers in frac-
tal imaging have referred to fractal transforms as Read-Bajraktarevic
operators.

At this point, it is instructive to consider a couple of illustrative
examples. The reader will probably have noticed that the above dis-
cussion was tailored for the treatment of functions. Indeed, much of
this book is dedicated to the subject of fractal transforms on function
and multifunction spaces. We often distinguish between a geometric
fractal transform acting on sets from one acting on analytic objects in
a vector space (such as functions or measures of various types).

1. Scaling equation of multiresolution analysis. X = R, the
real line and Y = L2(R). Let u(x) be the scaling function as-
sociated with a given multiresolution analysis on R (or subset
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thereof) [44, 123]. Define, as usual, V0 = span{u(x − n)}n∈Z and
V1 = span{u(2x− n)}n∈Z. Then V0 ⊂ V1, implying that u satisfies
the scaling equation or dilation equation,

u(x) =
∑
k

ck
√
2u(2x− k).

In light of Eq. 1.3, u may be viewed as the fixed point of the fractal
transform defined by the following contractive spatial maps wi and
associated range maps φk:

wk(x) =
1

2
x+

k

2
, φk(t) =

√
2ckt, k ∈ Z, such that ck �= 0.

Note that in this case the fractal transform is a linear operator,
implying that u(x) = 0 is also a fixed point. In order to get a
nontrivial fixed point function u(x) we must place restrictions on
the space of functions.

2. Self-similar functions. A standard definition of self-similarity of
functions over sets satisfying the open set condition (see definition
2.35) is as follows [123, 82]: Let u be continuous and compactly
supported and let Ω be the bounded open subset of Rn such that
Ω̄ = supp{u}. Further suppose that there exist disjoint open sub-
sets Ωk ⊂ Ω, k = 1, 2, · · · , N , such that Ωk = wk(Ω), where the wk

are contractive similitudes. Then u is self-similar on Ω if it satisfies
the relation

u(x) = h(x) +
∑
k

αku(w
−1
i (x)),

where

h(x) =

{
hk(x) x ∈ Ωk,

f(x) x /∈
⋃

k Ωk.

and the functions f and hk, 1 ≤ k ≤ k, are assumed to be Lipschitz.
Once again, the self-similar function u(x) may be viewed as the
fixed point of a fractal transform defined by the contraction maps
wk(x), their associated range maps φk(t) = αkt and the conden-
sation function h(x). Alternatively, we could define the range map
on each Ωk as follows,

φk(t) = αkt+ hk(x),

and redefine h(x) appropriately. In many practical applications,
hk(x) is constant, i.e., φk(t) = αkt+ βk.
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Example: Let Ω = (0, 1), and

w1(x) =
1

3
x, w2(x) =

1

3
x+

1

3
, w3(x) =

1

3
x+

2

3
,

with associated φk maps,

φ1(t) =
1

2
t, φ2(t) =

1

2
, φ3(t) =

1

2
t+

1

2
.

Then u(x) is the famous “Devil’s staircase function,” sketched be-
low in Fig. 1.2. Clearly, u(x) may be viewed as a union of three
contracted copies of itself, with the middle copy being a “flattened”
copy. The fixed point equation 1.3 satisfied by u(x) becomes

u(x) =

⎧⎪⎨⎪⎩
1
2u(3x) 0 ≤ x < 1

3 ,
1
2

1
3 < x < 2

3 ,
1
2u(3x− 2) + 1

2
2
3 < x ≤ 1.

In this and the previous example, the collection of wk and associ-
ated φk maps is said to comprise a iterated function system with
greyscale maps (IFSM), to be discussed in more detail in Chap. 2.

Fig. 1.2: “Devil’s staircase function” on [0, 1]

3. Local self-similarity and “block fractal coding”. We now
modify the previous definition to allow subsets of Ω to be mapped
to smaller subsets. This is the essence of “block fractal coding” or
“partitioned IFS” (see also the discussion of local or partitioned
IFSM in chapter 3). For reasons that will become clear below (see
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sections 1.4.1 and 3.1), we refer to the subsets Ωk as range or
child blocks and denote them as Rk. Now suppose that to each
range block Rk there corresponds a set Dj(k) ⊂ Ω such that Ωk =
wk(Dj(k)), where wk is a contractive similitude. Dj(k) is the domain
or parent block associated with Rk. Then u is affinely self-similar
on Ω with respect to the range-domain associations (Rk, Dj(k)) if

u(x) = αku(w
−1
i (x)) + βk, x ∈ Rk. (1.4)

This relation, which forms the basis of most fractal signal/image
coding methods, has its origins in the block fractal coding method
of A. Jacquin [80]. For convenience, each range block Rk is often
chosen to be an n×n block of pixels with associated 2n× 2n-pixel
domain block Dj(k). This subject will be discussed in greater detail
in Chap. 2.

4. “Multiparent” fractal coding:Wemodify the above fractal cod-
ing scheme by allowing each range block Rj to be associated with
several parent blocks. For simplicity, assume that a digital image
is partitioned by n × n-pixel range blocks Rk, 1 ≤ k ≤ NR. Fur-
thermore assume the existence of a common domain pool, that is,
a set of ND 2n× 2n-pixel domain blocks selected from throughout
the image. Let wjk denote the contractive similitude that maps Dj

to Rk. Given a function u, we define v = Tu, where T is a mul-
tiparent fractal transform, as follows: Over each range block, Rk,
1 ≤ k ≤ NR,

v(x) = (Tu)(x) =

ND∑
j=1

cjkφjk(u(w
−1
jk (x)), x ∈ Rk, (1.5)

where φjk(t) = αjkt+ βjk and

ND∑
k=1

cjk = 1, j = 1, 2, · · · , NR.

Multiparent fractal transforms may be used to perform image de-
noising. Consider the case of an image u that has been corrupted
with additive Gaussian noise, i.e., ũ = u + N (0, σ). A well-known
technique of noise variance reduction is to take repeated measure-
ments/images and average over them. If we have several (noisy)
domain blocks that provide good approximations to a given (noisy)
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range block ũ(Rj), then averaging over them could produce a rea-
sonable approximation to u(Rj) the denoised image. This idea was
exploited in [1].
In fact, multiparent fractal transforms may be viewed as a cross-
scale, block-based version of the method of nonlocal means denois-
ing [31] which, because of its simplicity and effectiveness, has re-
ceived a great deal of interest in the context of nonlocal image
processing [116]. Nonlocal means denoising and fractal image cod-
ing may be viewed as particular examples of a more general model
of nonlocal affine self-similarity of images [2, 112].

1.2 Self-similarity: A brief historical review

The idea of self-similarity has been present in various forms in the
mathematical and scientific literature for many years. Indeed, it pro-
vided the motivation for various set-valued mappings that perform the
shrink-distort-combine procedure given above, including the methods
of “iterated function systems” and fractal image coding. In what fol-
lows, we outline very briefly the historical development of the idea
of self-similarity, once again with the disclaimer that no attempt at
completeness has been made.

1.2.1 The construction of self-similar sets

Benoit Mandelbrot’s classic work, The Fractal Geometry of Nature
[124], presented the first description, along with an extensive catalog,
of self-similar sets : sets that may be expressed as unions of contracted
copies of themselves. Moreover, he called these sets “fractals,” because
their (fractional) Hausdorff dimensions exceeded their (integer-valued)
topological dimension. The ternary Cantor set (Fig. 2.1) and the von
Koch “snowflake curve” (Fig. 1.3) are perhaps the most celebrated
examples of such fractal, self-similar sets. As many will recall, Man-
delbrot introduced these ideas with the classical problem of finding the
length of an irregular coastline.

Mandelbrot viewed fractal sets as limits of a recursive procedure
that involved “generators.” A generator G contains a set of rules – a
kind of “grammar” – for operations on sets: Some generators act on
line segments, others act on sets with area or volume. Starting with



1.2 Self-similarity: A brief historical review 9

Fig. 1.3: The von Koch snowflake along with its defining equilateral triangle.

an appropriate “seed” set S0 (in R2, for example), we then form the
iteration sequence

Sn+1 = G(Sn), n = 0, 1, 2, · · · .

In the limit n → ∞, the sets Sn approach a limit set S̄ which is typi-
cally a fractal. A well-known example of such a generator, relevant to
the problem of fractal coastlines, is given in Fig. 1.4. This replacement
rule will generate the von Koch curve (which forms one side of the
boundary of the von Koch snowflake).

G(S)S

G

Fig. 1.4: Generator

Applying the above generator to a set (composed of line segments,
e.g., a polygon in the plane) means replacing each line segment S in
the set, with length l, by four segments of length l/3, as shown on
the right. (We omit the technicalities regarding the orientation of the
middle “tooth”.) If we start with the segment S0 = S on the left above,
the limiting set S̄ is the celebrated von Koch curve presented in Fig.
1.5. This figure illustrates the first few iterations of this replacement
rule.

Going back to the von Koch generator G, each one of the four line
segments on the right can be viewed as a contracted (by one-third)
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Fig. 1.5: First several stages in the construction of the von Koch curve

and translated copy of the original line segment. Consequently, each
set Sn+1 in the iteration sequence is a union of four contracted and
translated copies of Sn. And in the limit, the von Koch curve S may
be considered as a union of four contracted copies of itself, i.e.,

S̄ =
4⋃

k=1

S̄(k) (1.6)

However, it was the landmark work of Hutchinson [75], followed
shortly thereafter by that of Barnsley and Demko [17], that paved the
way to being able to work with such fractal sets (and measures) analyt-
ically. Mandelbrot’s generators were replaced by systems of geometric
contraction maps in Rn: Instead of focusing on the actual operation
of replacing line segments or sets with contracted copies, one simply
considered the geometric maps – we’ll call them wi : R

n → Rn – that
performed these transformations.

For example, in the case of the von Koch curve, equation (1.6) would
be rewritten as
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S̄ = w(S̄) =

4⋃
k=1

wk(S̄),

where the maps wi : R
2 → R2 are given by

w1 :

(
1
3 0
0 1

3

)(
x
y

)
w2 :

(
1
6 −

√
3
6√

3
6

1
6

)(
x
y

)
+

(
1
3
0

)
w3 :

(
1
6

√
3
6

−
√
3
6

1
6

)(
x
y

)
+

(
1
3
0

)
w4 :

(
1
3 0
0 1

3

)(
x
y

)
+

(
2
3
0

)
As such, S̄ is the fixed point of a set-valued mapping w : H(X) →

H(X), where H(X) denotes the set of all nonempty compact subsets
of X ⊂ Rn, X compact. Moreover, the mapping w, which represents
a kind of parallel action of the contractive maps wk, is contractive in
the complete metric space (H(X), dH), where dH denotes the Hausdorff
metric [75]. Thus the fixed point S̄, often referred to as the attractor,
is unique. Such a set of N contractive maps wk is almost universally
referred to as an N -map iterated function system (IFS), due to Barns-
ley and Demko [17]; we discuss this again in greater detail in section
2.2.

1.2.2 The construction of self-similar measures

If we associate a (nonnegative) probability pk with each IFS map wk, so
that

∑n
k=1 pk = 1, the resulting N -map IFS with probabilities (IFSP)

defines an operator M : P(X) → P(X), where P(X) denotes the space
of Borel probability measures on X. Let μ, ν ∈ P(X) such that ν = Mμ.
Then for any Borel set S ⊆ X,

ν(S) = (Mμ)(S) =

N∑
k=1

pkμ(w
−1
i (S)). (1.7)

In light of our earlier discussion, M may be viewed as a fractal trans-
form on measures: It produces N spatially-contracted copies μ(w−1

i ) of
the measure μ, alters their values by the pi, and then combines them
via the summation operator. As will be discussed in Sec. 2.5 and in
greater generality in Chap 5, M is contractive in the complete metric
space (P(X), dMK) [75], where dMK denotes the Monge-Kantorovich
metric (often referred to as the “Hutchinson metric” in the IFS litera-
ture because of its use in [75]). This, of course, implies the existence of



12 1 What do we mean by “Fractal-Based Analysis”?

a fixed point μ̄ ∈ P(X), the so-called invariant measure of the IFSP,
which also possesses a self-similarity property. Moreover the support
of μ̄ is the attractor S̄ of the N -map IFS.

From a more practical perspective, the invariant measure provided
by an IFSP can be used to provide black-and-white “shading” of the at-
tractor S̄ of its corresponding IFS. On a computer screen, the greyscale
of a pixel representing a subset S ∈ S̄ may be adjusted according to the
invariant measure, μ̄(S), supported on S – the darker the greyscale, the
higher the measure. As such, IFSP invariant measures were viewed as
a possible means of approximating natural images. Jacquin’s original
method of “block fractal coding” [81] was, in fact, formulated in terms
of measures and IFSP operators. This approach naturally evolved to
the consideration of images as functions, in particular L2 functions,
the usual scenario in signal and image processing.

At this point it is appropriate to mention that systems of contrac-
tive mappings had been previously studied by others, e.g., Williams
[172], Nadler [137] and Karlin [83], to mention only a few. Interest-
ingly, Karlin’s studies of learning models involved random walks over
Cantor-like sets, a precursor to the IFS “Chaos Game” of Barnsley
and coworkers [16]

1.3 Induced fractal transforms

Suppose that there exists a 1 − 1 mapping ψ between two complete
metric spaces Y and Z. Then a fractal transform operator T : Y → Y

induces an equivalent operator M : Z → Z, as sketched below. If T
has a unique fixed point ū ∈ Y, then M has a unique fixed point
z̄ = ψ(ū) ∈ Z. In what follows, we provide a brief overview of induced
fractal transforms and their importance in applications. The subject
is treated in greater detail in Sect. 3.4.

Induced fractal transforms have been useful in the treatment of in-
verse problems since it is sometimes easier – and possibly more fruitful
– to work in the alternate space Z. Some examples that have been use-
ful include:

1. Fourier transforms: Let Y = L2(X) where X = [−1, 1] and Z =
L2(R). Given a u ∈ Y, we consider its Fourier transform U ∈ Z

defined as follows,
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V

u v
T

M

ψ ψ

U

Fig. 1.6: Fractal transform T : Y → Y induces fractal transform M : Z → Z.

U(k) =

∫
R

u(x) e−i2πkx dx, k ∈ R.

(Note that this is the signal processing definition, formulated in
“k-space.”)
Let T be the fractal transform defined by the following N -map IFS
with greyscale maps on R:

wm(x) = smx+ am, φm(t) = αmt+ βm, 1 ≤ m ≤ N,

with |sm| < 1. Then the associated fractal transform operator M :
Z → Z is given by

V (k) = (MU)(k)

=
N∑

m=1

e−i2πamk [αmsmU(smk) + 2smβmsinc(2smk)] .

The action of M on a Fourier transform U(k) is to produce a set of
frequency-expanded copies of U(k) along with a condensation func-
tion composed of sinc functions. The former will come as no surprise
to signal and image processors: the increase in resolution produced
by the spatial contractions of T is equivalent to an increase in high-
frequency content. The value of U(k) for some k ∈ R is determined
by values of U at lower (magnitude) frequencies U(smk). The use of
this operator to perform image enhancement by means of frequency
extrapolation has been explored in [130, 131, 129].

2. Fractal-wavelet transforms: Y = L2(X)) and Z is the space of
wavelet representations of functions in L2(X) with l2 metric. For
simplicity, we consider X = [0, 1]. Let φ(x) (not to be confused
with the greyscale maps φi(t)) denote a scaling function that de-
fines a standard multiresolution approximation of L2(X) and ψ(x)
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the corresponding mother wavelet function. Then the functions
{φ, ψij , i = 0, 1, 2, · · · , j = 0, 1, · · · , 2i − 1}, where

ψij(x) = 21/2ψ(2ix− j),

form a complete basis of L2(X). Any u ∈ L2(X) admits an expan-
sion in this basis of the form,

u(x) = b00φ(x) +
∞∑
i=0

2i−1∑
j=0

cijψij(x).

The expansion coefficients are conveniently displayed in the follow-
ing manner,

b00
c00

c10 c11
c20 c21 c22 c23

C30 C31 C32 C33 C34 C35 C36 C37

Here, Cij represents a binary tree of infinite length with root cij .
(The entire wavelet tree may be denoted as B00, rooted at b00.)
A fractal-wavelet (FW) transform M is defined by replacing blocks
Ckl of the wavelet table with scaled copies of blocks Cij that are
rooted higher in the tree. The usual procedure is as follows: For a
given k∗ > 0 and i∗ = k∗ − 1, define

M : Ck∗,l → αlCi∗,j(l),where j(l)∈ {0, 1, · · · , 2i∗−1}, 0 ≤ l ≤ 2k
∗−1,

The αl are the fractal-wavelet scaling parameters. (Note that con-
stant βl terms are not added to the coefficients.)
Example: For k∗ = 2 and i∗ = 1 consider the following FW trans-
form:

C20 = α0C10, C21 = α1C11, C22 = α2C11, C23 = α3C10, |αi| <
1√
2
.

(The condition on the αi guarantees contractivity.) Its action may
be represented diagrammatically as follows,

M : B00 →

b00
c00

c10 c11
α0C10 α1C11 α2C11 α3C10

. (1.8)

If we iterate this map, we obtain a sequence of wavelet trees
Mn(B00) that converge to a limit (in l2 metric) which is a wavelet
coefficient tree. The first few rows of this limit are given by
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b00
c00

c10 c11
α0c10 α1c11 α2c11 α3c10

α2
0c10 α0α1c11 α1α2c11 α1α3c10 α2

2c11 α2α3c10 α3α0c10 α3α1c11

If we start with a wavelet tree in equation (1.8) with zeros below the
entries c10 and c11, then each application of M produces a new line
of nonzero wavelet coefficients, representing an additional degree of
spatial resolution. The production of wavelet coefficients cij with
higher i-values from those of lower i-values is analogous to the
frequency extrapolation method for Fourier transforms discussed
earlier.

Note that our presentation of the fractal-wavelet transform has
proceeded in the reverse direction: Instead of starting with an op-
erator T in the spatial domain, we began with a transform M in
the wavelet domain. It induces a block-based or partitioned frac-
tal transform T with condensation function h(x) in the spatial do-
main. More details may be found in [134]. Two-dimensional fractal-
wavelet transforms, with particular application to image process-
ing, are discussed in [166].

3. Moments of probability measures: (Y, dY) = (P, dMK), the
space of probability measures on X = [0, 1]; (Z, dZ) = (D(X), d̄2),
the space of moment sequences of these measures,

D(X) =

{g = (g0 = 1, g1, g2, · · · ) | gn =

∫
X

xndμ, n = 0, 1, 2, · · · ,∀μ ∈ P(X)}.

with weighted l2 metric,

d̄2(g,h) =

∞∑
k=1

1

k2
(gk − hk)

2, g,h ∈ D(X).

Here, we deviate from the notation used above and let M : Y → Y

denote the Markov operator associated with an N -map IFSP, as
defined in equation (1.7). We consider the case of affine contractive
IFS maps, wi(x) = six+ ai with probabilities pi.
As shown in [65], if we multiply both sides of equation (1.7) by
xn, n = 0, 1, 2, · · · and integrate over X, we arrive at the following
relation between the moments hn of ν = Mμ and the moments gn
of μ,
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hn =

N∑
i=1

Anipi, n = 1, 2,

where

Ani =
n∑

k=0

(
n
k

)
ski a

n−k
i gk.

This shows that the induced operator A : D(X) → D(X) is a linear
operator, i.e., h = Ag. Moreover, its (infinite) matrix represen-
tation is lower triangular. It is also contractive in (D(X), d̄2). Its
unique fixed point ḡ is the vector of moments of the invariant/fixed
point measure μ̄ of M. [65]. The moments ḡn of μ̄ may be computed
recursively, as originally shown in [17].

1.4 Inverse problems for fractal transforms and
“collage coding”

Barnsley and Demko were the first to see the potential of using
IFS/fractal transforms for inverse problems of approximation [17]. In
the context of their paper on IFS, they asked the following,

Given a set S, can we find an IFS w = {w1, · · · , wN} such that S is
the attractor of w, i.e., w(S) = S?

Realizing that this may be too much to ask,

Can we find an IFS w with fixed point attractor A such that S ≈ A?

Mathematically, this may be understood as the problem of approxi-
mation by fixed points of contractive maps. Suppose that we have an
element u ∈ Y. Can we find a contractive fractal transform T : Y → Y

with fixed point ū such that ū ≈ u, perhaps even to some desired degree
of accuracy, i.e., dY(u, ū) < ε for some specified ε > 0? (Interestingly,
Barnsley and Demko provided a simple, low-accuracy, solution to such
an inverse problem – the “twin dragon” set in R2 – by attempting to
match a couple of moments of this set by the moments of an IFS with
probabilities.)

Even from its inception, the inverse problem of approximating
sets/functions by fixed points of IFS was seen to be difficult. How
does one vary the variable fractal parameters – call them π – that
comprise a fractal transform T (π) in an effort to steer the fixed point
ū(π) close to u? Such a method is complicated: One must compute the
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attractor/fixed point u(π) at each step, then estimate the derivatives,
etc.. A simpler, more automatic, method would be desirable.

Indeed, a great simplification results by means of a simple conse-
quence of Banach’s Fixed Point Theorem [155], which is referred to as
the “Collage Theorem” [18, 16] in the IFS literature. Before stating
this result, let us first motivate the idea of “collaging.” Without loss
of generality, we refer to the self-similarity relation for functions in
equation (1.3), which has the form u = Tu.

In general, a function u will not be self-similar but with a proper
selection of maps wk and φk maps we may be able to arrive at an
approximate self-similarity, i.e.,

u ≈ Tu.

The error of this approximation, dY(u, Tu), is referred to as the collage
error – it represents the error obtained by “tiling” u with copies of
itself. Moreover, we expect that the smaller the collage error, the closer
u is to being the fixed point ū of T . Indeed, a simple application of the
triangle inequality yields the mathematical relationship between the
collage error dY(u, Tu) and the approximation error dY(u, ū), known
as the “Collage Theorem:”

dY(u, ū) ≤
1

1− c
dY(Tu, u),

where c ∈ [0, 1) is the contraction factor of T . (The proof is presented
in Chap. 2.)

The goal is now to make the approximation error dY(u, ū) small by
making the collage error dY(Tu, u) small (and perhaps keeping some
control on c). This is the essence of collage coding, which is a central
feature of fractal image coding and fractal-based methods in general:
You try to “tile” a target u ∈ Y with copies of itself, as was shown
nicely in the original paper of Barnsley and students [18] (and subse-
quently in the book by Barnsley [16]).

In general, whenever you have a family of contraction maps – frac-
tal or non-fractal – over a complete metric space (Y, dY), you have
the ingredients of an inverse problem: Given an element u ∈ Y , find
a contraction map T with fixed point ū such that the approximation
error dY(u, ū) is sufficiently small. Collage coding in a variety of spaces
and applications – both fractal and non-fractal will be discussed exten-
sively in Chaps. 7 and 8 and is the basis for the techniques developed
in these chapters.
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1.4.1 Fractal image coding

An overview of fractal transforms and self-similarity would not be
complete without a brief description of the basics of fractal image
coding. A more detailed discussion is to be found in Chap. 2.

A very simple prescription for the fractal coding of an n×n-pixel im-
age u(x) is as follows. With reference to the earlier discussion on block
fractal coding which included Eq. (1.4), we let Rk, k = 1, 2, · · · , NR,
denote a set of nR×nR-pixel nonoverlapping range blocks that form a
partition of the image. Let Dj , k = 1, 2, · · · , ND be a set of 2nR×2nR-
pixel domain blocks that are selected from throughout the image. (In
order to keep the size down, we may consider the set of nonoverlapping
2nR × 2nR-pixel blocks that cover the image.

For each range block, Rk, compute the collage errors Δkj associated
with all domain blocks, Dj , i.e.,

Δkj = min
α,β

‖u(Rk)− αũ(Dj)− β‖, j = 1, 2, · · · , ND.

Here, ũ(Dj) denotes the nR × nR-pixel block image obtained by “dec-
imating” the 2nR × 2nR-pixel domain block image u(Dk). (For digital
images, decimation is normally accomplished by replacing the image
values over four neighbouring pixels that form a square in Dk by their
average value placed on one pixel. Following the decimation, we may
consider all eight possible isometries that map one block to another,
i.e., four rotations and four reflections.) The block Dj(k) yielding the
lowest collage error Δkj is chosen to be the domain block associated
with Rj .

The above procedure yields the fractal transform T which minimizes
the total collage distance

‖u− Tu‖ =

NR∑
k=1

Δkj .

over the nonoverlapping range blocks Rk. (Because the range blocks
Rk were nonoverlapping, each approximation can be performed inde-
pendently.) T is defined in terms of the range-domain assignments
(k, j(k)) (along with isometries i(k) if applicable) and φ-map param-
eters αk, βk: these parameters comprise the fractal code of the image
u.

The fixed point ū of T – the desired approximation to u – is then
generated by iteration: Start with any n × n-pixel “seed” image, u0,
for example the blank image u0 = 0, and form the iteration sequence
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un+1 = Tun until convergence is achieved (after roughly log2 n itera-
tions). At each step of the iteration procedure, each range block image
u(Rk) of un is replaced by αkũ(Dk)+βk. The result of this procedure,
as applied to the 512×512-pixel test image Boat, is shown in the figure
below.

For more detailed accounts of fractal coding, the reader is referred
to [19, 60, 120].

Fig. 1.7: Clockwise, from upper left: The 512 × 512-pixel, 8 bit/pixel
test image Boat. The images u1, u2 and fixed point images obtained from
the iteration sequence un+1 = Tun, where the seed u0 is a blank (white)
image and T is the fractal transform obtained by the collage coding method
outlined in the text: 8× 8-pixel range blocks, 16× 16-pixel domain blocks.





Chapter 2

Basic IFS Theory

In this chapter, we give a short presentation of the classical theory of
iterated function systems (IFSs). Our main purpose in doing this is to
make this book as self-contained as possible. We also hope that this
chapter might be used by a beginner to learn this theory. As such,
the tone in this chapter is more expository than in some of the other
chapters, and we give more attention to pedagogical motivation. Our
choice of material includes all the standard results and constructions
along with a selection of topics that are particularly useful in the rest
of the book. There are several excellent books that provide alternative
presentations of this material ([16, 56, 52] are three such books).

2.1 Contraction mappings and fixed points

The foundation of most of the constructions in IFS theory is the notion
of contractive maps on some metric space and, in particular, the con-
traction mapping theorem (Theorem 2.2). Thus, we start our presenta-
tion with this classical material. Throughout this section, we assume
that (X, d) is a complete metric space.

Definition 2.1. A function f : X → X is a contraction if there is some
c ∈ [0, 1) with d(f(x), f(y)) ≤ c d(x, y) for all x, y ∈ X. The smallest
such constant c is the contraction factor for the contraction f .

Notice that any contraction mapping is automatically continuous.
The most important property of contraction mappings is the fact that
all contractions have a unique fixed point. The following theorem is
also called Banach’s fixed-point theorem, as it appeared in his Ph.D.
thesis (also see [11])!

H. Kunze et al., Fractal-Based Methods in Analysis,  
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Theorem 2.2. (Contraction mapping theorem) Let f : X → X be a
contraction with contraction factor c < 1. Then there is a unique x̄ ∈ X

such that f(x̄) = x̄. Furthermore, for any x0, the sequence defined by
xn+1 = f(xn) converges to x̄ with the estimate

d(xn, x̄) ≤ cn d(x0, x̄).

Proof. We first prove the uniqueness. Suppose that there are two dis-
tinct points x, y ∈ X with f(x) = x and f(y) = y. Then

d(x, y) = d(f(x), f(y)) ≤ c d(x, y) < d(x, y),

which is a contradiction. Thus, if there is a fixed point, it must be
unique.

To show existence, let x0 ∈ X be arbitrary and define the sequence
xn by xn+1 = f(xn). We show that this sequence is a Cauchy sequence,
and its limit is a fixed point of f .

First, we note that

d(x0, xk) ≤ d(x0, x1) + d(x1, x2) + d(x2, x3) + · · ·+ d(xk−1, xk)
≤ d(x0, x1) + c d(x0, x1) + c2 d(x0, x1) + · · ·+ ck−1d(x0, x1)
≤ [1 + c+ c2 + · · ·+ ck−1]d(x0, x1)

≤ 1

1− c
d(x0, x1).

Furthermore, for 1 ≤ n < m, we have

d(xn, xm) = d(f(xn−1), f(xm−1)) ≤ c d(xn−1, xm−1)

≤ c2 d(xn−2, xm−2) ≤ · · · ≤ cn d(x0, xm−n) ≤
cn

1− c
d(x0, x1),

which immediately implies that the sequence xn is a Cauchy sequence.
Since X is complete, we know that xn → x̄ for some x̄ ∈ X. Since f is
continuous, we have

x̄ = limxn = limxn+1 = lim f(xn) = f(x̄),

and so x̄ is a fixed point of f . Finally, for the estimate, we see that

d(xn, x̄) = d(f(xn−1), f(x̄)) ≤ c d(xn−1, x̄) ≤ · · · ≤ cnd(x0, x̄).

��
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There are many other theorems that guarantee the existence of fixed
points under various hypotheses. The particular strength of the con-
traction mapping theorem is that it not only guarantees a unique fixed
point (some of the other fixed-point theorems simply assert there is at
least one) but also gives an effective construction to approximate this
fixed point to any degree of accuracy – we simply iterate the function
sufficiently many times.

Exercise 2.3. Consider X = [1,∞) and f(x) = x + 1/x. Show that
f satisfies |f(x) − f(y)| < |x − y| for all x, y ∈ X but that f has no
fixed point in X. Notice that X is a complete metric space. Thus the
condition that the contractivity of f be strictly bounded away from 1
is necessary.

Exercise 2.4. Suppose that X is compact and that |f(x) − f(y)| <
|x− y| for all x, y ∈ X. Show that f has a fixed point in X.

Exercise 2.5. We generalize the setting a little bit. Let X be complete
and fn : X → X satisfy |fn(x) − fn(y)| ≤ (1 − an)|x − y| for all n,
where

∑
n an = +∞ and 0 < an < 1. Choose x0 ∈ X, and define

xn+1 = fn(xn). Show that xn converges.

The following proposition gives an often practical means of telling
how close a given point in the space is to the fixed point. This estimate
is often called the collage theorem.

Theorem 2.6. (Collage theorem) Let f : X → X be contractive with
contractivity c < 1 and x̄ be its unique fixed point. Then, for any y ∈ X,
we have

d(y, x̄) ≤ d(y, f(y))

1− c
. (2.1)

Proof. We see that

d(y, x̄) ≤ d(y, f(y)) + d(f(y), x̄) = d(y, f(y)) + d(f(y), f(x̄))
≤ d(y, f(y)) + c d(y, x̄).

Rearranging this gives the desired result. ��

This simple result plays a major role in applications of the contrac-
tion mapping theorem, particularly in applications using IFSs. The
meaning of the estimate is clear: the less the function f “moves” a
given point y ∈ X, the closer this point y is to being the fixed point
of f . Intuitively this makes perfect sense: points “close” to the fixed
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point x̄ do not get “moved” very much by f , with this effect getting
stronger the closer you are to x̄.

We next turn to showing that the fixed point of a contraction is a
continuous function of the contraction. That is, if you vary the con-
traction map, the resulting fixed point varies in a continuous fashion.
First, we define a distance between two functions on X.

Definition 2.7. Let f, g : X → X be two functions, and we define

d∞(f, g) = sup
x∈X

d(f(x), g(x))

assuming this is finite.

Clearly this quantity is not always finite, even if both f and g are
contractive. For instance, f, g : R → R given by f(x) = x/2 and
g(x) = x/3 are both contractive but d∞(f, g) = +∞. If we restrict
our discussion to a suitable collection of functions, then d∞ is in fact
a metric. One instance of this is when X is compact, as then d∞ is
bounded (being a continuous real-valued function on a compact set).

The next result gives an estimate of the distance between the fixed
points of two contractions based on the distance between the functions.
The proof is extremely simple, but the result is important enough to
record.

Proposition 2.8. Let f, g : X → X be contractions with contractivities
cf , cg and fixed points x̄f , x̄g. Then

d(x̄f , x̄g) ≤
1

1− cf
d∞(f, g).

Notice that in the estimate we could use either cf or cg, whichever
one is more convenient or gives a better bound. Using this result, we
can show that the fixed point is a continuous function of the contrac-
tion.

Theorem 2.9. (Continuity of fixed points) Let fn : X → X be a
sequence of contractions with contractivities cn and fixed points x̄n.
Suppose that c = supn cn < 1 and that there is some f : X → X with
d∞(fn, f) → 0. Then x̄n → x̄ and x̄ is the fixed point of f .

Proof. It is clear that f is a contraction with contractivity bounded
from above by c since

d(f(x), f(y)) = lim
n

d(fn(x), fn(y)) ≤ lim
n

cd(x, y) = cd(x, y).



2.1 Contraction mappings and fixed points 25

Thus f has a fixed point x̄. We use the estimate in Proposition 2.8
with c and thus get

d(x̄, x̄n) ≤
1

1− c
d∞(f, fn) → 0.

��

This result will be very important in our later work. It establishes
that continuous variations in the contraction maps (or parameters
therein) will produce continuous variations in the fixed points. This
will allow us to modify a contraction map in a controlled manner in
order to produce a desired fixed point. The paper [103] contains a more
general discussion of the issue of continuity of fixed points.

Exercise 2.10. There is another useful way to compare two Lipschitz
functions. Fix a point a ∈ X, and suppose that f, g : X → X are
Lipschitz with Lipschitz factors cx, cy ≥ 0. Then it is easy to see that
the quantity

dL(f, g) = d(f(a), g(a)) + inf{λ > 0 : d(f(x), g(x)) ≤ λ d(x, a)}

is finite. Show that it is in fact a metric between Lipschitz functions.
Prove a result on continuity of fixed points under this metric.

There is also another simple consequence of the proof of the con-
traction mapping theorem, which is sometimes called the anti-collage
theorem.

Theorem 2.11. (Anti-collage theorem) Let f : X → X be contractive
with contractivity c < 1 and x̄ be its unique fixed point. Then, for any
y ∈ X, we have

d(y, x̄) ≥ d(y, f(y))

1 + c
. (2.2)

Exercise 2.12. Prove Theorem 2.11. The proof is similar to that of
the collage theorem.

2.1.1 Inverse problem

These considerations lead naturally to an inverse problem, that is one
of the central problems we investigate in this book. This inverse prob-
lem will arise in many different contexts. Our method of solution is at
the heart of what we mean by “fractal-based methods in analysis.”
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Summarizing our results on contractions, if we are given a contrac-
tion mapping f , we can “find/construct” its fixed point x̄ (or at least
arbitrarily close approximations to it) by iterating the function f on
any convenient starting point x0.

Suppose instead we are given the following problem: “Given a y ∈ X,
can we find a ‘suitably nice’ contraction map f for which y is the fixed
point; i.e., f(y) = y?” In general, the answer is no, especially as usually
we are constrained to look in some family of contractions. The fruitful
viewpoint is to relax the requirement for an exact match between the
fixed point x̄ of f and the given point y and instead ask for a small
distance between them.

More formally, we have the following.

Definition 2.13. (Inverse problem of approximation by fixed points
of contraction maps) Given a point y ∈ Y and an ε > 0, can we find a
contraction f whose fixed point x̄ satisfies d(x̄, y) < ε?

One of the difficulties in trying to answer this question is estimating
the distance d(x̄, y). The problem is that while it is relatively simple to
generate x̄ given the contraction f , it is not always simple to estimate
d(x̄, y) without explicitly computing x̄. In most of the situations we
will discuss, we search for the contraction f out of some parameterized
family, so we would like to be able to estimate the approximation error
d(x̄, y) more directly from the parameters of the given f .

The collage theorem (Theorem 2.6) allows us to change the question
into one that is more tractable; this is the main reason for the impor-
tance of this theorem. It allows us to control the distance d(f(y), y)
instead of d(x̄, y); the distance d(f(y), y) involves only a single itera-
tion of f , while, in principle, d(x̄, y) involves infinitely many iterations
of f . It is the basis for the collage coding method, which is discussed
in detail in Chapters 7 and 8 and in Sect. 3.1 on fractal imaging. The
ideas around “collage coding” were first fully developed for application
in fractal image compression and have since been found useful in many
other contexts involving inverse problems.

There is another theorem that is also useful in this context. It was
first noted in [91].

Theorem 2.14. (Suboptimality theorem) Let fλ : X → X be a family
of contractions with the contractivity of fλ being cλ < 1. Denote the
fixed point of fλ by xλ. Let x ∈ X be given and α be such that

d(x, fα(x)) ≤ d(x, fλ(x)) for all λ.

Finally, let β be such that
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d(x, xβ) ≤ d(x, xλ) for all λ.

Then we have that

d(xα, xβ) ≤
2

1− cα
d(x, fα(x)).

This theorem is interesting because it indicates that the optimal “col-
lage” approximation is not so far from the optimal approximation by
a fixed point. It is clear that usually the “collage” approximation will
be suboptimal, however.

Exercise 2.15. Prove Theorem 2.14. The proof is similar to that of
the collage theorem.

2.2 Iterated Function System (IFS)

We now introduce the book’s primary mathematical object – an iter-
ated function system, or IFS. The seminal mathematical reference for
the material in this section is the landmark paper by Hutchinson [75].

2.2.1 Motivating example: The Cantor set

We begin our discussion with the motivating example of the classical
Cantor set C (sometimes also called the middle 1/3-Cantor set). In the
classical construction, we start with the unit interval I0 = [0, 1] and
remove an open interval of length 1/3 from the center, leaving the two
closed intervals [0, 1/3] and [2/3, 1]. The union of these two intervals
we will call I1. See Fig. 2.1 for an illustration of this construction. This
figure shows the first several stages of the construction.

For the next step, we remove an open interval of length 1/9 from
the center of each component of I1, leaving the four closed intervals
[0, 1/9], [2/9, 1/3], [2/3, 7/9], and [8/9, 1]; we will call the union of these
four closed intervals I2. Continuing, at the nth stage we have the set In,
which is composed of 2n closed intervals, each of length 3−n. We remove
an open interval of length 3−n−1 from the center of each component of
In. This will leave 2n+1 closed intervals, each of length 3−n−1, whose
union we call In+1. Notice that by this construction we have In+1 ⊂ In,
with each In a compact subset of [0, 1].

The Cantor set C is defined to be the intersection of all the In; that
is, C = ∩nIn. By standard results, we know that C �= ∅ and is a compact
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subset of [0, 1]. Furthermore, it is not difficult to show that C is totally
disconnected. What this means is that the largest connected pieces of
C are single points. In addition, the cardinality of C is the same as the
cardinality of [0, 1], as there is a one-to-one correspondence between
the points of C and the points of [0, 1]. To understand this, it is useful
to have another description of C. This alternate description will also
be a foreshadowing of the more general idea of addresses for describing
the points on the attractor of a generic IFS (see Sect. 2.3).

Fig. 2.1: Stages in the construction of the Cantor set.

The key idea in the alternate description is to notice that when we
remove the interval (1/3, 2/3) at the first stage, what we are doing is
removing all the numbers in [0, 1] whose base-3 expansion begins with
the digit “1.” This leaves all those numbers whose base-3 expansion
begins with either one of the digits “0” or “2.” In the second step, we
now remove all those numbers whose base-3 expansion has a “1” as
the second digit. In general, the set In contains all those numbers in
[0, 1] whose base-3 expansion contains no “1” digit in any of the first
n places of the expansion. Thus the limiting set C contains all those
numbers that have no “1” digit anywhere in their base-3 expansion.
However, as there are still two other digits to choose from (the digits
“0” and “2”), there are still infinitely many possible points left in C.
In fact, it is easy to define an injective function f : [0, 1] → C, which
shows that C has cardinality at least as large as that of [0, 1]. To do
this, let

∑
i bi2

−i be a binary expansion for some x ∈ [0, 1]. We define

f(x) =
∑
i

2bi3
−i.

This defines some point of C since each base-3 digit of f(x) will be
either a “0” or a “2.”

Another remarkable property of C is that it is composed of smaller
pieces, each of which is an exactly scaled copy of C. To be slightly more
precise, if we let C0 = C ∩ [0, 1/3] and C1 = C ∩ [2/3, 1], we see that
C = C0 ∪ C1 and that each C0 and C1 “look” just like smaller copies of
C. In particular, defining w0, w1 : R → R by

w0(x) = x/3 and w1(x) = x/3 + 2/3, (2.3)
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we see that C0 = w0(C) and that C1 = w1(C). This means that

C = w0(C) ∪ w1(C). (2.4)

Equation (2.4) is a formal way to encode the self-similarity of the
Cantor set. This equation also suggests another iterative construction
of C. Starting with I0 = [0, 1], we see that w0(I0) and w1(I0) are
the two intervals in the second step of the construction above and
I1 = w0(I0) ∪ w1(I0). Continuing, we see that at each step In+1 =
w0(In) ∪ w1(In). So, instead of starting with some set and removing
part of it at each stage, this time we iterate the combined action of
the two functions w0 and w1 to produce the next stage.

The particular details of these “steps” in the construction are due to
the initial set I0 = [0, 1]. For instance, In+1 ⊂ In since w0(In) ⊂ In and
w1(In) ⊂ In. If we had started with some other initial set, there is no
reason to believe that the intermediate steps would have been nested
in this way. Figure 2.2 shows an alternate sequence of intermediate
“steps” that starts with I0 = [1/3, 2/3]. Defining In+1 = w0(In) ∪
w1(In) as before, this time we do not have the same nested property
of the sequence In. However, it still seems that the sets In “converge”
to C. The trick is finding the right metric in which to measure and show
this convergence. The Hausdorff metric turns out to work perfectly for
this.

Fig. 2.2: Stages in an alternate construction of the Cantor set.

Exercise 2.16. The Cantor set is also self-similar under other func-
tions. Show that the functions w0(x) = 1/3−x/3 and w1(x) = 1−x/3
also work. Find other examples of functions that work, some involving
more than two functions.
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2.2.2 Space of compact subsets and the
Hausdorff metric

Since we are interested in discussing convergence of sets, the proper
setting for this is a space of sets. Again let (X, d) be a complete metric
space.

Definition 2.17. Let

H(X) = {A ⊆ X : A �= ∅ and A is compact}.

Note that C ∈ H(R) and In ∈ H(R) for all n (these are the sets from
the construction of the Cantor set and are from the previous section).

Now we need to define a metric on this space. The appropriate met-
ric is the Hausdorff metric. Notice that the Hausdorff metric is a dis-
tance between compact sets and is based on an underlying metric that
measures the distance between points. If you change the underlying
metric, you also change the resulting Hausdorff metric.

Definition 2.18. (Hausdorff distance) For A,B ∈ H(X), we define

dH(A,B) = max

{
sup
a∈A

inf
b∈B

d(a, b), sup
b∈B

inf
a∈A

d(a, b)

}
.

It is not obvious that this defines a metric or what the meaning of
the resulting distance is, so we will spend some time discussing it. The
first observation is that

d(a,B) := inf
b∈B

d(a, b)

is the distance from the point a to the compact set B. Furthermore,
the quantity

d(A,B) := sup
a∈A

inf
b∈B

d(a, b)

is like a one-sided distance from A to B. The Hausdorff distance is a
maximum of two of these one-sided distances.

Exercise 2.19. Show that if A,B ⊆ X are such that cl(A), cl(B) ∈
H(X), then dH(A,B) = dH(cl(A), cl(B)).

Another way to start seeing the meaning of the Hausdorff distance
is through the idea of an ε-dilation of a set.
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Definition 2.20. Let A be a subset of a metric space X and ε > 0.
Then the ε-dilation of A is the set

Aε = {x : d(x, a) < ε for some a ∈ A}.

Clearly A ⊆ Aε for any ε > 0. The converse is not usually true.
Let A,B ∈ H(X) be given, and suppose that A ⊆ Bε. Then we know

that for each a ∈ A there is some b ∈ B such that d(a, b) < ε. However,
this means that

d(A,B) = sup
b∈B

inf
a∈A

d(a, b) ≤ ε.

The converse is also equally simple: if d(A,B) < ε, then A ⊆ Bε. See
Fig. 2.3 for an illustration of this. This easily leads to the next result.

Proposition 2.21. Let A,B ∈ H(X). Then

dH(A,B) = inf{ε > 0 : A ⊆ Bε and B ⊆ Aε}.

This result provides a nice “visual” characterization of the meaning of
the Hausdorff distance.

Fig. 2.3: An illustration for the Hausdorff distance.

Exercise 2.22. Show that In → C in the Hausdorff metric, where In
is the sequence of sets (the “steps”) in either one of the constructions
of the Cantor set (as illustrated in Figs. 2.1 and 2.2).

It is not difficult to show that Definition 2.18 defines a metric, so
we do this now.

Theorem 2.23. Let (X, d) be a metric. Then the Hausdorff metric
based on d is also a metric.
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Proof. The symmetry in the definition easily shows that dH(A,B) =
dH(B,A).

It is easy to see that dH(A,B) ≥ 0 for any A,B ∈ H(X) and that
dH(A,A) = 0. On the other hand, if dH(A,B) = 0, then for each a ∈ A
we have infb d(a, b) = 0. Since B is compact, this implies that a ∈ B
and thus A ⊆ B. In a similar fashion, we get that B ⊆ A and thus
A = B.

Finally, we show the triangle inequality, so let A,B,C ∈ H(X) be
given. Then we have that for any a ∈ A and c ∈ C

d(a,B) ≤ inf
b∈B

(d(a, c)+d(c, b)) = d(a, c)+ inf
b∈B

d(c, b) = d(a, c)+d(c, B).

This then gives

d(a,B) ≤ inf
c∈C

(d(a, c) + d(c, B))

≤ inf
c∈C

d(a, c) + sup
c∈C

d(c, B) = d(a, C) + d(C,B)

and thus

d(A,B) = sup
a∈A

inf
b∈B

d(a, b) ≤ d(A,C) + d(C,B).

The inequality d(B,A) ≤ d(B,C) + d(C,A) is similar, and thus we
have shown that dH(A,B) ≤ dH(A,C) + dH(C,B). ��

Not only is the Hausdorff distance a metric, but if X is complete,
then the space (H(X), dH) is a complete metric space, as we show next.

Theorem 2.24. If (X, d) is complete, then so is (H(X), dH).

Proof. Let An ∈ H(X) be a Cauchy sequence that we wish to show
converges. Define

A =
∞⋂

m=1

⋃
n≥m

An,

where we use the bar to denote closure. We claim that dH(An, A) → 0
and A ∈ H(X).

First we show that A ∈ H(X). Since X is a complete metric space,
being compact is equivalent to being closed and totally bounded. We
will show that each Bm = cl(∪n≥mAn) is compact and nonempty. This
would imply that A is compact and nonempty as well. Now clearly
each Bm is closed and Bm+1 ⊆ Bm, so showing that B1 is compact
is sufficient. To show that B1 is totally bounded, let ε > 0 be given.
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Then, since An is Cauchy, there is some m such that for any n > m
we have dH(Am, An) < ε/2, which implies that An ⊆ (Am)ε/2, the ε/2-
dilation of Am. Thus, Bm ⊆ (Am)ε/2, so Bm is totally bounded (and
thus compact) since Am is totally bounded. Now notice that

B1 = cl(A1 ∪A2 ∪ · · · ∪Am−1 ∪Bm),

so it is the closure of a finite union of compact sets and thus is compact.
Next we show that An → A in the Hausdorff metric. Let ε > 0

be given. Then there is some m > 0 such that for all n ≥ m we
have dH(An, Am) < ε/2. However, this means that An ⊆ (Bm)ε/2 and
Bm ⊆ (An)ε. Since A ⊆ Bm, this gives A ⊆ (An)ε. To show the reverse
conclusion, let x ∈ An be given. Then, since dH(An, Ak) < ε/2 for all
k > n, we have a sequence xk ∈ Ak with d(xk, x) < ε/2. However, then
this means that xk ∈ Bn, which is compact, and thus xk has a cluster
point y ∈ Bn and so d(y, x) ≤ ε/2. Since the tail of the sequence xk is
in B� for all 
 > n, we have y ∈ A, which means that An ⊆ Aε. Thus
dH(A,An) < ε as desired, so An → A in H(X). ��

Exercise 2.25. Does it make sense to extend dH to closed and bounded
(but not necessarily compact) sets? Investigate which properties re-
main and which (if any) change.

The Hausdorff distance has some interesting features. For instance,
it is possible for a sequence of finite sets to converge to an uncountable
set. As a simple example, for each n ∈ N, let An = {i/n : 0 ≤ i ≤ n} ⊂
[0, 1]. Then dH(An, [0, 1]) = 1/(2n), so An → [0, 1] in H(R). Another
interesting property is that the addition or removal of a single point
can drastically change the distance between two sets. This is also easy
to see. Let A = [0, 1] and B = [0, 1] ∪ {x}, where x /∈ [0, 1]. Then
dH(A,B) = max{−x, x−1} and so can be arbitrarily large. This means
that dH might need to be modified or replaced for some applications,
such as matching digital images.

Exercise 2.26. There are many other distances one could define be-
tween sets. For A,B ⊆ R2, investigate the properties of the “distance”

d(A,B) =

∫
X

|χA(t)− χB(t)| dλ(t),

where χA is the characteristic function of A and λ is the Lebesgue
measure. Does this define a metric? Why or why not? Is it necessary
to restrict the sets to some class of sets in order for this to be a well-
defined metric?
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2.2.3 Definition of IFS

After setting the stage for the space in which our fractals will “live,”
we now define the notion of an iterated function system.

Definition 2.27. An iterated function system, or IFS, on a metric
space X is a finite collection of mappings wi : X → X, i = 1, 2, . . . , N ,
which are usually contractive. The contractivity of the IFS is the num-
ber c := maxi ci, where ci is the contractivity of wi.

Our example of the Cantor set C from Sect. 2.2.1 had the IFS
{w0, w1} on X = R, where w0(x) = x/3 and w1(x) = x/3 + 2/3.
Thus c0 = c1 = 1/3, and so the contraction factor of the IFS is also
1/3.

Exercise 2.28. Sometimes it is not necessary that all the maps be
contractive, just that they be eventually contractive. Take the two
maps f, g : R2 → R2 given by

f

(
x
y

)
=

(
y

(x+ 1)/2

)
, g

(
y
y

)
=

(
y

x/2

)
.

Show that the IFS {f ◦ f, f ◦ g, g ◦ f, g ◦ g} is contractive even though
{f, g} is not.

One main idea of an IFS is that it formally encodes the idea of self-
similarity. A similarity (or similarity transform) is a mapping w : X →
X with the property that d(w(x), w(y)) = r d(x, y) for all x, y, where
r > 0 is the similarity ratio. This means that while distances are not
preserved, all ratios of distances are. For the Cantor set C, each part
of C is clearly similar to the whole set, except scaled by the similarity
ratio r = 1/3. Thus C is composed of two parts, where each is similar
to the whole.

Exercise 2.29. Let f : Rn → Rn be distance preserving under the
usual distance (that is, ‖x − y‖ = ‖f(x) − f(y)‖ for all x, y ∈ Rn).
Show that f is linear. Use this to show that all similarities in Rn are
linear.

As another example, consider the Sierpinski triangle S, illustrated
in Fig. 2.4. In this case, we can easily see that S is composed of three
similar copies of itself, each with a similarity ratio r = 1/2. These
three parts correspond to the three mappings
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w0

(
x
y

)
=

1

2

(
x

y + 1

)
, w1

(
x
y

)
=

1

2

(
x
y

)
, w2

(
x
y

)
=

1

2

(
x+ 1
y

)
.

The space X can be either [0, 1]2 or R2; it makes no difference. The
former choice makes sense if we are thinking of the context of images
on a computer screen.

Fig. 2.4: The Sierpinski triangle and the three mappings in the IFS.

Now clearly any map w : X → X naturally induces a mapping
ŵ : H(X) → H(X) via ŵ(A) = w(A) = {w(a) : a ∈ A}. Often we
will not distinguish between w : X → X and ŵ : H(X) → H(X), but
formally these two functions are different.

An IFS {w1, w2, . . . , wN} induces a mapping on H(X) given by

W (S) =

N⋃
i=1

ŵi(S). (2.5)

The action of this mapping for the Sierpinski triangle IFS is illus-
trated in Fig. 2.5. We can see in this figure that the original set (the
“stick man”) is mapped by each of the three maps in the IFS and
produces a new set that consists of three reduced copies of the original
set.

Looking at Fig. 2.6, we see the repeated iteration of this process
starting with the initial set S0 of the “stick man.” It seems clear that
the limit should be the Sierpinski triangle and that the Sierpinski tri-
angle will be the fixed point of the mapping W . This suggests that W
is a contraction on H(R2). Our next task is to prove this in general for
an IFS.

First we note that if w : X → X is a contraction with contractiv-
ity c < 1, then ŵ : H(X) → H(X) is also a contraction with con-
tractivity c. This is easy to see since d(w(x), w(y)) ≤ c d(x, y) implies
infb∈B d(w(a), w(b)) ≤ c infb∈B d(a, b), and thus the one-sided distance
satisfies this inequality as well; that is, d(ŵ(A), ŵ(B)) ≤ c d(A,B).
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Fig. 2.5: The action of the IFS mapping for the Sierpinski triangle.

Fig. 2.6: The iteration of the IFS mapping for the Sierpinski triangle.

Next we show that

dH(A1 ∪A2, B1 ∪B2) ≤ max{dH(A1, B1), dH(A2, B2)}. (2.6)

To see this, notice that for any C ∈ H(X) we have
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d(A1 ∪A2, C) = sup
a∈A1∪A2

d(a, C)

= max

{
sup
a∈A1

d(a, C), sup
a∈A2

d(a, C)

}
= max{d(A1, C), d(A2, C)}

and
d(a,B1 ∪B2) = min{d(a,B1), d(a,B2)}.

Thus,

dH(A1 ∪A2, B1 ∪B2)

= max

{
min{d(A1, B1), d(A1, B2)},min{d(A2, B1), d(A2, B2)},

min{d(B1, A1), d(B1, A2)},min{d(B2, A1), d(B2, A2)}
}

≤ max{d(A1, B1), d(B1, A1), d(A2, B2), d(B2, A2)}
= max{dH(A1, B1), dH(A2, B2)}.

This property of the Hausdorff distance leads to the next result.

Proposition 2.30. Let {wi} be an IFS on X with contractivity c < 1.
Then the induced map W on H(X) is also contractive with contractivity
c.

Corollary 2.31. Every IFS induced mapping W has a unique fixed
point A ∈ H(X), which satisfies the self-tiling equation

A =

N⋃
i=1

wi(A). (2.7)

The fixed point of the IFS is called the attractor of the IFS. In our
two examples, the Cantor set was the attractor of the two-map IFS and
the Sierpinski triangle was the attractor of the three-map IFS. Figure
2.6 shows the iterates of the IFS induced mapping W on a starting
image. We clearly see the convergence of these iterates in these images.

In Fig. 2.7, we show several other attractors of different IFSs. It is
instructive to try to determine the number of maps in the IFS from
the image. It is even more instructive to try to find the IFS maps
themselves. This is the inverse problem, and the collage theorem is
very useful in this regard.
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Exercise 2.32. For each attractor in Fig. 2.7, find an IFS.

Notice that not all these attractors are strictly self-similar, in that
some of the maps in the IFS are not similarities – they distort the
angles and distances. However, all of these attractors are self-affine
in that all the IFS maps are affine (a linear function plus perhaps a
translation).

Fig. 2.7: Some other attractors of various IFSs.

If K ⊆ X is closed and nonempty and ∪iwi(K) ⊆ K, then it is
easy to see that the attractor A ⊆ K (see [75], Sect. 3.1). Similarly, if
∪iwi(K) ⊇ K and K is compact, then K ⊆ A.

Exercise 2.33. Show these two properties. That is, if K ⊆ X is closed
and nonempty and ∪iwi(K) ⊆ K, then show that A ⊆ K. Also show
that if K is compact and ∪iwi(K) ⊇ K, then K ⊆ A. Find an example
of an IFS and a noncompact K such that ∪iwi(K) ⊇ K but K is not
contained in the attractor.

Topologically, the Cantor set is a model for a large class of attrac-
tors of IFSs. In fact, if the IFS is nonoverlapping, the attractor is
always homeomorphic to the Cantor set. We say that the IFS is non-
overlapping if wi(A)∩wj(A) = ∅ for i �= j, so that the union in (2.7) is
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a disjoint union. Since A is compact, so are wi(A) for each i, and thus
wi(A) is strictly separated from wj(A). That is, there is some ε > 0
such that infx∈A infy∈A d(wi(x), wi(y)) ≥ ε. By the recursive nature of
the IFS attractor A, this strict separation descends to all levels and
thus A is totally disconnected (which means that the largest connected
components are single points). Two of the attractors in Fig. 2.7 are
totally disconnected and thus homeomorphic to the Cantor set.

The Cantor set is a topological model for any compact, totally dis-
connected and perfect metric space. A perfect set is a set that has no
isolated points. This means that each point is a limit point of other
points in the set. Any compact, totally disconnected, and perfect met-
ric space S is homeomorphic to the Cantor set. It is not so hard to
show that most attractors of IFSs are perfect sets. All the attractors
we have given are perfect sets.

Exercise 2.34. Investigate sufficient conditions for an attractor of an
IFS to be a perfect set.

There is another common “disjointness” condition, the open set con-
dition.

Definition 2.35. (Open set condition) The IFS {w1, w2, . . . , wN} sat-
isfies the open set condition if there is some open set U ⊆ X such that
∪iwi(U) ⊆ U and wi(U) ∩ wj(U) = ∅ if i �= j.

The open set condition does not mean that the images wi(A) are
disjoint. An example is the Sierpinski triangle, which satisfies the open
set condition with the open square (0, 1)2. In this case, this shows
that the images are “almost” disjoint. The open set condition is very
important in the measure-theoretic study of IFS attractors as it has
implications for the dimension of the attractor (see [75, 55, 56, 57,
126]).

2.2.4 Collage theorem for IFS

The inspiration for the name “collage theorem” comes from its use in
IFS inverse problems. Consider the attractor in Fig. 2.8, the “maple
leaf” attractor. How would one design an IFS whose attractor resem-
bled this set (or was exactly this set)? The idea is to “collage” the
image with reduced copies of the entire image (reduced and perhaps
distorted in a simple way). We see how to do this in an approximate
way in Fig. 2.8. This image gives a good indication as to the reason
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for the name “collage theorem.” Since we can approximately cover the
maple leaf with four reduced and transformed copies of itself, we should
be able to find an IFS with four maps whose attractor very closely re-
sembles the maple leaf. The better the fit in the “collage,” the better
the attractor of the resulting IFS will resemble the maple leaf. This is
the visual content of the collage theorem in the IFS setting.

Fig. 2.8: (left) the maple leaf attractor and (right) its collage.

In the IFS context, the collage theorem takes the form

dH(B,A) ≤ 1

1− c
dH(B,w1(B) ∪ w2(B) ∪ · · · ∪ wN (B)),

where A is the attractor and B is the “target” set.
Using this idea, it is easier to find an IFS that will generate a given

image (at least in some cases). A nice example is the image in Fig. 2.9.
We invite the reader to find a set of affine maps that will “collage”
this attractor.

Exercise 2.36. Can you design an IFS whose attractor is a compact
curve in R2? A curve in R2 is the continuous image of an interval. Is
the Sierpinski triangle a curve?

2.2.5 Continuous dependence of the attractor

In this section, we prove that the attractor of an IFS is a continuous
function of the parameters of the IFS. That is, if we vary the collection
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Fig. 2.9: Can you find the IFS to generate this image?

of IFS maps in a continuous fashion, the attractor will change contin-
uously. In the abstract, this is a direct consequence of Theorem 2.9;
however, it is worth pointing out the aspects that make the IFS case
different. In particular, the induced mapping on H(X) is composed of
several individual mappings, and this makes the situation more com-
plicated. Our presentation of this material borrows very heavily from
[39]. Throughout this section, (X, d) is a complete metric space.

Definition 2.37. Let 0 ≤ s < 1. Define

Cons(X) := {f : X → X : d(f(x), f(y)) ≤ s d(x, y) for all x, y ∈ X}.

We place on Cons(X) the metric

d∞(f, g) = max

{
1, sup

x∈X
d(f(x), g(x))

}
.

We see that Cons(X) could also be named the Lipschitz functions of
Lipschitz factor at most s. We use the name Con to emphasize that we
are interested in contractions. It is straightforward to show that d∞
is a metric. It is also easy to show that (Cons(X), d∞) is a complete
metric space; the idea is that if fn is d∞-Cauchy, then fn(x) is d-
Cauchy for each x, so we obtain a limit in a pointwise fashion. The
following theorem is a restatement of Theorem 2.9.

Theorem 2.38. The fixed point of f ∈ Cons(X) is a continuous func-
tion of f ∈ Cons(X).

Now, an IFS is a finite collection of contractions, not just a single
contraction. While this collection does induce a single contraction on
H(X), our development does not use this particular idea. Instead we
think of an IFS as living in a finite product of copies of Cons(X).



42 2 Basic IFS Theory

Definition 2.39. Let 0 ≤ s < 1 and N ∈ N be given. Then we define

ConNs (X) := Cons(X)× Cons(X)× · · · × Cons(X),

where there are N factors in the product. We place the metric

d∞(F,G) = max
i

d∞(fi, gi)

on ConNs (X), where we have F = (f1, . . . , fN ) and G = (g1, . . . , gN ),
so F,G ∈ ConNs (X).

It is also easy to see that ConNs (X) is a complete metric space, being
the finite product of complete metric spaces.

Given F ∈ ConNs (X), we have the function F �→ A(F ), where A(F )
is the attractor of the IFS given by F . This is the function we are
particularly interested in and that we show is continuous.

Theorem 2.40. (Continuity of the attractor of an IFS) The function
A : ConNs (X) → H(X) that maps an IFS to its attractor is continuous.

Proof. Let 0 < ε < 1 be given, and suppose that F,G ∈ ConNs (X) are
such that d∞(F,G) < ε. This means that d(fi(x), gi(x)) < ε for all
i = 1, 2, . . . , N and all x ∈ X. Then, for any B ∈ H(X), we have

dH(F (B), G(B)) = dH

(⋃
i

fi(B),
⋃
i

gi(B)

)
≤ max

i
dH(fi(B), gi(B)) < ε.

Thus, supB∈H(X) dH(F (B), G(B)) ≤ ε and so, by Proposition 2.8, we
have dH(A(F ), A(G)) ≤ ε/(1− s). ��

As a simple corollary to this result, if the maps in the N -map IFS
F depend on some parameters λj in a continuous way, then the at-
tractor depends on the λj in a continuous way. Barnsley’s picturesque
description of this is that the attractor is “blowing in the wind” as it
continuously reacts to the changes in the IFS parameters.

Corollary 2.41. Suppose that F (λ1, λ2, . . . , λk) ∈ ConNs (X) and F
depends continuously on the parameters λj ∈ R. Then the attractor of
F depends continuously on the parameters λj.

Exercise 2.42. Find a proof of Theorem 2.40 that is based on proving
that the function ConNs (X) �→ Cons(H(X)) is continuous.

Exercise 2.43. Make an animation (movie) that illustrates the con-
tinuous dependence of an attractor of an IFS on the parameters in an
IFS. For example, continuously interpolate between the fern leaf and
the maple leaf.
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2.3 Code space and the address map

There is a nice “addressing scheme” that labels all the points of the
attractor of an IFS. This addressing scheme is driven by the recursive
nature of the attractor, so it is not surprising that the structure of the
addressing scheme is also recursive.

In order to explain this addressing scheme, we will concentrate on
the example of the Sierpinski triangle S, illustrated in Fig. 2.4. We
notice that S satisfies the self-similarity identity

S = w0(S) ∪ w1(S) ∪ w2(S),

and we have that the “parts,” the various wi(S), are almost disjoint
(they touch at a single point). These “first-level tiles” are illustrated
in Fig. 2.10.

Fig. 2.10: The three “tiles” of the Sierpinski triangle.

We can perform another level in decomposing S into nine “second-
level tiles” as

S = w0(w0(S)) ∪ w0(w1(S)) ∪ w0(w2(S))
∪ w1(w0(S)) ∪ w1(w1(S)) ∪ w1(w2(S))
∪ w2(w0(S)) ∪ w2(w1(S)) ∪ w2(w2(S)).

Continuing, we get the “nth-level” decomposition

S =
N⋃

i1=1

N⋃
i2=1

· · ·
N⋃

in=1

wi1 ◦ wi2 ◦ · · · ◦ win(S).

At this point, we notice that the diameter of wi1 ◦wi2 ◦ · · · ◦win(S) is
equal to 2−n × diam(S) = 2−n

√
2, which goes to zero as n → ∞. For

the moment, fix an infinite sequence in ∈ {0, 1, 2} and consider the
sequence of sets

Si1i2···in := wi1 ◦ wi2 ◦ · · · ◦ win−1 ◦ win(S).
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There is a nesting of these sets as

Si1i2···in−1in = wi1 ◦ wi2 ◦ · · · ◦ win−1 ◦ win(S)
⊆ wi1 ◦ wi2 ◦ · · · ◦ win−1(S) = Si1i2···in−1

(notice that the difference is the extra map applied on the “inside” for
the left side of this containment). These facts mean that

∞⋂
n=1

Si1i2···in = {x},

where x is some point in R2. In fact, it is easy to see that x ∈ S as
wi1(S) ⊂ S and thus each one of the sets in the sequence is a subset
of S. Repeating with a different infinite sequence in ∈ {0, 1, 2}, we get
another point of S; however, it is possible to start with two different
sequences and obtain the same point of S.

Given a point x ∈ S, there must be some i1 ∈ {0, 1, 2} such that
x ∈ wi1(S). Similarly, because of the “second-order” decomposition,
there must be an i2 such that x ∈ wi1 ◦ wi2(S). Continuing, to each x
we can associate a sequence in such that x ∈ wi1 ◦ · · · ◦win(S) for each
n; the more “digits” (terms in the sequence in) we know, the more
precisely we know the “location” of the point x.

This situation for the Sierpinski triangle is illustrated in Fig. 2.11,
where the first image shows the “first-level” addresses, the second
image the “second-level” addresses, and the third image the “third-
level” addresses. Every point in the region marked “021” is in the set
w0 ◦ w2 ◦ w1(S), or has an address that starts with “021.”

Fig. 2.11: Addresses on the Sierpinski triangle.

Another very common example is the example of base-10 represen-
tation of numbers in the interval [0, 1]. This corresponds to the 10-map
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IFS wi(x) = x/10 + i/10 for i = 0, 1, 2, . . . , 9, whose attractor is the
interval [0, 1]. The subset corresponding to wi0 ◦ wi1 ◦ · · · ◦ win([0, 1])
is the subset of [0, 1] consisting of all those numbers whose base-10
expansion starts with i0i1 . . . in. In this special case, the “address” not
only identifies (or labels) the point in [0, 1] but also carries arithmetic
information. This is completely atypical for a generic IFS, where the
address is only a label (albeit a particularly nice, recursive label).

This mapping from the infinite sequence (the “address”) to the point
in S is the “address map,” and we now move to a discussion of this in
the general case.

The first step is to make a formal definition of “code space.” For
an IFS {w1, w2, . . . , wN}, our addresses will consist of infinite se-
quences where each term of the sequence can take any of the values
{1, 2, . . . , N}.

Definition 2.44. (Code space) The code space associated with the
IFS {w1, . . . , wN} is the set

Σ = {1, 2, . . . , N}N = {α : αn ∈ {1, 2, . . . , N}, n ∈ N}.

We place the following metric on Σ:

d(α, β) =
∞∑
n=1

|αn − βn|
(N + 1)n

. (2.8)

If α, β ∈ Σ agree in at least the first n positions (that is, αi = βi
for i = 1, 2, . . . , n), then we have

d(α, β) ≤
∞∑

i=n+1

N − 1

(N + 1)i
=

N − 1

N(N + 1)n
. (2.9)

This is because at worst α and β can disagree in every position after
the nth and with the numerator in (2.8) being at worst N − 1.

Notice that (Σ, d) is a compact metric space (it is the countable
product of the compact space {1, 2, . . . , N} endowed with the discrete
topology). In fact, it is homeomorphic (but not isometric) to the stan-
dard Cantor set.

Exercise 2.45. Prove directly that (Σ, d) is a complete metric space.

We briefly explain why Σ is compact by showing that it is totally
bounded. Let ε > 0 be given. If we choose n such that (N + 1)−n < ε,
then we know by (2.9) that any α, β ∈ Σ that agree in the first n
places must satisfy d(α, β) < ε. There are Nn choices for these first n
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places, so we can form an ε-net in Σ by taking each of these Nn choices
for the first n places and then fixing all the rest of the positions to be
equal to 1.

Definition 2.46. Fix x ∈ X. The address map ω : Σ → X is defined
as

ω(σ) = lim
n→∞wσ1 ◦ wσ2 ◦ · · · ◦ wσn−1 ◦ wσn(x). (2.10)

The address map is independent of the chosen point x. To see this, let
x �= y. Then, for a given σ ∈ Σ, we have that

d(wσ1 ◦ · · · ◦ wσn(x), wσ1 ◦ · · · ◦ wσn(y)) ≤ cn d(x, y),

where c is the contraction factor for the IFS. Thus, as n → ∞, the
distance goes to zero. We showed above that the limit does indeed
exist. Thus the address map as given in (2.10) is well-defined and
independent of the particular point that was chosen.

Just as in the specific case of the Sierpinski triangle above, we can
label the images (or subtiles) as

Aσ1σ2···σn = wσ1 ◦ wσ2 ◦ · · · ◦ wσn(A). (2.11)

For notational simplicity, if σ ∈ Σ, we sometimes denote by σn =
σ1σ2 . . . σn the truncation of σ to the first n terms. This naturally
leads to the notations

wσn := wσ1 ◦ wσ2 ◦ · · · ◦ wσn

and Aσn = wσn(A). Finally, it is also sometimes convenient to use
Σn = {1, 2, . . . , N}n, the space of sequences of length n taken from
the set {1, . . . , N}.

Using this notation, the nth-level self-tiling equation becomes

A =
⋃

α∈Σn

wα(A) =
⋃

α∈Σn

Aα. (2.12)

It is useful to notice that all the subtiles also satisfy a type of self-
similarity condition,

Aσ =
n⋃

i=1

wσ ◦ wi(A) = wσ

(
N⋃
i=1

wi(A)

)
, (2.13)

for any σ ∈ Σn.
We now show some simple properties of the address map. First we

show that the range of ω is contained in the attractor A of the IFS.
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To see this, we just note that ω is independent of the chosen point x,
so we can start with some x ∈ A. But then wi(x) ∈ A as well for each
i = 1, 2, . . . , N because of the tiling condition (2.7). Since A is closed,
this means that the limit will also be a point in A. Thus ω(Σ) ⊆ A.
We will show that this is an equality.

Next we show that ω is continuous, in fact uniformly continuous.
This is fairly easy to see. Let ε > 0 be given, and recall that c < 1 is
the contraction factor of the IFS, so each individual contraction factor
ci for wi satisfies ci ≤ c. Then there is an n such that cn diam(A) < ε.
Let x ∈ A be fixed (the “starting point” in the definition of ω). Choose
δ such that

0 < δ <
N − 1

N(N + 1)n
.

Then, if d(α, β) < δ, we must have that α and β agree at least in the
first n terms. But this means that

ω(α), ω(β) ∈ wα1 ◦ wα2 ◦ · · · ◦ wαn(A),

and since

diam(wα1 ◦ wα2 ◦ · · · ◦ wαn(A)) ≤ cn diam(A) < ε,

we have that d(ω(α), ω(β)) < ε, so ω is uniformly continuous.
We know that Σ is compact and ω is continuous, so ω(Σ) ⊆ A must

also be compact. We now show that the address map ω is a surjection.
We do this in a constructive way. So, let x ∈ A be given. Then, from
the nth-level self-tiling condition (2.12) for n = 1, we see that there is
some σ1 ∈ {1, 2, . . . , N} with x ∈ Aσ1 . However, since A satisfies (2.12)
as well, there must be some σ2 such that x ∈ Aσ1σ2 ⊂ Aσ1 . Continuing,
we obtain a sequence σ = σ1σ2 . . . σn . . . such that x ∈ Aσn for each
n. Let y = ω(σ), the image of σ under the address map. Then, by
construction of the address map, we know that ω(σ) ∈ Aσn for each n,
which means that d(x, y) ≤ diam(Aσn) ≤ diam(A) cn → 0, and thus
x = y. Therefore, the address map is surjective.

If wi(A) ∩ wj(A) �= ∅ for i �= j, then any point in this intersection
will have at least two different addresses. Thus, in general, ω is not
injective. In fact, it is clear that it is injective if and only if the tiles
are disjoint. Thus we have proved the following proposition.

Proposition 2.47. The address map ω : Σ → A is uniformly contin-
uous and surjective; it is injective iff the IFS is disjoint.
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There are some points in A with particularly interesting addresses.
First, the points in A with multiple addresses correspond to images of
points in wi(A) ∩ wj(A) under some wσ. Second, the fixed points of
the maps wi have particularly nice addresses. For instance, the fixed
point of w1 has the address σ = 111 . . ., and similarly for the other
fixed points. Similarly, the point with address 21111 . . . is the image
under w2 of the fixed point of w1. Those points x ∈ A with periodic
addresses of period length n are also interesting, as there is a finite
sequence α ∈ Σn such that x = wα(x). It is easy to show that periodic
points are dense in the attractor.

The addresses give a nice encoding of the “dynamics” of the map-
pings wi on the attractor A. For a good discussion of this, see [16].

Exercise 2.48. Consider the two IFSs W1 = {w1, w2, . . . , wN} and
W2 = {f1, f2, . . . , fM} with W2 ⊆ W1. Use the idea of addresses and
the address map to show that the attractor of W2 is a subset of the
attractor of W1. Under what conditions could they be the same?

Exercise 2.49. A point x ∈ A is a periodic point if some address of x
is periodic. Show that periodic points are dense in the attractor A.

2.4 The chaos game

We have already seen one way to generate the attractor of an IFS –
simply start with an initial set and iterate the mapping on H(X) that
is induced by the IFS. This is often called the deterministic method
of generating an attractor. There is another method, which is often
called the chaos game. The first time most people see a description of
the chaos game, they find it difficult to believe that it works. One very
nice thing about the chaos game is that it quickly leads into ergodic
theory, which is a very beautiful area of mathematics.

The chaos game is a surprising way to generate an image of an
attractor of an IFS. The chaos game generates a random sequence of
points that, when plotted, approximate the attractor to any desired
degree of accuracy. The algorithm is very simple, and we describe it
next. Again, we start with an IFS {w1, w2, . . . , wN} and imagine that
X = [0, 1]2, the computer screen.

1. Let x0 ∈ X be chosen to start.
2. Choose i1 ∈ {1, 2, . . . , N} randomly and equally likely. Compute

x1 = wi1(x0). Plot the point x1.
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3. For the general step, choose in+1 ∈ {1, 2, . . . , N} randomly and
equally likely, set xn+1 = wn+1(xn), and then plot the point xn+1.

4. Repeat the previous step as many times as desired until the image
is close enough.

The first few points are unlikely to be points on the attractor A, so,
if you wish, wait some number of iterations before plotting the points.
An alternative is to start with x0 ∈ A; choosing x0 to be the fixed
point of w1 is a common choice.

The remarkable thing is that after some time the image of the at-
tractor appears as if out of a cloud of smoke. The first few points are
seemingly randomly distributed on the computer screen; in fact, they
are somewhat randomly distributed on the attractor A. Figure 2.12
shows the image of the Sierpinski triangle after 400, 4000, and 10,000
points from the chaos game are plotted.

Fig. 2.12: Stages in the chaos game: 400, 4000, and 10,000 points plotted.

There is an elementary explanation as to why this algorithm works
to produce an image of the attractor. What happens is that

A = lim
n→∞ cl({xm : m ≥ n}),

where the limit is taken in the Hausdorff distance. Let i1i2 . . . in . . .
be the infinite random sequence with in ∈ {1, 2, . . . , N} that is gener-
ated by the chaos game. Using this sequence of maps, the chaos game
generates the sequence of points

xn := win ◦ win−1 ◦ · · ·wi2 ◦ wi1(x0)

(notice that the composition of the maps is in the opposite order
from the address map from (2.10)). Now, for any a ∈ Ain , we have
d(xn, a) ≤ diam(A) c, while for any a ∈ Ainin−1 we have d(xn, a) ≤
diam(A) c2. In general, if the first k positions in the address of a ∈ A
are inin−1in−2 . . . in−k+1, then d(xn, a) ≤ diam(A) ck. If we have a ∈ A
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and want to find some xm such that d(xm, a) < diam(A) ck, all we need
to do is find some n such that the first k positions of the address of a
match inin−1in−2 . . . in−k+1. By the law of large numbers, with proba-
bility 1 this will eventually happen for any choice of a and any k. Thus,
eventually the orbit generated by the chaos game will come arbitrarily
close to any point of the attractor A.

The distribution of the points xn on the attractor does not have to
be uniform, however. To see this, one can imagine that we modify the
IFS for the Sierpinski triangle by changing the first transformation to

w0

(
x
y

)
=

(
x/4

(y + 3)/4

)
.

This new IFS produces the attractor shown in Fig. 2.13. The main
difference on the “big” level is that the upper-left part is smaller than
the two other parts, which corresponds to replacing the contraction
factor of 1/2 with the new contraction factor of 1/4. If we run the
chaos game as given with this new IFS, what will happen is that points
in this “smaller” first-level tile will be plotted as frequently as in the
other tiles, but since it is smaller in size this will result in a higher
density of points in this region. As the IFS is recursive, this uneven
density will be reflected on all smaller size scales. Thus this part of the
image will appear darker than the rest, at least in the first part of the
iterations.

Fig. 2.13: A modified Sierpinski triangle.

The way to “correct” this (assuming we wish to correct it) is to
use unequal weights in the chaos game. That is, at each step choose
in+1 ∈ {0, 1, 2} with probabilities p0 = 1/9 and p1 = p2 = 4/9. This
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choice of probabilities will give a more uniform distribution of the
points plotted on the attractor.

This discussion leads naturally to the ideas of an IFS with proba-
bilities and invariant measures of an IFS.

2.5 IFS with probabilities, self-similar measures, and
the ergodic theorem

In this section, we define an IFS that acts on a new space, the space
of probability measures. The attractor of this IFS will no longer be
“geometric” (that is, a set) but an analytic object, a Borel probability
measure. This is the start of the program of defining appropriate IFS
operators on different spaces, all with the goal of introducing the idea
of self-similarity in these different contexts and with an eye toward
applying this self-similarity to modeling. In this book, we will carry
this program a significant distance, defining IFS operators on various
function spaces, spaces of measures, and also in the set-valued context.
In each case, the appropriate IFS framework is the basic requirement
for any further theory or application.

2.5.1 IFSP and invariant measures

Definition 2.50. (IFS with probabilities) An IFS with probabilities
is a finite collection of contractions {w1, w2, . . . , wN} on the com-
plete metric space X along with a finite collection of probabilities
{p1, p2, . . . , pN} (that is, pi ≥ 0 and

∑
i pi = 1).

An IFS with probabilities (IFSP) is the basic structure used in the
chaos game. Associated with each IFSP there is an invariant measure,
also called a fractal measure or sometimes self-similar measure. This
invariant measure is also given as a fixed point of a contraction, the
Markov operator associated with the IFS.

We use P(X) to denote the space of all Borel probability measures
on the metric space X. For a brief discussion of measure theory, see
Appendix B.

Definition 2.51. (IFSP Markov operator) Let {wi, pi} be an N -map
IFSP. Associated with this IFSP is the Markov operator M : P(X) →
P(X) given as
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(Mμ)(B) =

N∑
i=1

piμ(w
−1
i (B)) (2.14)

for each Borel set B ⊆ X.

The intuition behind the definition of M is that it uses the maps wi

to “move around” and “shrink” the support of μ and then the pi scale
the mass so that it remains a probability measure. As with the IFS
operator on H(X), we have that Mμ is a combination of “smaller” and
“distorted” copies of μ.

We notice thatM is linear on M(X), the space of all signed measures
on X. Thus, if M is contractive on the whole space M(X), then, since it
is linear, the only possible fixed point would be the zero measure, which
would not be so interesting. Thus, to get a nontrivial theory, we need
to restrict our attention to a subspace, in this case the probability
measures. However, notice that if μ ∈ P(X) is a fixed point for M,
then so is λμ for any λ ∈ R. This is completely analogous to the
finite-dimensional case of Markovian transition matrices.

It is clear that M maps a probability measure to another probability
measure, so this is a well-defined map. In order for M to be a contrac-
tion, we need a metric on P(X). We use the Monge-Kantorovich metric;
see Sect. B.5.1 for a discussion of this metric. For the convenience of
the reader, we will repeat some of the discussion here.

In order to guarantee a finite number from our formula for the
Monge-Kantorovich metric, we will need to restrict the probability
measures further. We define a subspace of the probability measures as
follows.

Definition 2.52. Let a ∈ X. Define

P1(X) =

{
μ ∈ P(X) :

∫
X

d(a, x) dμ(x) < ∞
}
.

It is important to note that if the integral in this definition is finite
for some given a, it is also finite for any other fixed b because of the
triangle inequality and the fact that μ is a probability measure. We
now define the Monge-Kantorovich metric on P1(X).

Definition 2.53. (Monge-Kantorovich metric) For μ, ν ∈ P1(X), we
define

dMK(μ, ν) = sup

{∫
Ω
f d(μ− ν) : f ∈ Lip1(Ω)

}
. (2.15)
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Exercise 2.54. Show that if μ(X) �= ν(X), then the right-hand side of
(2.15) is infinite.

Exercise 2.55. Let μ(X) = ν(X). Show that∫
X

f(x)d(μ− ν)(x) =

∫
X

g(x)d(μ− ν)(x)

if f(x) = g(x) + c, where c ∈ R.

A very important feature of the Monge-Kantorovich metric is that it
incorporates the underlying distance on the metric space X into com-
puting the distance between two measures. For instance, if the supports
of μ and ν are strictly separated (that is, if 0 < δ ≤ infx infy d(x, y)),
where x is taken from the support of μ and y from the support of
ν, then dMK(μ, ν) ≥ δ. Thus dMK(μ, ν) combines information about
both the supporting sets of μ and ν and how μ and ν are “distributed”
on their respective supports.

Exercise 2.56. Let x, y ∈ X and δx, δy be the point masses at x and
y. Show that dMK(δx, δy) = d(x, y). What if both μ and ν are convex
combinations of point masses?

Exercise 2.57. Show that the set of probability measures that are
convex combinations of point masses is dense in (P1(X), dMK).

Theorem 2.58. (Completeness of space of probability measures) Let
X be a complete and separable metric space. Then P1(X) is a complete
metric space under the Monge-Kantorovich metric. Furthermore, if X
is compact, then P(X) = P1(X) and both are also compact under the
Monge-Kantorovich metric.

Proof. We give a basic idea of the proof, leaving the technical details
to the references [72, 73, 88, 171].

First, it is easy to see that dMK(μ, ν) ≥ 0. The fact that it is always
finite follows from the estimate

|
∫
X

f(x)d(μ− ν)(x)| ≤
∫
X

|f(a) + d(x, a)|d(μ+ ν)(x)

≤ 2f(a) +

∫
X

d(x, a)dμ(x) +

∫
X

d(x, a)dν(x).

The fact that dMK is symmetric is also obvious, as is the triangle
inequality. The two more difficult things to show are the fact that
dMK(μ, ν) = 0 implies that μ = ν and the completeness. Both of
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these result from a fundamental duality, the duality of the space of
Lipschitz functions under a Lipschitz norm and the appropriate space
of measures. This duality was one of the fundamental contributions of
Kantorovich to this area. ��

Exercise 2.59. Give a complete proof of Theorem 2.58 in the special
case where X is compact. The Stone-Weierstrass, Banach-Alaoglu, and
Riesz representation theorems might be useful.

Now that we have the definition of the IFSP Markov operator M

and a complete metric space in which this operator can be applied, we
show that M is contractive.

Theorem 2.60. Let ci be the contraction factor of wi in the IFSP
{wi, pi} and c := maxi ci. The IFSP Markov operator defined in (2.15)
satisfies

dMK(Mμ,Mν) ≤
(∑

i

pici

)
dMK(μ, ν). (2.16)

Thus if
∑

i pici < 1, M is a contraction on (P1(X), dMK) and there is
a unique Borel probability measure μ ∈ P1(X) such that M(μ) = μ, or

μ(B) =
∑
i

piμ(w
−1
i (B)) (2.17)

for every Borel set B ⊆ X. In particular, this happens if c < 1.

Proof. Take μ, ν ∈ P1(X), and let f : X → R be a function with
Lipschitz constant equal to 1. Then we see that∫

X

f(x)d(Mμ−Mν)(x) =

∫
X

f(x)
∑
i

pid(μ ◦ w−1
i − ν ◦ w−1

i )(x)

≤
∫
X

(∑
i

pif(wi(y))

)
d(μ− ν)(y).

Let f̂ =
∑

i pif ◦ wi; we show that f̂ is Lipschitz with factor
∑

i pici.
For x, y ∈ X, we compute that

|f̂(x)− f̂(y)| =
∣∣∣∣∣∑

i

pi[f(wi(x))− f(wi(y))]

∣∣∣∣∣
≤
∑
i

pi|f(wi(x))− f(wi(y))|
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≤
∑
i

pid(wi(x), wi(y))

≤
(∑

i

pici

)
d(x, y),

and thus f̂ has a Lipschitz factor as desired. Since this is true for any
Lipschitz f , the result follows. ��

We call the quantity
∑

i pici the average contractivity factor of the
IFSP.

In Fig. 2.14 we show that the invariant measure for the IFSP
w0(x) = x/2 and w1(x) = x/2 + 1/2 and p0, p1 are as given in the
figure. Each image is a histogram that has been normalized to have
total mass 1024 (as there are 1024 entries in each histogram). For the
first image, the vertical scale is [0, 110], and in the second it is [0, 2.5].
This along with the image gives an indication of how unbalanced the
first measure is. The scaling behaviour is also evident in the images.

Fig. 2.14: Invariant measures for p0 = 0.2, p1 = 0.8 and p0 = 0.45, p1 = 0.55.

These two measures are part of a very interesting family of such
measures that has a nice alternate description not involving IFSP.
Take the two probabilities p0 and p1 and construct a number x ∈ [0, 1]
by randomly and independently choosing each binary digit of x. We
choose the nth digit to be equal to 0 with probability p0 and equal
to 1 with probability p1. The resulting distribution on [0, 1] is also
the invariant measure for the IFSP given above. If we take two such
distributions μ and μ̂, with probabilities pi and p̂i, respectively, then
it turns out that unless pi = p̂i, μ and μ̂ are mutually singular. To see
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this, let

B(p0) =

{
x ∈ [0, 1] : lim

n

1

n
#{1 ≤ i ≤ n : xi = 0} = p0

}
,

where xi is the ith binary digit of x. Then μ(B(p0)) = 1, while
μ̂(B(p0)) = 0 if p0 �= p̂0.

Exercise 2.61. Argue that B(p0) is an infinite set for any p0 �= 0.
Prove that μ(B(p0)) = 1 while μ̂(B(p0)) = 0 if p0 �= p̂0.

As one would expect, there is a close connection between the invari-
ant measure μ of an IFSP and the geometric attractor of the related
IFS (just the maps wi without the probabilities pi). To state this re-
lationship, we recall the definition of the support of a measure.

Definition 2.62. (Support of a measure) The support of the measure
μ on X is the closed set

supp (μ) = X \
⋃

{U : U is an open set with μ(U) = 0}.

As we mention in Appendix B, if X is separable and μ is Borel (which
is always the case with invariant measures by definition), the support
can also be characterized as the closed set C such that μ(X \ C) = 0
and μ(C ∩O) > 0 for all open sets O such that O ∩ C �= ∅.

Theorem 2.63. Let {wi, pi} be an IFSP with each pi > 0 and where
ci < 1 for each i. Then the support of the invariant measure μ is equal
to the attractor A of the IFS {wi}.

Proof. First we show that μ(Aε) = 1 for all but countably many ε > 0.
Take a ∈ A and the measure ν = δa, a point mass at a. Then, for any
n ∈ N, we have

Mnν =
∑
σ∈Σn

pσ ν ◦ w−1
σ .

Now ν ◦ w−1
σ (A) = 1 since wσ(a) ∈ Aσ ⊂ A for any σ ∈ Σn. This

means that Mnν(A) = 1 for all n as
∑

σ pσ = 1 for σ ∈ Σn for any n.
Thus, for all ε > 0, Mnν(Aε) = 1 for all n. Now it is not necessarily
the case that Mnν(B) → μ(B) for any Borel set B; this is only true for
continuity sets of the limit measure μ. This means that if μ(∂B) = 0,
then Mnν(B) → μ(B). Now it is not necessarily true that μ(∂Aε) = 0
for any given ε. However, there can be at most countably many ε > 0
for which μ(∂Aε) > 0, and thus for all but countably many ε > 0 we
have μ(Aε) = 1.
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Suppose that x /∈ A, so that there is some ε > 0 with Bε(x)∩A = ∅.
By what we have just shown, μ(Aδ) = 1 for some 0 < δ < ε/2. But this
means that μ(Bδ(x)) = 0 and thus x /∈ supp(μ) and so supp(μ) ⊆ A.

For the other direction, let a ∈ A and ε > 0 be given. Take σ ∈ Σ to
be an address of a. Then, for large enough n, we have that wσn(A) ⊆
Bε(a). However, then μ(Bε(a)) ≥ μ(wσn(A)) = pσn > 0. Since this is
true for all ε, we know that a ∈ supp(μ) and so A ⊆ supp(μ). ��

Exercise 2.64. Prove Theorem 2.63 by showing that if B is the sup-
port of μ, then B ∈ H(X) and is invariant under the IFS.

Exercise 2.65. Let λ be the Lebesgue measure on R and {wi, pi} be
an IFSP on R. If μ0 � λ, show that Mnμ0 � λ as well for any n ∈ N.
However, show that this does not mean that it is necessarily the case
that μ � λ. Construct an example where μ � λ and another example
where μ �� λ.

Exercise 2.66. In the previous problem, it was shown that if μ0 � λ,
then Mμ0 � λ. Under these situations, the IFSP Markov operator M
induces an operator on the density functions of these measures. Is this
well-defined? Investigate this operator and its convergence. Is there a
reasonable space for this operator?

An even deeper relationship is the one between the invariant mea-
sure μ and an appropriate measure P on the code space Σ. First we
define the measure P on Σ as the product measure (see Appendix
B) given by the measure Pr(x = i) = pi on each factor {1, 2, . . . , N}.
As Σ is a countable product of copies of {1, 2, . . . , N}, this will be a
product measure with a countable number of factors. Next we recall
that the address map ω is a continuous mapping from Σ to X (in fact,
with range equal to the attractor A). Finally, we also recall that the
push-forward measure of P via ω is the measure ω#(P ) defined on X

and given by
ω#(P )(B) = P (ω−1(B))

for each Borel set B ⊆ X. Since ω is continuous, the preimage of a
Borel set is a Borel set and thus ω#(P ) is a Borel measure.

Theorem 2.67. The invariant measure of an IFSP {wi, pi} is the
push-forward measure ω#(P ) of the natural product measure P defined
on the code space Σ via the address map ω : Σ → X.

Proof. The proof simply shows that ω#(P ) is invariant under the IFSP
Markov operator and thus must be the invariant measure. We do this
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by introducing dynamics on Σ that match the dynamics generated by
the maps wi (this is also mentioned in Sect. 2.3). Then the fact that
ω#(P ) is invariant under M is equivalent to the fact that P on Σ is
invariant under the action of dynamics on Σ.

We define the functions τi : Σ → Σ by τi(σ1, σ2, σ3, . . .) =
(i, σ1, σ2, σ3, . . .). By the definition of the product measure on Σ (see
Appendix B), for any rectangle B we have P (τi(B)) = piP (B). What
this means is that pi times the restriction of P to τi(Σ) is equal to
(τi)#(P ). Putting this together for all i, we get for all P -measurable
B ⊆ Σ

P (B) =
∑
i

pi(τi)#(P )(B) =
∑
i

P (τ−1
i (B)),

an invariance for P that is similar to that of μ under M.
By our definition of the maps τi and the address map ω, it is clear

that ω ◦ τi = wi ◦ ω (so the diagram in Fig. 2.15 commutes) and thus
τ−1
i ◦ ω−1 = ω−1 ◦ w−1

i . But then

Mω#(P )(B) =
∑
i

piω#(P )(w−1
i (B))

=
∑
i

piP (ω−1(w−1
i (B)))

=
∑
i

piP (τ−1
i (ω−1(B)))

= P (ω−1(B)) = ω#(P )(B),

and thus ω#(P ) is invariant under M and so must equal μ. ��

�

�
�

Σ Σ

�
A

ω

A

τi

wi

ω

Fig. 2.15: Correspondence between dynamics on Σ and on A.

Exercise 2.68. Let {wi, pi} be a disjoint IFSP and μ be its invariant
distribution. Show that μ(wi(A)) = pi and, more generally, μ(Aσ) = pσ
for any σ ∈ Σn. Show that this uniquely defines the distribution μ.
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2.5.1.1 Continuous dependence

We take a brief digression to show that the invariant measure of an
IFSP is a continuous function of the operator M. This is again a con-
sequence of the general result, Proposition 2.8. The issue is to show
that if the wi and pi depend continuously on some parameters λi then
so does M. Our standing assumption is that (X, d) is a compact metric
space, and let D := supx,y d(x, y) < ∞. Our discussion is taken from
[39].

Let

HN =

{
(p1, p2, . . . , pN ) : pi ≥ 0,

∑
i

pi = 1

}
⊂ RN

be the space of probability vectors in RN and we use the metric
d(p, q) = maxi |pi − qi|. Our space of N -map IFSP then will be

SN (X) = ConN (X)× HN . (2.18)

Notice that as we allow some pi = 0, this will allow IFSs with different
numbers of maps to be compared and so we can naturally think of
SN (X) ⊂ SN+1(X). The metric we use on SN is given by

d((w1,p1), (w2,p2)) =

max

{
max

i
|p1,i − p2,i|, max

i
sup
x

d(w1,i(x), w2,i(x))

}
, (2.19)

where we use a bold font to indicate a vector of contractions or prob-
abilities. As X is bounded and each wi is Lipschitz, this expression is
bounded and thus d is also bounded. The metric in (2.19) gives the
product topology on SN (X) and is in fact a complete metric. This is
easy to see as HN and ConN (X) are both complete under their respec-
tive metrics.

The following proposition is from [39] with only minor modifications.

Proposition 2.69. Let (w1,p1) ∈ SN (X), with contractivity factor
s1, associated Markov operator M1, and invariant measure μ1. Then,
for every ε > 0, there is a δ > 0 such that for all (w2,p2) ∈ SN (X)
that satisfy d((w1,p1), (w2,p2)) < δ it follows that dMK(μ1, μ2) < ε,
where μ2 is the invariant measure for (w2,p2).
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Proof. Before we proceed, we note that the Markov operator M asso-
ciated with an IFSP (w,p) is a contraction on P(X) and thus is an
element of Con(P(X)). As usual, we use the metric

d∞(M1,M2) = sup
μ∈P(X)

dMK(M1(μ),M2(μ)).

As P(X) is compact under the Monge-Kantorovich metric (since X is
compact), this is well-defined and is a metric. Our strategy is to show
that the mapping (w,p) �→ M is continuous and use the basic result
of Proposition 2.8 on Con(P(X)).

Let (w2,p2) ∈ SN(X) be such that d((w1,p1), (w2,p2)) < δ,
where

δ <
ε(1− s1)

1 +ND
. (2.20)

The existence of such a w2 has been discussed in [16].
Now we have that

d∞(M1,M2) = sup
μ

dMK(M1μ,M2μ) (2.21)

= sup
μ

sup
f

∫
X

fd(M1μ−M2μ)

= sup
μ

sup
f

∑
i

∫
(p1,if(w1,i(x))− p2,if(w2,i(x))) dμ

= sup
μ

sup
f

∑
i

∫
(p1,if(w1,i(x))− p2,if(w1,i(x))

+ p2,if(w1,i(x))− p2,if(w2,i(x))) dμ

= sup
μ

sup
f

{∑
i

(p1,i − p2,i)

∫
f(w1,i(x))dμ

+
∑
i

p2,i

∫
(f(w1,i(x))− f(w2,i(x))) dμ

}
≤ sup

μ
sup
f

∑
i

(p1,i − p2,i)

∫
f(w1,i(x))dμ

+sup
μ

sup
f

∑
i

p2,i

∫
(f(w1,i(x))− f(w2,i(x))) dμ.

We now simplify the two expressions on the right-hand side of the
inequality. Starting with the latter term,

sup
f

∑
i

p2,i

∫
(f(w1,i(x))− f(w2,i(x))) dμ
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≤ sup
f

∑
i

p2,i

∫
|f(w1,i(x))− f(w2,i(x))| dμ

≤
∑
i

p2,i

∫
d(w1,i(x), w2,i(x))dμ (2.22)

≤
∑
i

p2,i sup
x

d(w1,i(x), w2,i(x))

≤ max
i

sup
x

d(w1,i(x), w2,i(x))
∑
j

p2,j = max
i

d∞(w1,i, w2,i).

Now, for the first term of the right side of (2.21),

sup
μ

sup
f

∑
i

(p1,i − p2,i)

∫
f(w1,i(x))dμ

≤ max
j

|p1,j − p2,j | sup
μ

sup
f

∑
i

∫
f(w1,i(x))dμ

≤ max
j

|p1,j − p2,j | sup
μ

sup
f

∑
i

∫
|f(w1,i(x))|dμ.

Now we use a nice property of the Monge-Kantorovich metric, namely
that the functions g(x) and g(x)+c give the same value for the integral∫

X

g(x)d(μ− ν),

where c is any constant. Thus we can assume that f(y) = 0 for some
y ∈ X and so since w1,i is contractive and f has Lipschitz factor less
than or equal to 1, we have |f(w1,i(x))| ≤ diam(X) = D. This means
that

sup
μ

sup
f

∑
i

(p1,i − p2,i)

∫
f(w1,i(x))dμ ≤ NDmax

i
|p1,i − p2,i|. (2.23)

Substituting (2.22) and (2.21) into (2.20), we get

dMK(M1ν,M2ν) ≤ d∞(M1,M2) ≤ δ +NDδ < ε(1− s1).

Using this inequality and Proposition 2.8, we obtain the desired result.
��

As a simple corollary, we obtain the following result.
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Proposition 2.70. Suppose that the IFSP (wλ,pλ) depends continu-
ously on the parameters λ = (λ1, λ2, . . . , λn) ∈ Rn and that for all val-
ues of the parameters the average contractivity is bounded from above
by c < 1. Then the invariant measure μλ depends continuously on the
parameters λ.

Notice that this is also a special case of Theorem 2.92 where the
measures p(n) and p are all supported on subsets of size N in Cons(X).

2.5.2 Moments of the invariant measure and M∗

The invariance equation (2.17) of the fractal measure for an IFSP
can help in calculating certain integrals. That is, if μ is the invariant
measure, then for any measurable function we have∫

X

f(x) dμ(x) =
∑
i

pi

∫
X

f(x) dμ(w−1
i (x))

=

∫
X

∑
i

pif(wi(y)) dμ(y). (2.24)

This relation is especially useful in the case where X = Rn and the wi

are affine maps. For simplicity, we restrict our discussion to the case
X = R and set wi(x) = six+ bi. Then (2.24) takes the form∫

X

f(x) dμ(x) =

N∑
i=1

pi

∫
X

f(six+ bi) dμ(x).

If we take f(x) = xn for n ∈ N, then we can expand the integrand to
obtain ∫

X

f(x) dμ(x) =
∑
i

pi

∫
X

n∑
k=0

(
n

k

)
ski x

kbn−k
i dμ(x)

=
n∑

k=0

(
N∑
i=1

pis
k
i b

n−k
i

)∫
X

xk dμ(x). (2.25)

Noting that the integral gn :=
∫
X
xn dμ(x) is the nth moment of μ, we

for these moments the recursion

gn

[
1−

N∑
i=1

pis
n
i

]
=

n−1∑
k=0

(
n

k

)[ N∑
i=1

pis
k
i b

n−k
i

]
gk, n = 1, 2, . . . (2.26)
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with g0 = 1. This recursion is very nice, as it gives an effective and
efficient way to calculate moments of invariant measures of affine IF-
SPs. For example, for the Cantor set with p0 = p1 = 1/2, we get the
moments

g0 = 1, g1 =
2

5
, g2 =

28

85
, g3 =

1256

4505
, g4 =

175408

725305
, g5 =

15075232

70354585
, . . . .

This recursion is the basis of the moment matching approach to the
inverse problem for IFSP invariant measures (see [167]).

Exercise 2.71. What happens if the IFS maps are quadratic? Use the
same idea to derive a recursion and comment on it. Do the same for
the case where the IFS maps are general polynomials.

Equation (2.26) is also the basis of an induced IFS-type operation
on the space of moment sequences (see [65]). Let ν = Mμ, hk be the
moments of ν and gk be the moments of μ. Then, using the same logic
as above, we obtain the recursion relations

hn =

n∑
k=0

(
n

k

)[ N∑
i=1

pis
k
i b

n−k
i

]
gk, i = 1, 2, . . . , . (2.27)

This equation defines a mapping from the moment sequence for ν (gk)
to the moment sequence for μ = Mν (hn). Since a compactly sup-
ported probability measure on R is completely defined by its moment
sequence, this dual mapping is completely equivalent to the Markov
operator on P([0, 1]). Using the natural basis for the space of moment
sequences, this dual mapping is represented by a lower-triangular ma-
trix. This is an example of the more general situation discussed in Sect.
3.4.

Something else we can obtain from (2.24) is a formula for the adjoint
toM under the duality given by the Riesz representation theorem. This
is the operator M∗ defined by

M∗(f) =
∑
i

pif ◦ wi, (2.28)

which clearly maps any continuous f : X → R to another such contin-
uous function. Iterating M∗, we get

(M∗)2(f)(x) =
N∑

σ1=1

N∑
σ2=1

pσ1pσ2f ◦ wσ1 ◦ wσ2(x).
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The important thing to notice is that the composition of the wi is in
the same fashion as in the address map. Thus,

(M∗)nf(x) =
∑
σ∈Σn

pσf ◦ wσ(x).

Now, as n → ∞, we have wσn(x) → ω(σ), the value of the address
map at the point σ ∈ Σ, and it is independent of x. This means that
each “term” of the summation converges to a function that is constant
in x, and so the limit should also be a constant, independent of x.
Roughly, (M∗)nf should converge to the function on X with constant
value equal to ∫

Σ
f(ω(σ)) dP (σ).

In fact, it is not difficult to make this precise. One of the key ideas is
that the function

φn(σ, x) = wσn(x)

converges to the address map uniformly in σ and in x when x is taken
in a bounded set (such as the attractor). This means that f ◦φn → f ◦ω
uniformly. Another key idea is the convergence of the measures Pn to
P on Σ, where Pn is the “restriction” of P to the first n factors in the
product space Σ (more formally, Pn is a projection on the σ-algebra
generated by these first n factors).

Using the duality, this means that we should have∫
X

f dμ ←
∫
X

f dMnμ =

∫
X

(M∗)nf dμ →
∫
X

∫
Σ
f ◦ ω dP dμ.

Notice that this is also consistent with the fact that the invariant
measure is the push-forward of P under the address map, which gives∫

X

f dμ =

∫
Σ
f ◦ ω dP.

Exercise 2.72. Prove that (M∗)nf converges to a constant function
in the case where all the maps in the IFS are contractive.

Exercise 2.73. Take the IFS wi(x) = x/2 + i/2 for i = 0, 1 along
with the two probabilities p0, p1. Draw the graphs of (M∗)nf for n =
0, 1, 2, 3, 4, 5 for f(x) = c, a constant. Do the same for the functions
f(x) = x and f(x) = x2.
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2.5.3 The ergodic theorem for IFSP

We have seen what happens if you compose the IFS maps in one par-
ticular direction,

wσ1 ◦ wσ2 ◦ · · · ◦ wσn−1 ◦ wσn(x) → ω(σ),

composing them with the “newest” map on the “inside,” as in the ad-
dress map. What happens if you compose them in the other direction?
This is exactly the sort of thing that happens in the chaos game, where
we have a sequence σ ∈ Σ (which is randomly generated) and compute
the sequence of points xn given by

xn = wσn ◦ wσn−1 ◦ · · ·wσ2 ◦ wσ1(x). (2.29)

It is clear that xn ∈ wσn(A), so the points xn and xn+1 could be
quite distant from each other. This makes it clear that the sequence
xn given by (2.29) does not converge except in very exceptional cases.
Can anything be said about this sequence?

This is exactly the sort of question that one encounters in ergodic
theory. We will not go very far into this theory except to discuss the
version of the ergodic theorem that one encounters in the chaos game
and some small variations. We return to this subject in some more
general situations in Chapter 6. There are many good introductions to
ergodic theory, amongst which are the books [71, 141, 168].

The next result was first proved by J. Elton [53], who also proved
a more general version [54]. Notice that the sequence xn in the the-
orem is generated in the same way as in the chaos game. Thus, this
theorem provides another justification for the chaos game. Moreover,
it shows that not only can you generate an image of the attractor via
the chaos game but you can also use it to generate approximations
to the invariant measure. We will discuss both of these a bit more af-
ter the theorem. We give the proof from [61]. For a more elementary
explanation and proof, see [162].

We introduce a bit of simplifying notation first. As the order of
composition of the maps is different from that in the address map, we
need different notation. Thus, for σ ∈ Σn, we define

wσ̂ = wσn ◦ wσn−1 ◦ · · · ◦ wσ2 ◦ wσ1 .

We only prove the case where X is compact. This is not usually a
great restriction for us, as the attractor of an IFS is always compact
and we can often restrict our attention to the attractor (or a compact
neighbourhood of the attractor).
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Theorem 2.74. Let X be a compact metric space and {wi, pi} be an
IFSP that is contractive. Choose some x0 ∈ X, and define the sequence
xn by selecting σ ∈ Σ according to the probability measure P and
setting

xn = wσ̂n(x) = wσn ◦ wσn−1 ◦ · · · ◦ wσ2 ◦ wσ1(x0).

Then, for any continuous f : X → R and for P almost all σ ∈ Σ, we
have

lim
n

1

n

∑
i≤n

f(xi) =

∫
X

f(x) dμ(x),

where μ is the invariant measure for the IFSP.

Proof. Let f be a continuous function on X and x be a fixed element
of X.

We wish to show that

1/n
∑
i≤n

f(w
σ̂i(x))

converges. Let ν-lim be a Banach limit on l∞(N) (see [42], p. 82 for
a nice discussion of Banach limits). Recall that a Banach limit is a
“generalized limit” in the sense that it is a bounded linear functional
on l∞ that only depends on the “tail behaviour” of the sequence in
l∞. We will show that any two Banach limits will give the same value
for P almost every σ ∈ Σ so that the limit exists almost everywhere.

Define Ψν : C(X)× X×Σ → R by

Ψν(f, x, σ) = ν-lim 1/n
∑
i≤n

f(w
σ̂i(x).

The function f �→ Ψν(f, x, σ) is a bounded linear functional on C(X).
Thus, by the Riesz representation theorem it corresponds to a (signed)
measure μν on X. We know that μν is a positive measure since for
any positive f the value is positive. We know that it is a probability
measure since if f = 1 the value is equal to 1.

We show that μν = μ for P almost all σ. We do this by showing
that μν is invariant under M.

Let S : Σ → Σ denote the shift map defined by S(σ1, σ2, . . .) =
(σ2, σ3, . . .). Since each wi is contractive and X is compact, and f is
uniformly continuous on X, we know that∣∣∣∣∣∣1/n

∑
i≤n

f
(
w
σ̂i(x)

)
− 1/n

∑
i≤n

f
(
w
Ŝ(σ)i

(x)
)∣∣∣∣∣∣→ 0
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as n → ∞. Thus, since ν-lim depends only on the tail of the sequence
in 
∞(N), we have that Ψν(f, x, σ) = Ψν(f, x, S(σ)), and so Ψν(f, x, σ)
is invariant with respect to S on Σ.

Since the shift map on Σ is ergodic [8], it follows that Ψν(f, x, σ) is
constant for P almost all σ.

To show that μ = μν , it suffices to show that∫
X

f(z) dμν(z) =

∫
X

M∗f(z) dμν(z)

which is the same as showing that

ν-lim
n

1/n
∑
i≤n

f(w
σ̂i(x)) = ν-lim

n
1/n

∑
i≤n

∑
j

pjf(wj ◦ wσ̂i(x)).

Computing we get

ν-lim
n

1/n
∑
i≤n

∑
j

pjf(wj ◦ wσ̂i(x))

=

∫
σ∈Σ

ν-lim
n

1/n
∑
i≤n

∑
j

pjf(wj ◦ wσ̂i(x)) dP (σ)

=
∑
j

pj

∫
σ∈Σ

ν-lim
n

1/n
∑
i≤n

f(wj ◦ wσ̂i(x)) dP (σ).

Doing the change of variable σ ≡ (σ1, σ2, . . .) → (j, σ1, σ2, . . .), we get
dP → dP/pj, so this integral becomes∑

j

pj/pj

∫
σ1=j

ν-lim
n

1/n
∑
i≤n

f(w
σ̂i+1(x)) dP (σ)

=

∫
σ∈Σ

ν-lim
n

1/n
∑
i≤n

f(w
σ̂i(x)) dP (σ)

= ν-lim
n

1/n
∑
i≤n

f(w
σ̂i(x))

for P almost all σ.
Therefore, for P almost all σ, we know that μν is invariant under

M so μν = μ for these σ. However, since ν was arbitrary, this shows
that for P almost all σ

lim
n

1/n
∑
i≤n

f(w
σ̂i(x)) =

∫
X

f(z) dμ(z)

for all f and all x ∈ X. ��
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Exercise 2.75. Let x ∈ X be fixed, and define the two sequences of
random variables

Zn = wσ1 ◦ wσ2 ◦ · · · ◦ wσn(x) = wσn(x)

and
Ẑn = wσn ◦ wσn−1 ◦ · · · ◦ wσ1(x) = wσ̂n(x).

Show that for each n the distribution of Zn is the same as the distri-
bution of Ẑn.

The restriction that f be continuous is sometimes not convenient.
The following is a version for functions f that are integrable with
respect to μ. However, notice that the conclusion no longer works for
all x but only for μ almost all x. The proof is taken from [162], for
which we give only a sketch.

Theorem 2.76. Let X be a complete metric space and {wi, pi} be a
contractive IFSP. Then, for every f ∈ L1(μ), for μ almost every x in
X, and for P almost all σ in Σ, we have

lim
n

1/n
∑
i≤n

f
(
w
σ̂i(x)

)
=

∫
X

f(x) dμ(x).

Proof. As mentioned, this elegant proof comes from [162] and we only
give a sketch. The idea of the proof is to place the situation into the
standard context of a measure preserving transformation and then use
the classical pointwise ergodic theorem.

First notice that μ(A) = 1, and thus we can assume that the point
x ∈ A. Define the doubly infinite product space

Ω := {1, 2, . . . , N}Z = {(. . . , σ−1, σ0, σ1, σ2, . . .) : σi ∈ {1, 2, . . . , N}}.

Each σ ∈ Ω is divided into two parts. The first part is σL =
(. . . , σ−2, σ−1, σ0). This part is used to determine a point in A by
using the address map. The second part is σR = (σ1, σ2, . . .), which
is thought of as coming from Σ (the usual code space). In this sense,
Ω ∼= A×Σ is the space of interest. Define the function U : Ω → X by
U(σ) = ω(σL); thus U maps the “left” part of σ to the corresponding
point of A.

On Ω we define the transformation T given by (Tσ)n = σn+1 (that
is, T “shifts” each bi-infinite sequence to the “left”). This gives wσ1 ◦
U = U ◦ T . We also obtain that μ = U#(P ), where P is the natural
product measure on Ω. Now define F = f ◦ U : Ω → R. Then the
standard pointwise ergodic theorem gives that
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Ω
F dP = lim

n
1/n

∑
i≤n

F (T iσ)

for P almost all σ ∈ Ω. However, by the definitions, we get∫
Ω
F dP =

∫
X

f dμ

and
F (T iσ) = f(w

(̂σL)i
(x)),

as we desired. ��

As a corollary to Theorem 2.76, we get the following result. This
nice result says that not only can you generate an image of the attrac-
tor with the chaos game but you can also generate approximations to
the invariant distribution. It says that the empirical occupation distri-
bution will converge to the invariant distribution.

Corollary 2.77. Let X be a complete metric space and {wi, pi} be a
contractive IFSP. Then, for μ almost all x0 ∈ X and for P almost
all σ ∈ Σ, the sequence generated by the chaos game, xn = wσ̂n(x0),
satisfies

μ(A) = lim
n

1/n#{1 ≤ i ≤ n : xi ∈ A}

for all Borel sets A.

The ergodic theorem for IFSP (and the chaos game) is true in greater
generality. Elton’s result mentioned above will work for so-called place-
dependent probabilities. In this case, the probabilities pi(x) are func-
tions of x ∈ X and we require

∑
i pi(x) = 1 for all x and that they be

strictly bounded away from zero. The probabilities are also required to
satisfy a Dini-type continuity condition, for details see [13]. In [54], the
situation is more general in another direction, in which the sequence of
maps does not have to be chosen independently and the collection can
be infinite. All of these results are part of a general study of dynamics
of the iteration of randomly chosen functions [47].

2.6 Some classical extensions

We now give a brief foray into a few extensions of the basic IFS frame-
work for geometric IFS and IFSP. In later chapters, the extensions
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will focus on defining IFS-type operators on other mathematical ob-
jects; here we stay with the two basic objects (sets and measures) but
widen the type of operator to enlarge the class of objects that may be
considered.

2.6.1 IFS with condensation

The first type of extension we consider is adding a condensation set to
a geometric IFS. The change from the standard IFS operator to one
with condensation is similar to the change from a linear function to
an affine one.

We take {wi} to be a (geometric) IFS on the complete metric space
X and take S ∈ H(X) to be a fixed set. Then we define the IFS operator
with condensation W : H(X) → H(X) to be given by

W (B) = S ∪
⋃
i

wi(B). (2.30)

It is easy to see that

dH(W (B),W (C)) ≤ max{dH(S, S),max
i

dH(wi(B), wi(C))}
= max

i
dH(wi(B), wi(C)),

and so W is contractive on H(X). Thus W has a unique fixed point
A ∈ H(X), which we again call the attractor. In this case, the set A
satisfies the condition

A = S ∪
⋃
i

wi(A).

If we start the deterministic iteration with the initial set S, then we
see that

Wn(S) = S ∪
⋃
i

wi(S) ∪
⋃

σ∈Σ2

wσ(S) ∪ · · · ∪
⋃

σ∈Σn

wσ(S),

and so

A = S ∪
∞⋃
n=1

⋃
σ∈Σn

wσ(S). (2.31)
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Exercise 2.78. Devise an efficient algorithm to show the attractor of
an IFS with condensation using deterministic iteration. Consider the
special case where the condensation set S is also the attractor of an
IFS (as in Fig. 2.16).

It is helpful to compare this with the situation of an affine map
φ : R → R given by φ(t) = at + b. Assuming that |a| < 1 so that φ is
a contraction, we get that the fixed point x̄ of φ can be written as

x̄ =
b

1− a
= b+ ab+ a2b+ a3b+ · · ·+ anb+ · · · = b+

∞∑
n=1

anb. (2.32)

Comparing (2.31) with (2.32), the analogy of an IFS with condensation
to an affine contraction is clear. The “linear” part of the IFS with con-
densation is the same as a usual IFS mapping, while the “translation”
part is the condensation set.

An example of an attractor of an IFS with condensation is shown
in Fig. 2.16. Here the condensation set is the largest maple leaf in
the center. We can clearly see all the “first-level” and “second-level”
images of this condensation set. In this case, the condensation set is
also the attractor of an IFS, so the image was generated by “mixing”
two chaos games [12]. We will discuss this extension of the simple chaos
game below in Sect. 2.6.3.

Fig. 2.16: Attractor for an IFS with condensation.

It is also possible to do the same type of extension for an IFSP, which
we call an IFSP with condensation. Here we have a fixed probability
measure ν0 ∈ P1(X), IFS {wi}, i = 1, 2, . . . , N , and probabilities pi for
i = 0, 1, 2, . . . , N . The Markov operator in this case is defined as
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Mν(B) = p0ν0(B) +
∑
i

piν(w
−1
i (B)). (2.33)

Here M is affine, as the Markov operator without the condensation
measure is linear. If we write this operator as

Mν = Aν + β =
∑
i

piμ ◦ w−1
i + p0ν0,

then the fixed point of M is

β +

∞∑
n=1

Anβ = p0ν0 + p0

∞∑
n=1

∑
σ∈Σn

pσν0 ◦ w−1
σ .

In particular, we notice that the fixed point is a linear function of the
condensation measure ν0.

Exercise 2.79. If μ is the invariant measure for an IFSP with con-
densation measure ν and S ∈ H(X) is the support of ν, show that the
support of μ is the attractor of an IFS with condensation set S.

2.6.2 Fractal interpolation functions

The idea of applying the IFS formalism to construct self-similar func-
tions is a very natural one. Ever since the construction by Weierstrass
of a function that is everywhere continuous but nowhere differentiable
there has been an interest in constructions of functions with patholog-
ical properties. It is natural to use an IFS to construct such “rough”
functions.

In this short section, we present the basic construction of continuous
fractal functions that interpolate a given set of data points in R2. This
material is based on [15].

The idea is simple. We use an IFS in R2 to construct the graph of
the desired function. Clearly, as we want a continuous function, we will
need some conditions on the IFS. For simplicity, we assume that our
function is to be built on the interval [0, 1]. We start with a collection
of N + 1 data points (xi, yi) for i = 0, 1, 2, . . . , N with x0 = 0 and
xN = 1. We further assume that y0 = yN = 0, again for simplicity.

The idea is that we have an N map IFS wi, i = 1, 2, . . . , N , consist-
ing of affine functions of the form

wi

(
x
y

)
=

(
xi − xi−1 0
yi − yi−1 di

)(
x
y

)
+

(
xi−1

yi−1

)
. (2.34)
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Here di is a free parameter and we require |di| < 1 for contractivity.
The idea is that the “horizontal” action of wi should be to map [0, 1]
onto [xi−1, xi], and the “vertical” action both forces the interpolation
property and also contracts “vertically” by a factor of |di|. Figure
2.17 illustrates this idea, where the large rectangle is mapped onto the
parallelogram. If di > 0, then the bottom edge of the parallelogram is
the line segment connecting (xi−1, yi−1) to (xi, yi). If di < 0, then it is
the top edge that is this line segment.

Fig. 2.17: Illustration of the affine maps for a fractal interpolation function.

Exercise 2.80. Show that the attractor of the IFS given in (2.34) is
the graph of a continuous function f : [0, 1] → R. Is it possible for it
to be differentiable? Under what conditions will it be differentiable?

Exercise 2.81. Suppose we remove the restriction that y0 = yN = 0.
Find the formula for the map wi in an IFS for a fractal interpolation
function for this situation. What conditions on the parameters of the
wi are necessary for the attractor to be a continuous function? If we
no longer require the attractor to be continuous, do we still obtain a
well-defined function? And what are the conditions?

In Fig. 2.18, we show the first few iterations of an IFS for a fractal in-
terpolation function with the data points (0, 0), (0.25, 0.5), (0.5, 0.25),
(1, 0) and d1 = 0.5, d2 = −0.25, d3 = 0.5. Notice that the first image
is the piecewise linear approximation through these points. From this
figure, it is not obvious that the limiting function will interpolate the
data. To see this more clearly, it is useful to overlay the iterations as in
Fig. 2.19. In Fig. 2.19, we see that each successive iteration is a refine-
ment of the previous iteration. This viewpoint is worth commenting
on, as it has links to affine IFSMs (to be discussed in Sect. 3.2.3).

Continuing with our example fractal interpolation function, let f1
be the piecewise linear function that interpolates the data. Then we
see from Fig. 2.19 that the next iteration, f2, is equal to f1 plus the
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Fig. 2.18: First few iterations for a fractal interpolation function.

image of f1 under the IFS; call this image g1 = T (f1), so that f2 =
f1 + T (f1) = f1 + g1. Continuing, we see that

fn+1 = f1 + T (fn) = f1 + g1 + g2 + · · ·+ gn−1

= f1 + T (f1) + T 2(f1) + T 3(f1) + · · ·+ Tn−1(f1).

In this way, the IFS for the fractal interpolation function is very much
like an IFS with condensation. In fact, this fits exactly into the context
of an affine IFSM (IFS on functions) as discussed in Sect. 3.2.3. In Fig.
2.20, we show f1 and the first few summands gn for n = 1, 2, 3.

2.6.3 Graph-directed IFS

There is a nice generalization of an IFS that can be formalized in
different ways, but the general idea is that we replace a single fixed-
point equation with a system of equations. As long as some simple
consistency condition is met, this results in an attractor of a more
complicated type of IFS. These types of IFS are also called recurrent
IFSs. Our basic references for this section are [12, 14, 128]. We do not
give anywhere near a complete discussion of this topic, as our goal is
simply to introduce the basic ideas.
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Fig. 2.19: Overlaying the first few iterations for a fractal interpolation func-
tion.

Let V be a finite set of vertices and E be a multiset of directed edges
(by multiset we mean that we allow there to be multiple directed edges
between two vertices). For each v ∈ V , let Xv be a complete metric
space and for each e = (a, b) ∈ Eab ⊂ E let fe : Xb → Xa be a
contraction (this “backwards” direction is that chosen in [128]). The
“fractal” set constructed in this manner is the vector of sets Av, one
for each v ∈ V , which satisfies

Av =
⋃
u∈V

e∈Evu

fe(Au). (2.35)

Clearly we require some properties of the graph. The most basic is
that for every v ∈ V there is at least one u ∈ V such that (v, u) is a
directed edge.

If each Xi ⊆ X, then it may be convenient to consider the attractor
to be A = ∪vAv. This is particularly the case where one wants to
consider the boundary of a self-similar set to be self-similar in this more
general sense. For instance, the boundary of the twin dragon fractal,
Fig. 2.21, is itself self-similar in this more general graph-directed sense.
That is, parts of the boundary are made up of contracted versions of
other parts of the boundary. In this particular case, the maps in the
graph-directed IFS that defines the boundary of the twin dragon are
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Fig. 2.20: The individual summands in the fractal interpolation function.

modifications of restrictions of the two maps in the IFS for the entire
twin dragon (for a nice explanation of this, see [122, 159]).

Fig. 2.21: The boundary of the twin dragon tile is graph-directed self-similar.

Exercise 2.82. Find a graph-directed IFS whose attractor is a circle.

Exercise 2.83. Find a graph-directed IFS whose attractor is the
boundary of the twin dragon fractal.
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The existence of an attractor for a graph-directed IFS is also based
on a contraction map. One formulation is to set Y =

∏
v H(Xv) with the

metric given by dH(A,B) = maxv dH(Av, Bv). For a generic A ∈ Y,
we define F : Y → Y by

F (A)v =
⋃
u∈V

e∈Evu

fe(Au).

It is straightforward to show that F is a contraction with contractivity
equal to the maximum of the contractivities of the fe.

Exercise 2.84. Prove the claim above that F is contractive with con-
tractivity equal to the maximum of the contractivities of the fe.

The usual IFS is a special case when there is only one vertex and
one loop for each contraction. A slightly more general case is also
worth mentioning. Let {fi} be an IFS on X where i = 1, 2, . . . , N .
We take as our vertex set V = {1, 2, . . . , N} and let G = (V,E) be
any directed graph on V that is strongly connected (there is a directed
path from any vertex to any other vertex). For each e = (i, j) ∈ E,
let fe = fi. This defines a graph-directed IFS where G specifies the
allowable compositions, so on the address space side this specifies the
allowable addresses. In fact, the space of allowable addresses forms a
subshift of finite type. In this situation, the attractor of the graph-
directed IFS given by G is a subset of the attractor of the original IFS
{fi}. Using the same IFS as for the Sierpinski triangle as an example,
Fig. 2.22 shows the graph and the corresponding attractor.

Fig. 2.22: The graph and attractor for a modified (recurrent) Sierpinski tri-
angle.

A fractal such as that in Fig. 2.16 is also the attractor of a graph-
directed IFS. In this case, the graph is as given in Fig. 2.23. Notice that
this graph is not strongly connected but has two strongly connected
components, corresponding to the two different fractals (the maple
leaf and the Sierpinski triangle). We have the IFS for the Sierpinski
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triangle, {w1, w2, w3}, and the IFS for the maple leaf, {f1, f2, f3, f4}
(as in Fig. 2.8), along with g as the similitude that scales the maple
leaf attractor and places it in the center of the triangle.

The invariance equation for this graph-directed IFS is

A1 =
⋃
i

wi(A1) ∪ g(A2),

A2 =
⋃
i

fi(A2),

where A2 is the maple leaf and A1 is the combination of the Sierpinski
triangle and maple leaf.

Fig. 2.23: The graph for the Sierpinski/maple leaf attractor of Fig. 2.16.

There is also a similar type of construction for an IFSP where the
“invariant measure” is a vector solution to a system of linear equa-
tions of IFS type [12, 14]. As an example, for the mixture of the
Sierpinski triangle and maple leaf in Fig. 2.16, we can choose any
p1, p2, p3, q1, q2, q3, q4, r such that each is strictly positive and their sum
is equal to 1. Then the invariance equations are

μ1(B) =
3∑

i=1

piμ1(w
−1
i (B)) + rμ2(g

−1(B)),

μ2(B) =
4∑

j=1

qjμ2(f
−1
j (B)).

In this equation, μ1 is a measure supported on the triangle and μ2 is a
measure supported on the maple leaf. As these two equations are un-
coupled, they are relatively easy to solve. First we find the fixed point
for the second equation and then use this as a “condensation measure”
for the first equation. Much more general situations are possible. For
a nice discussion of this, see [12, 23, 22].
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Before leaving this topic, we also should mention that it is possible
to construct a chaos game (and prove a corresponding ergodic theo-
rem) for these mixed models. This works by running parallel chaos
games for each vertex and then periodically mixing. We will again use
the mixture of the Sierpinski triangle and maple leaf as our example.
Let {w1, w2, w3} be an IFS for the Sierpinski triangle and p1, p2, p3
be corresponding probabilities. Furthermore, let {f1, f2, f3, f4} be an
IFS for the maple leaf and q1, q2, q3, q4 be corresponding probabilities.
Finally, let ρ ∈ (0, 1) be chosen and let g : R2 → R2 be the function
that first shrinks the maple leaf and then places it in the center of the
triangle. The algorithm is taken from [12] and is as follows:

1. Initialize X1, Y1 and set n = 1.
2. Choose I = 0 or I = 1 with probability ρ or 1− ρ, respectively.
3. Choose fk randomly according to the probabilities q1, q2, q3, q4.
4. If I = 0, set Yn+1 = g(Xn) and Xn+1 = fk(Xn) and go to step 7.
5. If I = 1, choose w� randomly according to the probabilities

p1, p2, p3.
6. Set Yn+1 = w�(Yn) and Xn+1 = fk(Xn).
7. Plot the point Yn if n is large enough (often, n > 1000 is good).
8. Increment n and go to step 2.

The image that is plotted will be as given in Fig. 2.16. Furthermore,
the empirical occupancy distribution will converge to the attractor of
the corresponding IFSP with condensation. For details and proofs of
these results, see [12]. This reference also gives an ergodic theorem for
these mixed chaos games. We return to this topic in Sect. 6.2. Chapter
6 gives many extensions of the chaos game and the ergodic theorem
for more general objects.

Exercise 2.85. Suppose we are given L different IFSPs and an L×L
probability transition matrix P . If pi,j > 0, then we set a directed
edge from vertex j (which corresponds to the jth IFSP) to vertex i,
thus defining a graph-directed IFSP. Devise a chaos game algorithm
to generate an approximation to the vector of invariant probability
distributions for this graph-directed IFSP.

2.6.4 IFS with infinitely many maps

The idea of allowing an IFS to contain infinitely many maps is very
natural. There have been several different approaches to this, both
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for geometric a IFS [114, 127] and for an IFSP [54, 23, 132]. We will
discuss two related and quite general frameworks; however, this is only
a sampling.

2.6.4.1 IFS indexed by a compact set

Our first framework will be one where there are possibly uncountably
many maps in the IFS but the maps have to depend continuously on
the parameter. The primary reference for this material is [114]. Let
(X, dX) be a complete metric space and (Λ, dΛ) be a compact metric
space. The IFS will be a continuous function w : Λ × X → X with
wλ : X → X contractive with contractivity cλ for each λ ∈ Λ. We
assume that c = supλ cλ < 1. The induced IFS map on the space H(X)
is given by

W (B) =
⋃
λ∈Λ

wλ(B). (2.36)

This can also be thought of as the image of the compact set Λ×B ⊂
Λ × X, and thus we know that W (B) ∈ H(X) for any B ∈ H(X). We
now show that W is contractive with contractivity c by showing that

W (L) ⊂ W (K)c dH(K,L)+cε and W (K) ⊂ W (L)c dH(K,L)+cε

for all ε > 0. For each x ∈ K and λ ∈ Λ, there is a y ∈ L so that
d(x, y) < dH(K,L) + ε and thus

d(wλ(x), wλ(y)) ≤ cd(x, y) + c dH(K,L) + cε

which implies that W (K) ⊂ W (K)cdH(K,L)+cε. The reverse inclusion is
similar, and thus dH(W (K),W (L)) ≤ cdH(K,L) + cε for any ε and so
dH(W (K),W (L)) ≤ cdH(K,L).

Proposition 2.86. Suppose that w : Λ×X → X is continuous and wλ

is contractive with contractivity bounded by c < 1. Then the map W
as defined in (2.36) is contractive and thus has a unique fixed point
A ∈ H(X) that satisfies

A =
⋃
λ

wλ(A).

As in the case of an IFS with finitely many maps, there is a cor-
responding code space and address map. In this case, the code space
is

Σ = ΛN = {σ = (σ1, σ2, . . .) : σn ∈ Λ}
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and the address map ω : Σ → X is defined in the same way as

ω(σ) = lim
n

wσn(x).

The address map is again surjective onto the attractor A, and there
is again a correspondence between the shift dynamics on Σ and the
dynamics on A induced by the IFS wλ. The metric on Σ is slightly
different but still quite simple, as

d(σ, α) =
∞∑
i=1

dΛ(σi, λi)

2i
.

Exercise 2.87. Prove that the collection of all finite IFSs on Λ is dense
in the set of all possible IFSs on Λ.

There is also a very nice general framework in which we can say that
the attractor of an infinite IFS is a continuous function of the IFS. Now
we let Λ be any metric space, not necessarily compact. We continue
to assume that w : Λ × X → X is continuous and wλ is contractive
with contractivity bounded by c < 1. To each Ψ ∈ H(Λ) there is an
associated IFS {wλ : λ ∈ Ψ} and an associated attractor A(Ψ).

For a subset Ψ ⊆ Λ, we denote by ΣΨ the product space ΨN ⊆ ΛN,
the code space for the sub-IFS {wλ : λ ∈ Ψ}.

Theorem 2.88. [114] The function A that associates to each Ψ ∈
H(X) its attractor A(Ψ) ∈ H(X) is uniformly continuous. Thus, if
Kn ∈ H(Λ) converge to K, then A(Kn) → A(K).

Proof. The proof works by going through code space and using the
fact that the address map is uniformly continuous.

Let ε > 0 be given. Then there is a δ > 0 such that if α, σ ∈ Σ
satisfy dΣ(α, σ) < δ, then dX(ω(α), ω(σ)) < ε. Take Ψ, Υ ∈ H(Λ) with
dH(Ψ, Υ ) < δ. Then Υ ⊆ Ψδ, so for α ∈ ΣΥ we have αi ∈ Υ for all
i and thus there is βi ∈ Ψ with dΛ(αi, βi) < δ. But then β ∈ ΣΨ

and dΣ(α, β) =
∑

i 2
−idΛ(αi, βi) < δ, and so dX(ω(α), ω(β)) < ε.

Since this is true for any α ∈ ΣΥ , we have ω(ΣΥ ) ⊂ ω(ΣΨ )ε. The
reverse containment is similar, and thus dH(ω(ΣΨ ), ω(ΣΥ )) < ε and so
dH(AΨ , AΥ ) < ε. ��

We point out that this notion of self-similarity is perhaps too broad,
as any compact subset K ⊆ X is the attractor of an IFS of this type.
The simplest way to do this is to let Λ = K and wλ(x) = λ. Then
clearly K = ∪λwλ(K).
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There is an intermediate notion that restricts the collection to be
countable, {wi}. Without any structure on the indexing set, it is nec-
essary to take a closure in the induced mapping

W (B) =
⋃
n

wn(B)

if one wishes to obtain a closed set; guaranteeing a compact set is yet
another task. The direction taken in [127] is somewhat different in that
the invariant set is defined as the image of the natural addressing map.
This set may be extremely complicated in a descriptive set-theoretic
sense, as it could be a general analytic set. However, the paper [127]
is mainly concerned with infinite conformal iterated function systems,
as its author’s motivation comes from questions in dynamical systems.

2.6.4.2 IFSP indexed by a compact set

Now we turn our attention to IFSs with probabilities, again with an
indexing set that is a compact metric space Λ but this time where
the space X is also compact. The material in this part is from [132].
Let w : Λ × X → X be continuous and ∈ P(Λ), so that p is a Borel
probability measure on Λ. We define the Markov operator in this case
to be

Mpμ(B) =

∫
Λ
μ(w−1

λ (B)) dp(λ) (2.37)

for all Borel sets B ⊆ X. We will usually leave out the subscript on M

when the measure p is fixed.
By the Riesz representation theorem, an equivalent way to define

M is as∫
X

f(x) dM(μ)(x) =

∫
Λ

∫
X

f(wλ(x)) dμ(x) dp(λ), (2.38)

where f is a continuous bounded real-valued function on X.
It is fairly straightforward to show that M maps a probability mea-

sure on X to another probability measure on X, so we leave out the
details.

Exercise 2.89. Show that Mμ ∈ P(X) if μ ∈ P(X).

Definition 2.90. We say that w is contractive on average with con-
tractivity 0 ≤ c < 1 if for all x, y ∈ X we have∫

Λ
d(wλ(x), wλ(y)) dp(λ) ≤ cd(x, y)
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Theorem 2.91. If w is contractive on average, then M is contractive
in the Monge-Kantorovich metric on P(X).

Proof. Let f ∈ Lip1(X). We calculate for μ and ν in P(X)

∫
X

f d(Mμ−Mν) =

∫
X

f(x) d

(∫
Λ
(μ(w−1

λ (x))− ν(w−1
λ (x))) dp(λ)

)
=

∫
Λ

∫
X

f(x) d
(
μ(w−1

λ (x))− ν(w−1
λ (x))

)
dp(λ)

=

∫
Λ

∫
X

f(wλ(y)) d(μ(y)− ν(y)) dp(λ)

=

∫
X

(∫
Λ
f(wλ(y)) dp(λ)

)
d(μ(x)− ν(x))

= c

∫
X

φ(y) d(μ(y)− ν(y)),

where φ(y) = c−1
∫
Λ f(wλ(y)) dp(λ) ∈ Lip1(X) by the definition of c.

Taking the supremum, we get

dMK(M(μ),M(ν)) ≤ c dMK(μ, ν)

and the result follows. ��

We now prove that the invariant distribution is a continuous func-
tion of the “parameters” of the infinite IFSP.

Theorem 2.92. Suppose that p(n) is a sequence of probability mea-
sures in P(Λ) that converges to p in the Monge-Kantorovich metric.
Then μp(n) also converges to μp in the Monge-Kantorovich metric.

Proof. Let f be a bounded continuous function on X. We calculate
that∫
X

f(x) d

(∫
Λ
μ(w−1

λ (x)) dp(n)(λ)

)
=

∫
Λ

∫
X

f(x) dμ(w−1
λ (x)) dp(n)(λ)

=

∫
Λ

∫
X

f(wλ(x)) dμ(x) dp
(n)(λ).

Let φ(λ) =
∫
X
f(wλ(x)) dμ(x). Clearly φ is bounded since f is bounded

and μ is a probability measure. Let ε > 0 be given. Now both f and
w are uniformly continuous in X and Λ. Thus, there is a δ > 0 such
that if d(λ, λ′) < δ, then |f(wλ(x)) − f(wλ′(x))| ≤ ε for all x ∈ X.
Therefore, for λ, λ′ ∈ Λ with d(λ, λ′) < δ, we have
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|φ(λ)− φ(λ′)| ≤
∫
X

|f(wλ(x))− f(wλ′(x))| dμ(x)

≤
∫
X

ε dμ(x) = ε

so φ ∈ C∗(Λ), and since p(n) → p in the Monge-Kantorovich metric,
we have that ∫

Λ
φ(λ) dp(n)(λ) →

∫
Λ
φ(λ) dp(λ).

Since this is true for all f ∈ C∗(X), we know that Mp is a continuous
function of p (the distribution on Λ). To get continuity of μp (the fixed
point of Mp) as a function of p, we need to have a uniform bound
for the contraction factor of the family Mp(n) . However, it suffices to
get a bound for sufficiently large n. For fixed x, y ∈ X, we have that
d(wλ(x), wλ(y)) is a continuous function of λ, so we know that∫

Λ
d(wλ(x), wλ(y)) dp

(n)(λ) →
∫
Λ
d(wλ(x), wλ(y)) dp(λ)

and thus the contraction factor of Mp(n) converges to the contraction
factor of Mp. This gives us our uniform bound s on the contraction
factors. Now, by the estimate

dMK(μp, μq) ≤
dMK(Mp(μp),Mq(μp))

1− s
,

we know that μp(n) ⇒ μp in the Monge-Kantorovich metric. ��

Finally we prove a result concerning the support of the invariant
measure for the IFS {wλ, p(λ)}. For p ∈ Λ(p), let Ωp ⊆ Λ be the
support of p and A be the attractor of the IFS {wλ : λ ∈ Ωp}. We see
that since Λ is compact so is Ωp, so this is well-defined.

Theorem 2.93. Suppose that the contractivity of wλ is uniformly
bounded from above by 0 ≤ c < 1. Then the support of μ is equal
to A.

Proof. As the proof is similar to the proof of Theorem 2.63, we do
not give the details. Alternatively, letting B be the support of μ, one
can show that B is compact and invariant with respect to the IFS
{wλ : λ ∈ Ωp} and thus B = A by uniqueness. ��

Exercise 2.94. Give a complete proof of Theorem 2.93.
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The previous two theorems do not imply that if p(n) → p in P(Λ)
then suppμp(n) → suppμp in H(X). The following simple example il-
lustrates what can go wrong.

Example 2.95. Let Λ = {0, 1} and wi(x) = x/2 + i/2. Let p(n)({0}) =
1 − 1/n and p(n)({1}) = 1/n so that p(n) → p where p is the point
mass at 0. Then the support of μp(n) is the entire interval [0, 1] but the
support of μp is just {0}.

If in addition to p(n) converging to p in the Monge-Kantorovich
metric we require the support of p(n) to converge to the support of p
in H(Λ), then the support of μp(n) will converge to the support of μp.

Exercise 2.96. Investigate which of the results for infinite IFSPs ex-
tend to the situation where X is not necessarily compact but is com-
plete and separable. It will be necessary to place some assumptions on
p, perhaps p ∈ P1(Λ). Is this enough to guarantee that Mμ ∈ P1(X) if
μ ∈ P1(X)?





Chapter 3

IFS on Spaces of Functions

Geometric and measure-theoretic IFSs can easily be extended to IFS
operators acting on functions. These operators are closely related to
the IFS on measures from Sect. 2.5. Historically, one primary motiva-
tion for these operators was the desire to represent digital images by
means of attractors of IFSs.

3.1 Motivation: Fractal imaging

The first practical method for using IFS fractals to represent and com-
press images was in the Ph.D. thesis of A. Jacquin (and was published
in [81]). The basic idea is a very clever relaxation of the requirement
for strict self-similarity. We describe a slightly simpler version that
illustrates the idea.

For this we take X = [0, 1]2, the standard unit square in R2. We
consider two different partitions of X. The first one is into “parent” or
“domain” blocks, and the second one is into “child” or “range” blocks.
Of the two, the “parent” blocks are the larger, often twice as large in
each direction. An illustration of these two different partitions is given
in Fig. 3.1.

The compression algorithm proceeds block-by-block through the
child block partition. For each such child block Ri, we search through
all the parent blocks Dj , looking for the best match. The first problem
is that Dj is larger than Ri, so we must downsample Dj in some way
to match the size of Ri. This is usually accomplished by averaging four
pixels in Dj to obtain a corresponding pixel in Ri and is simple to do.
The second problem is that it is highly unlikely that any Dj will look
very similar to the given Ri. To deal with this problem, we allow a sim-
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Fig. 3.1: “Parent” and “child” partitions.

ple transformation of the pixel values of Dj. What this often means is
that we fix two values αi, βi (fixed for the given child block Ri) and
transform the pixel values of Dj using the function φi(t) = αit + βi.
The best match between the given Ri and any Dj is then the best
match between Ri and φi(Dj), with the values of αi, βi chosen in such
a way as to optimize this match (i.e., minimize ‖Ri−φi(Dj)‖), usually
using the Euclidean norm ‖x‖ = (

∑
k |xk|2)1/2. The Euclidean norm

has the obvious advantage that finding the optimal αi, βi is a linear
least-squares problem, so it is very simple and fast to solve. Once the
parent block Dj with the best match (smallest error ‖Ri − φi(Dj)‖)
has been found, we record which Dj was the best match (by recording
the index j of Dj) and record the values of the parameters αi, βi. This
procedure is done for each range block. The data that comprises the
compressed version of the original image is this list of triples (parent
block index, αi, βi), with one triple for each child block Ri.

As an algorithm, compression goes as follows:

Loop over all child blocks Ri.

Loop over all parent blocks Dj.

Using least squares find α, β to minimize ‖Ri − φ(Dj)‖.
Compute current error = ‖Ri − φ(Dj)‖ (using optimal α, β).
If current error is the best for Ri, store index j, α, β.

End of Loop over parent blocks Dj.

End of loop over child blocks Ri.

The data of triples (parent block index, αi, βi) defines a “fractal
operator” that when iterated will yield a fixed-point image that is
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Fig. 3.2: “Parent” and “child” comparison in fractal block-coding.

the reconstructed approximation to the original image; usually the
iteration is started off with a blank image. This fractal operator T is
also defined in a block-by-block fashion, and T acts on an input image
I and produces an output image J . To produce J from I, scan through
the child block partition of J and for each child block Ri in J replace
Ri with φi(Dind(i)), where Dind(i) refers to the parent block in I that
was associated with Ri in the compression. Since we do this for each Ri

in J , this fills up (or paints) each child block in J and thus constructs
the output image J child block by child block.

For the final reconstructed image, we iterate T a number of times
until we achieve convergence. As we expect T to be contractive in some
sense, the iterates of T should converge to the fixed point of T . As an
algorithm, image recovery goes as follows:

Loop over iterations.

Loop over child blocks Ri in output image J.
Set Ri = αiDind(i) + βi,
where Dind(i) is the appropriate parent block in I.

End of loop on child blocks.

Swap the roles of I and J.
End of loop on iterations.
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The reconstruction is illustrated in Figs. 3.3 and 3.4. The first eight
iterations and the final reconstructed image are given in both of these
figures. In Fig. 3.3, the image is partitioned into an 8×8 grid of parent
blocks, with each parent block being decomposed into four child blocks.
In the first frame, you can see the 16× 16 grid of child blocks. Figure
3.4 is similar, but here the image is partitioned into a 64 × 64 grid of
parent blocks, with each parent block being decomposed into four child
blocks. Again in the first frame, you can see the 128×128 grid of child
blocks. Clearly the reconstructed image is much better in Fig. 3.4 than
in Fig. 3.3, as we use more blocks and thus store more information.

Fig. 3.3: Fractal block-coding reconstruction using a 16 × 16 grid of child
blocks.

Viewed as subsets of [0, 1]2, the mapping fromDind(i) to Ri is usually
just a simple linear contraction; we call this map wi : Dind(i) → Ri.
For each i, we also have a function φi : R → R (given above by
φi(t) = αit + βi). Thinking of the input image I and output image J
as functions I, J : [0, 1]2 → R, the action of the fractal operator T is

J(x) = T (I)(x) = φi(I(w
−1
i (x))) for x ∈ Ri.
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Fig. 3.4: Fractal block-coding reconstruction using a 128 × 128 grid of child
blocks.

Any type of data compression operates by finding correlations or
structure in the given data and then using an appropriate model to
represent this structure. A fractal block-coding algorithm exploits scal-
ing relationships within a given image I in order to represent the image.
It can be viewed as a type of vector coding (see [153]) but with the
codebook generated from the image itself. Furthermore, contractivity
ensures that only the parameters of the IFS transform need to be saved
since the final reconstruction depends only on these parameters.

Since the introduction of the fractal block-coding algorithm, a huge
number of variations and refinements have been implemented. These
include using more complicated maps φi, adaptive partitions of various
types, partitions developed through “region growing” heuristics, and
many others. In terms of quality of the reconstructed image at a given
compression rate, the best fractal coding techniques are very compet-
itive. The main drawback of fractal image compression is usually the
compression time, as the searching can take an enormous amount of
time. The references [19, 60, 120, 151, 166] all contain more informa-
tion about fractal imaging.

Fractal block-coding is the motivating example behind the technique
of collage coding . Ideally we want to find a fractal transform whose
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fixed point is as close to the original image as possible. However, in the
algorithm above, we do not compare the fixed point of the proposed
transform to the original image. Instead we use the “collage error”
(the difference between I and T (I)). This combination of a contractive
operator and replacing the distance between the fixed point of T and
I with the collage distance, the distance between I and T (I), is the
essence of the collage-coding method.

3.2 IFS on functions

The definition of the basic IFS operator on functions follows directly
from the motivating example of IFS fractal block-coding. The general
setup is one where we have geometric maps wi : X → X and grey-level
maps φi : R → R for i = 1, 2, . . . , N . For a function f : X → R, we
define

T (f)(x) =
∑
i

φi(f(w
−1
i (x))), (3.1)

where we use the convention that if w−1
i (x) = ∅ we set the correspond-

ing term equal to zero; that is, φi(f(w
−1
i (x))) = 0 when x /∈ wi(X).

Sometimes the individual terms in the summation in (3.1) are referred
to as the fractal components of the transform. This clearly defines a
new function T (f) : X → R. In order to prove anything about the
operator T , it is necessary to have additional assumptions. We start in
the framework with the least assumptions and then progressively add
structure for the other models.

Notice that if x /∈ wi(X) for any i, then by definition T (f)(x) = 0.
Furthermore, if A is the attractor of the geometric IFS {wi} (that is,
the IFS on sets), then the support of the fixed point of T , if there
is one, is contained in A. For ease of reference, we record this as a
proposition.

Proposition 3.1. Suppose that f̄ is the fixed point of T as defined in
(3.1). Then the support of f̄ is contained in the attractor A of the IFS
{wi}.

3.2.1 Uniformly contractive IFSM

The first framework we consider requires only contractivity on the
grey-level maps φi. For any set X, the collection F∗(X) of all bounded
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functions f : X → R is complete in the supremum norm, ‖f‖∞ :=
supx∈X |f(x)|.

Theorem 3.2. Suppose that each φi is contractive with contractivity
ci. Further suppose that for each x ∈ X we have∑

w−1
i (x)�=∅

ci < 1.

Then T defined as in (3.1) is contractive in the norm ‖f‖∞ and there-
fore has a unique fixed point in F∗(X).

Proof. Let

c := sup
x∈X

∑
w−1

i (x)�=∅
ci.

Since there are only finitely many wi, the expression above takes on
only finitely many different values. Since each one is strictly bounded
above by 1 (by assumption), we know that c < 1. We show that T is
contractive with contractivity bounded by c. To see this, suppose that
f, g : X → R. Then

|T (f)(x)− T (g)(x)| =
∣∣∣∣∣∑

i

φi(f(w
−1
i (x)))− φi(g(w

−1
i (x)))

∣∣∣∣∣
≤

∑
w−1

i (x)�=∅

∣∣φi(f(w
−1
i (x)))− φi(g(w

−1
i (x)))

∣∣
≤

∑
w−1

i (x)�=∅
ci
∣∣f(w−1

i (x))− g(w−1
i (x))

∣∣
≤

∑
w−1

i (x)�=∅
ci‖f − g‖∞

≤ c‖f − g‖∞.

��

In the particular situation where wi(X)∩wj(X) = ∅, the contractive
factor then becomes c := maxi ci. Furthermore, in this case we can
sometimes even have a “formula” for the invariant function, f . Recall
from Chapter 2 the discussion on the code space and the address map.
Suppose that X is a complete metric space and the wi are also con-
tractive. Let Σ = {1, 2, . . . , N}N be the code space and a : Σ → X be
the address map. Then since the IFS {wi} is nonoverlapping, we know
that a is injective. Furthermore, each point of the attractor A of the



94 3 IFS on Spaces of Functions

geometric IFS {wi} (the support of f according to Proposition 3.1)
corresponds to a unique address. If a ∈ A corresponds to the address
σ = (σ1, σ2, . . .), then

f(a) = lim
n→∞φσ1 ◦ φσ2 ◦ φσ3 ◦ · · · ◦ φσn(t) (3.2)

for any t ∈ R.
We can also easily adjust the setting to that of a local or partitioned

IFSM. In this situation, we have a collection of maps wi : Di → X

where Di ⊂ X. We define the local IFSM operator in the same way as
we previously defined the general IFSM operator; that is,

T (f)(x) =
∑

w−1
i (x)�=∅

φi(f(w
−1
i (x))).

The contractivity and fixed-point conditions are exactly the same as for
the nonlocal version from Theorem 3.2. Notice that if X �=

⋃
iwi(Di),

then any x �∈
⋃

iwi(Di) has T (f)(x) = 0. For ease of reference, we
record this as a theorem.

Theorem 3.3. Let X be a set, Di ⊂ X, wi : Di → X, and φi : R → R

be contractive with contraction factor ci. Then the local IFSM operator

T (f)(x) =
∑

w−1
i (x)�=∅

φi(f(w
−1
i (x)))

satisfies
‖T (f)(x)− T (g)(x)‖∞ ≤ c‖f − g‖∞,

where
c = sup

x∈X

∑
x∈wi(X)

ci.

If c < 1, then T has a unique fixed point in F∗(X), the space of bounded
real-valued functions on X.

For the situation as given in the fractal block-coding algorithm,
the sets Di are the “domain” or “parent” blocks and wi(Di) are the
“range” or “child” blocks and form a partition of X, and thus each
x ∈ X is in exactly one wi(Di). This also means that the contractiv-
ity for T is given by c = maxi ci. For φi(t) = αit + βi, the fractal
block-coding operator is contractive if maxi |αi| < 1. Sometimes this
condition is enforced in the compression phase; that is, the optimal αi

and βi are found, then αi is rescaled to enforce the condition |αi| < 1,
and then a new βi is found based on this new αi. However, this restric-
tion is not necessary for convergence and can result in a lower-quality
reconstruction.
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3.2.2 IFSM on Lp(X)

The IFSM framework in the previous section has very few assumptions;
in particular, it has no assumptions on X. However, the conditions
for convergence are quite strong and sometimes are too strong for
a particular application (i.e., for fractal image compression). In this
section, we add structure to X and gain in slightly weaker conditions on
T for contractivity. These conditions allow for the possibility of some
ci > 1, as long as it is offset by having its corresponding geometric
map wi be “measure contractive” in a suitable sense.

For our first case, we take X ⊂ Rn and μ to be the Lebesgue measure
restricted to X. For each map wi : X → X, we assume that

there exist si ≥ 0 with dμ(wi(x)) ≤ si dμ(x) for all x ∈ X. (3.3)

An example of such a map is when wi is affine, say wi(x) = Aix+ bi,
in which case si = | det(Ai)|.
Theorem 3.4. Let X ⊂ Rn and μ be the Lebesgue measure restricted
to X. Suppose that wi : X → X, i = 1, 2, . . . , N , are such that there exist
si ≥ 0 with dμ(wi(x)) ≤ si dμ(x) for all x. Finally, take φi : R → R to
have Lipschitz constant ci, and let T be defined as in (3.1). Then, for
f, g ∈ Lp(X), we have

‖T (f)− T (g)‖p ≤
(∑

i

s
1/p
i ci

)
‖f − g‖p.

In particular, T : Lp(X) → Lp(X).

Proof. We compute that

‖T (f)− T (g)‖p ≤
∑
i

(∫
X

|φi(f(w
−1
i (x)))− φi(g(w

−1
i (x)))|p dμ

)1/p

≤
∑
i

ci

(∫
wi(X)

|f(w−1
i (x))− g(w−1

i (x))|p dμ(x)

)1/p

≤
∑
i

ci

(∫
X

|f(y)− g(y)|psi dμ(y)
)1/p

≤
(∑

i

cis
1/p
i

)
‖f − g‖p.

Using this result with g = 0, we see that ‖T‖p ≤
∑

i cis
1/p
i and thus

f ∈ Lp(X) implies that T (f) ∈ Lp(X). ��
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Condition (3.3) is key to getting the estimate in the theorem. With-
out this assumption, there is no way to bring any properties of the
“geometric” maps wi into the estimate of the Lp norm. This condition
is clearly a condition on both the measure μ and the maps wi.

A few simple observations are in order at this point:

• If the IFS {wi} is measure disjoint with respect to μ (i.e., if
μ(wi(X) ∩ wj(X)) = 0 for i �= j), then the estimate in the theorem
can be improved to

‖T (f)− T (g)‖p ≤
(∑

i

sic
p
i

)1/p

.

To see this, just note that in this case T (f)(x) = φi(f(w
−1
i (x))) for

x ∈ wi(X) and thus

‖T (f)− T (g)‖p =
(∑

i

∫
wi(X)

|φi(f(w
−1
i (x)))− φi(g(w

−1
i (x)))|p dμ

)1/p
,

and the rest follows as before.

• If A is the attractor of the IFS {wi} and μ(A) = 0, then any fixed
point f̄ of T will be zero in Lp(X) by Proposition 3.1 since the support
of f̄ is contained in a set of measure zero. This means that we have
to be careful in defining T if we are to get a nontrivial fixed point for
it. For instance, if the wi are all affine and

⋃
iwi(X) does not cover X,

then μ(A) = 0.

• Another situation that is similar to that of X ⊂ Rn with μ
Lebesgue measure is where X is a metric space and μ is Hausdorff
d-dimensional measure on X and is σ-finite with 0 < μ(X). In this
context, if wi is a similitude with contractivity si, then dμ(wi(x)) ≤
sdi dμ(x).

• Finally, a nice broad class of examples is where the space X is the
attractor of the geometric IFS {wi} and μ is the attractor of an IFS
with probabilities {wi, pi} with {wi} measure disjoint with respect to
μ. In this case, the inequality dμ(wi(x)) ≤ pi dμ(x) is given by the
self-similarity of μ, and thus condition (3.3) is satisfied with si = pi. A
similar thing can be possible even if the IFS {wi} is not measure dis-
joint with respect to μ. The constants si are slightly more complicated
in this case and involve sums of the pi.
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3.2.2.1 The case of fractal block-coding and local IFSM

The situation for a general local IFSM on Lp(X) is rather complicated
and depends on the precise setup of the IFS maps. We illustrate it
with a special case. We take the situation illustrated in Fig. 3.1. We
take X = [0, 1]2 and the two partitions in such a way that each parent
block is formed from four child blocks. This also means that each wi

is affine with linear part x �→ x/2 and such that si = 1/4 for each
i. Take the parent partition to be a grid of N2 parent blocks (N in
each direction), so there are 2N ×2N child blocks. Then the Lipschitz
constant of T is

‖Tf−Tg‖p ≤

⎛⎝ 2N∑
i,j=1

cpi /2

⎞⎠1/p

‖f−g‖p = (1/2)1/p

⎛⎝ 2N∑
i,j=1

cpi

⎞⎠1/p

‖f−g‖p.

This can be simplified if some further assumptions are made. For in-
stance, sometimes fractal block-coding is done without searching. In-
stead, each child block is matched with the unique parent block that
contains it. In this case, the action of T on each parent block Di is
independent of the action of T on any other parent block Di′ and thus
T decomposes as a direct sum of operators Ti, one for each Di:

T :
⊕

Lp(Di) →
⊕

Lp(Di). (3.4)

Each parent block Di contains four child blocks, which we label
R1

i , R
2
i , R

3
i , R

4
i . Then each Ti has the form

Ti(f)(x) = αj
if(w

−1
j (x)) + βj

i , for x ∈ Rj
i ⊂ Di, j = 1, 2, 3, 4,

and we have for f, g ∈ Lp(Di)

‖Ti(f − g)‖p ≤
(
|α1

i |p + |α2
i |p + |α3

i |p + |α4
i |p

4

)1/p

‖f − g‖p

and so, for f, g ∈ Lp(X),

‖T (f − g)‖p ≤ max
i

(
|α1

i |p + |α2
i |p + |α3

i |p + |α4
i |p

4

)1/p

‖f − g‖p.

One nice way of looking at this situation is to realize that the decom-
position of Lp(X) given in (3.4) is given by a partition of unity. That
is, for each Di, there is a restriction operator Pi : Lp(X) → Lp(Di)
given by Pi(f) = f |Di . These operators Pi are projections that form
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a partition of unity, I =
∑

i Pi, and PiPj = 0. The decomposition
of T given in (3.4) is due to the fact that TPi = PiT . Many of the
block-coding transforms can be viewed in this framework. The power
of this viewpoint is evident when one uses other families of projections
instead of simple restriction operators; see Sects. 3.3 and 3.4 for some
related discussions.

3.2.3 Affine IFSM

The particular case of IFSM operators that are affine has nice and
simple properties. The simplest version of this is where each φi(t) =
αit + βi, as in the case of simple fractal block-coding, and in which
case T has the form

T (f)(x) =
∑

x∈wi(X)

αif(w
−1
i (x)) +

∑
x∈wi(X)

βi. (3.5)

The second term in the sum defines a function β : X → R, and the
first term defines a linear operator A : F∗(X) → F∗(X) such that
T (f) = Af+β. The contractivity of T is the same as the contractivity
of A, so assuming that A is contractive we have that the fixed point f̄
of T can be written as

f̄ =
∑
n≥0

Anβ = (I −A)−1β. (3.6)

Notice that (3.6) means that f̄ depends linearly on β. A nice way to
think about (3.6) is that β provides the details of f̄ on the largest
resolution scale, then Aβ refines this on the next smaller level of reso-
lution, then A2β fills in the finer details on the next level, and so on.
In fractal block-coding, one can see this in the reconstruction as finer
and finer details are added (see Figs. 3.3 and 3.4).

The fact that f̄ is a linear function of β can be exploited. To show
one possibility, take X = [0, 1], μ to be the Lebesgue measure, {wi}
an IFS that partitions X (i.e., [0, 1] =

⋃
iwi([0, 1]) and μ(wi([0, 1]) ∩

wj([0, 1])) = 0; we call such a partition an IFS partition), and let
Xi = wi([0, 1]). We also take wi(x) = aix+ bi for simplicity.

To start with, take β to be piecewise constant on this partition
with β1μ(X1) + β2μ(X2) + · · ·βNμ(XN ) = 0, so that the integral of β
with respect to μ is zero. Because of the simple structure of T in this
situation, we have that β ◦ w−1

i is perpendicular to β for each i. To
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see this, just note that β is constant on Xi and β ◦ w−1
i has integral

equal to zero on Xi. Thus, Aβ is perpendicular to β. Similarly, A2β is
perpendicular to both β and Aβ. So, in fact, the sum in (3.6) is a sum
of orthogonal components.

More is true, in fact. Let β̂ be another function that is piecewise
constant on the Xi, has zero integral, and is perpendicular to β. Then
Anβ and Amβ̂ are perpendicular for all n,m ∈ N. This means that if
T and T̂ are the corresponding IFSM operators,

T (f) = Af + β and T̂ (f) = Af + β̂,

and f̄ and
¯̂
f are their fixed points, then f and

¯̂
f are also perpendicular.

With techniques like this, it is possible to design families of functions
that are all self-affine and mutually orthogonal.

3.2.4 IFSM with infinitely many maps

We briefly show how the notion of an IFSM can be extended to one
containing an infinite number of maps. The extension is simple and
natural. The framework is analogous with the previous situation. We
have an indexing set Λ, and for each λ ∈ Λ we have a geometric map
wλ : X → X and a grey-level map φλ : R → R. Since we will have
to integrate over Λ, we assume that Λ is a measure space and ν is a
probability measure on Λ. For a function f : X → R, we define

T (f)(x) =

∫
Λ
φλ

(
f(w−1

λ (x))
)
dν(λ). (3.7)

Clearly we will need some conditions on the function f in order for the
integral to exist and thus for the transform T to be well-defined.

3.2.4.1 Uniformly contractive φλ

Our first case is when we assume that there is some 0 < c < 1 such
that for all λ we have φλ contractive with the contractivity factor
bounded by c. We again take the complete space F∗(X) of all bounded
real-valued functions on X with the supremum norm ‖f‖∞. The proof
of this result is exactly the same as that of Theorem 3.2.

Theorem 3.5. Suppose that the contractivity factor of φλ is cλ. Fur-
ther suppose that for each x ∈ X we have
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x∈wλ(X)

cλ dν(λ) < 1.

Then T defined as in (3.7) is contractive in the norm ‖f‖∞ and there-
fore has a unique fixed point in F∗(X).

3.2.4.2 IFSM in Lp(X)

We again take X ⊂ Rn and μ to be the Lebesgue measure. For each λ,
we assume that

∃sλ ≥ 0 such that dμ(wλ(x)) ≤ sλ dμ(x) for all x ∈ X. (3.8)

This is the same type of assumption we made in Sect. 3.2.2.

Theorem 3.6. Let X ⊂ Rn and μ be the Lebesgue measure restricted
to X. Suppose also that condition (3.8) is satisfied. Finally, suppose
that the Lipschitz constant for φλ is cλ. Then, for T as defined in
(3.7) and f, g ∈ Lp(X), we have

‖T (f)− T (g)‖p ≤
(∫

Λ
s
1/p
λ cλ dν(λ)

)
‖f − g‖p.

Proof. The proof is the same as the proof of Theorem 3.4, with the
slight modification that we use Minkowski’s theorem with integrals
instead of with sums. That is, we use(∫

X

∣∣∣∣∫
Λ
φλ(f(w

−1
λ (x)))− φλ(g(w

−1
λ (x))) dν(λ)

∣∣∣∣p dμ(x)

)1/p

≤∫
Λ

(∫
X

∣∣φλ(f(w
−1
λ (x)))− φλ(g(w

−1
λ (x)))

∣∣p dμ(x)

)1/p

dν(λ).

��

3.2.5 Progression from geometric IFS to IFS on
functions

There is a step-by-step progression from IFS on sets to IFS on func-
tions, which we now briefly outline; this was first described in [67].
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1. From IFS on H(X) to fractal transforms on black-and-white
images in FBW (X). We first define the space of “black and white”
image functions on X,

FBW (X) = {u : X → {0, 1} | Su = supp (u) ∈ H(X)}.

It is then natural to define the following metric in FBW :

dBW (u, v) = dH(Su, Sv).

An N -map IFS set-valued mapping w on H(X) is equivalent to the
following fractal transform T on FBW :

(Tu)(x) = sup
1≤k≤N

{u(w−1
k (x))}, x ∈ X.

The range maps φk(t) are the identity maps on [0, 1], and the com-
bination operator O is the supremum operator.
Of course, most black-and-white images are not bitmap (binary)
but have shades of grey running from black to white. The next
step is to accommodate such greyscale images.

2. From fractal transforms on FBW (X) to iterated fuzzy set
systems (IFZS) [36]. We modify the formalism above to ac-
commodate greyscale images u : X → [0, 1] with the addition of
greyscale maps φ : [0, 1] → [0, 1]. Now consider the Hausdorff dis-
tance between level sets of two functions and (omitting some tech-
nical details) define the metric

d∞(u, v) = sup
c∈[0,1]

h([u]c, [v]c),

where [u]c denotes the c-level set of u:

[u]c =

⎧⎨⎩{x ∈ X | u(x) ≥ c}, c ∈ (0, 1]

{x ∈ X | u(x) > 0}, c = 0.

The complete metric space of functions is the space of (upper semi-
continuous) fuzzy set functions on X. The action of the fractal
transform T defined by an N -map IFS {wi}Ni=1 associated with
greyscale maps {φi}Ni=1 is given by

(Tu)(x) = sup
1≤i≤N

{φi(ũ(w
−1
i (x)))}, x ∈ X,

where, for B ⊂ X, (i) ũ(B) = supz∈B{u(z)} if B �= ∅ and (ii)
ũ(∅) = 0.
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3. From IFZS to fractal transforms on L1(X). The Hausdorff
distance is very restrictive, however, from both visual as well as
practical perspectives. In [64], two fundamental modifications of
the IFZS were made:

a. The Hausdorff distance between level sets dH([u]
c, [v]c) was re-

placed by the μ-measure (over X) of the symmetric differences
of the two level sets,

G(u, v; c) = μ([u]c�[v]c).

(For A,B ⊆ X, A�B = (A ∪B) \ (A ∩B).)
b. For a finite measure ν on the range space R = [0, 1], we then

integrate over these symmetric differences,

g(u, v; ν) =

∫
R
G(u, v; c) dν(c).

In the special case where μ and ν are Lebesgue measures on X and
R, respectively, we have

g(u, v,m) =

∫
X

|u(x)− v(x)| dx = ‖u− v‖1,

the L1 distance between u and v. The restrictive Hausdorff metric
d∞ for the IFZS has been replaced by a weaker pseudometric. Fur-
thermore, the supremum operator in the fractal transform T may
be replaced by the summation operator.

4. Fractal transforms on Lp(X). It is natural to extend the L1

fractal transform T to Lp spaces. The result is (1.1), with the com-
bination operator O being the summation operator. The resulting
fractal transform is referred to as an N -map IFS with greyscale
maps (IFSM), as discussed previously in this chapter.

3.3 IFS on wavelets

Wavelets have proven to be incredibly useful in their ability to de-
scribe and manipulate data. One of the primary reasons for this is that
wavelets measure a combination of “frequency” information and “spa-
tial” information. The spatial information comes because a wavelet
is typically compactly supported, and thus a particular wavelet co-
efficient only reflects local information of the signal. The “frequency”



3.3 IFS on wavelets 103

information is reflected in the fact that a particular wavelet basis func-
tion has a given size. We cannot hope to do justice to this huge area in
this short section, so we will give only the briefest general discussion
of wavelets and then move on to describe the IFS transform in the
discrete wavelet domain. There are many books that give a thorough
accounting of the theory and applications of wavelets, of which we
mention only [44, 123, 158].

3.3.1 Brief wavelet introduction

To begin, we restrict our attention to X = R. A wavelet basis for L2(R)
is an orthonormal basis {ψi,j}, with each ψi,j generated as dilations
and translations of a single mother wavelet Ψ as

ψi,j(x) = 2i/2Ψ(2ix− j).

The mother wavelet Ψ has zero integral, and thus all ψi,j do as well.
The condition that {ψi,j} be an orthonormal basis is very strong and
clearly puts restrictions on the mother wavelet Ψ . In fact, the usual
way to construct Ψ is by first constructing the scaling function φ, and
then Ψ is a finite linear combination of dilations of φ. Wavelets have
very strong connections with IFSs since the scaling function satisfies
a self-similarity condition. In fact, it is the fixed point of the dilation
equation

φ(x) =
∑
i

hiφ(2x− i). (3.9)

For compactly supported solutions to (3.9), it is only necessary that
finitely many hn be nonzero. In addition, φ is usually required to satisfy
a self-orthogonality condition

〈φ(x), φ(x− i)〉 = 0, i �= 0 ∈ Z.

The scale space Vn, for n ∈ Z, is defined by

Vn = Span{φ(2nx− j) : j ∈ Z}.

This space Vn has a nice interpretation in terms of image processing.
One can view Vn as the level of detail you see at a given scale. That
is, if you take an ideal image I as a function, then Vn projects this
function down to a given “pixel” size. The finer the pixel size, the
smaller the scale (and the larger the n). The wavelet functions give
the “difference” information between these Vn, so that
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Vn = Span{ψi,j : j ∈ Z, i ≥ n} = Span{φ(2nx− j) : j ∈ Z}.
If the functions are all supported in a finite interval, then there is a

coarsest resolution level that we can rescale to be the entire coarsest
resolution level. We do this and assume that X = [0, 1]. In this case,
since

∫
Ψ(x) dx = 0, the coarsest resolution level is that of constant

functions. Any function f ∈ L2([0, 1]) is decomposed as

f(x) = b0,0φ(x) +
∑

i≥0,0≤j≤2i−1

ci,jψi,j(x), (3.10)

where b0,0 = 〈f, 1〉 and ci,j = 〈f, ψi,j〉 are the wavelet coefficients for f .
The expansion coefficients are conveniently displayed in the form of an
infinite wavelet tree (see Fig. 3.5). In this figure, each Bi,j represents
a tree of infinite depth. We also refer to such a tree with apex ci,j as
the block Bi,j .

b00
c00

c10 c11
c20 c21 c22 c23

B30 B31 B32 B33 B34 B35 B36 B37

Fig. 3.5: Wavelet expansion tree

The wavelet tree displays the recursive structure of the wavelet co-
efficients. The position of a coefficient in the tree signals both the
position and scale of the corresponding wavelet basis function. Moving
down the tree corresponds to moving down to finer scales, and moving
horizontally on a given level moves left to right in [0, 1]. We put b00
at the top of the tree, as it corresponds to the overall average value of
the function f .

There are many different wavelet bases. In fact, the large variety
of different wavelet bases is one of the strengths of wavelet analysis –
you can choose a basis that has some convenient properties for your
particular application.

In many ways, the simplest wavelet basis is the Haar basis. We
restrict our description to a basis for L2([0, 1]). The scaling function
is φ(x) = χ[0,1](x), the indicator function of the interval. The mother
wavelet Ψ is defined by

Ψ(x) =

{
1 if 0 ≤ x < 1/2,

−1 if 1/2 ≤ x ≤ 1.
(3.11)
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Thus, the spaces Vn consist of those functions that are piecewise con-
stant on intervals of the form [i/2n, (i + 1)/2n]. The nested property
of the scale spaces, Vn ⊂ Vn+1, is clear from this description. The
projection of some f ∈ L2([0, 1]) onto Vn consists of computing the
average value of f over each of these intervals and putting these values
together into a piecewise constant function.

Sometimes it is useful to restrict a wavelet basis of R to some
bounded interval. There are several different ways of doing this, each
with their own benefits and drawbacks. Perhaps the simplest is to use
periodic wavelets. For a function f ∈ L2(R), we define the periodized
version of f to be the function

f∗(x) =
∑
n∈Z

f(x+ n).

Since f ∈ L2(R), the sum exists and f∗ ∈ L2([0, 1]). Because of the
integer translations in the definition of ψi,j , it turns out that {ψ∗

i,j :

i ≥ 0, 0 ≤ j < 2i} is an orthonormal basis for L2([0, 1]).

3.3.2 IFS operators on wavelets (IFSW)

IFS operators map “information” from larger scales down to smaller
scales. The recursive nature of the wavelet tree (Fig. 3.5) makes the
idea of defining an IFS-type operation on a wavelet tree seem natural.
Because of the tree structure, it is very easy to do this mapping. We
give a couple of examples of such mappings to illustrate.

Example 3.7. Our first example is very simple. The transform M will
preserve the average value of the input function f , and therefore keep
b00 unchanged. We also keep c00 unchanged but modify every other
coefficient. Graphically, we can represent it as

M : B00 → c00
α0B00 α1B00

, |αi| <
1√
2
. (3.12)

We need the restriction on αi in order to ensure that the coefficients
remain in 
2(N). The representation above means that if we expand f
as in (3.10) and g = Mf , then we can write

g(x) = b0,0φ(x) + c00ψ00(x) +
∑

i>0,0≤j≤2i−1

di,jψi,j(x),
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where for i > 0 we have

di,j =

{
α0ci−1,j if 0 ≤ j < 2i−1,

α1ci−1,j−2i−1 if 2i−1 ≤ j < 2i.

That is, we take a copy of the entire tree B00, multiply each coefficient
by α0, and make it the “left” subtree B̂10 for Mf . Similarly, we take
the entire tree B00, multiply each coefficient by α1, and make it the
right subtree B̂11 for Mf . Repeated application of M will make the
information flow from the top of the tree down toward the bottom.
The top coefficient c00 stays fixed. After one application, the second
row is α0c00 and α1c00, and then this second row will stay fixed for all
subsequent iterations. After two iterations, the third row becomes

α2
0c00, α0α1c00, α1α0c00, α2

1c00

and then will stay fixed for all subsequent iterations. In general, after
the n−1th iteration, the nth row is fixed and will remain unchanged for
all further iterations. Clearly, knowing only c00 and α0, α1 is sufficient
for knowing the limiting tree and hence the fixed-point function of M .

��

Example 3.8. Consider the fractal wavelet transform with four block
maps

W1 : B10 → B20, W2 : B11 → B21, W3 : B10 → B22, W4 : B11 → B23,
(3.13)

with associated multipliers αi, 1 ≤ i ≤ 4. Diagrammatically,

M : B00 →
c00

c10 c11
α1B10 α2B11 α3B10 α4B11

. (3.14)

This is more like a local or partitioned IFSM than the previous exam-
ple. The block B10 may be thought of as the projection of f onto part
of the wavelet basis (that part whose coefficients are contained in this
part of the wavelet tree); call this projection P10. Similarly, we have a
projection P11 associated with that part of the wavelet tree contained
in block B11. Then we see that (3.10) can be written as

f(x) = b00φ(x) + c00ψ(x) + (P10f)(x) + (P11f)(x).

Here the decomposition of f given by P10 and P11 is not a simple re-
striction onto two disjoint parts of the space, as it is in the case of a lo-
cal IFSM. It is an orthogonal splitting, projecting onto two orthogonal
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subspaces. The orthogonality of the subspaces (or of the projections)
is the analogue to the disjointness of the parts in a local IFSM. The

four block maps Wi from (3.13) correspond to linear isometries Ŵi.

For example, Ŵ1 has domain equal to P10(L2(X)), the range of P10

that also corresponds to the block B10, and has range the subspace
of L2(X) that corresponds to block B20. In terms of these projections
and block maps, M as in (3.14) can be written as

M(f) = b00φ+ c00ψ + c10ψ1,0 + c11ψ1,1 + α1Ŵ1(P10(f))

+ α2Ŵ2(P11(f)) + α3Ŵ3(P10(f)) + α4Ŵ4(P11(f)).

In this example, the top two levels of the tree (in addition to the
scaling coefficient b00) are unchanged by M , and then M propagates
the top of the tree down the levels of the tree, at each level multiplying
by the appropriate αi. It is again clear that M will have a limiting
wavelet tree. As long as the coefficients belong to 
2(N), this limiting
tree will correspond to some function in L2(X). The first few levels of
the limiting tree are given in Fig. 3.6. ��

b00
c00

c10 c11
α1c10 α2c11 α3c10 α4c11

α2
1c10 α1α2c11 α2α3c10 α2α4c11 α3α1c10 α3α2c11 α4α3c10 α2

4c11

Fig. 3.6: Limiting tree for Example 3.8.

From these examples, it is clear that an IFSW generates a wavelet
tree with a very constrained type of geometric decay down the branches
of the tree. The limiting tree of an IFSW operator M has a particular
type of self-similarity. The associated function f̄ ∈ L2(X) also has
self-similarity, but in the wavelet domain. How does this self-similarity
translate to the spatial domain?

3.3.3 Correspondence between IFSW and IFSM

Since the wavelet basis is made up of dilations and translations of
a single function (the mother wavelet), it is not surprising that self-
similarity in the wavelet domain might mean self-similarity in the spa-
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tial domain. This seems to have been first observed in [46] in the partic-
ular situation of Haar wavelets and was used to give a wavelet-based
explanation/description of standard fractal block-coding. In fact, in
the Haar wavelet basis, there is really no difference between an IFSM
and an IFSW; they are direct translations of each other. In this sec-
tion, we explain this relationship in the more general context. We do
this by discussing each of the two example IFSW operators from the
previous section. This section draws heavily from [134].

We mention that it is also possible to show this correspondence in
the case of periodic wavelets. A discussion of this situation can also be
found in [134].

3.3.3.1 IFSM for IFSW of Example 3.7

The goal is to find an IFSM operator T (as defined by (3.1)) acting in
“physical space” (i.e., on functions supported on X), that corresponds
to an IFSW operator M acting on the wavelet coefficients. The dila-
tion/translation relations within the wavelet basis provide the key to
this goal. Let w1(x) = x/2 and w2(x) = x/2 + 1/2. Then

√
2B00 ◦ w−1

1 = B10 and
√
2B00 ◦ w−1

2 = B11 (3.15)

since
√
2ψi,j

(
w−1
1 (x)

)
= ψi+1,j(x) and

√
2ψi,j

(
w−1
2 (x)

)
= ψi+1,j+2i(x).

(3.16)
Thus, this simple IFSW operator will correspond to the following

two-map IFSM with condensation function ψ(x):

T (f)(x) = c00ψ(x) +
√
2α0f

(
w−1
1 (x)

)
+

√
2α1f

(
w−1
2 (x)

)
. (3.17)

Note that the IFSM operator depends on the particular wavelet basis
chosen, as indicated by the presence of the function ψ in the expression
for T .

In the simple case of Haar wavelets, the mother wavelet ψ(x) de-
composes into nonoverlapping components:

ψ(x) = χ[0,1/2)(x)− χ[1/2,1)(x).

As such, the IFSM operator T in (3.17) corresponds to a simple two-
map IFSM with IFS maps w1 and w2 and grey-level maps φ1(t) =√
2α1t + 1 and φ2(t) =

√
2α2t − 1. If T is contractive, then its fixed-

point attractor function f̄ has [0,1] as support.
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However, in the case of other compactly supported wavelets, no such
spatial decomposition into separate grey-level maps is possible. As well,
the support of the attractor function f̄ is necessarily larger than [0,1],
as the support of the mother wavelet Ψ is usually larger than [0, 1]
for other compactly supported wavelets. To illustrate, consider the
particular IFSW in which α1 = 0.4 and α2 = 0.6. The IFSM operator
T in (3.17) is contractive. The left and right diagrams of Figure 3.7
show the IFSM attractor functions for, respectively, the Haar wavelet
and “Coifman-6” cases. In both cases, we have chosen b00 = 0 and
c00 = 1.
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Fig. 3.7: Attractor functions f̄ for Example 3.7: (left) Haar wavelet basis,
(right) Coifman-6 wavelet basis.

3.3.3.2 IFSM for IFSW of Example 3.8

For this example, we see that the fixed point ū has wavelet expansion

ū = c00ψ00 + v̄.

We need only focus on the function v̄ that admits the wavelet expansion

c10 c11
α1B10 α2B11 α3B10 α4B11

.

Because of the orthogonality of the functions ψi,j , we may write
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v̄ = v̄1 + v̄2,

where the components v̄i satisfy the relations

v̄1(x) = c10ψ10(x) + α1

√
2v̄1(2x) + α2

√
2v̄2(2x),

v̄2(x) = c11ψ11(x) + α3

√
2v̄1(2x− 1) + α4

√
2v̄2(2x− 1). (3.18)

We may consider these equations as defining a kind of vector IFSM
with condensation. The vector v̄ is composed of the orthogonal compo-
nents v̄1 and v̄2 that satisfy the fixed-point relations in (3.18). These
equations may be written more compactly as

v̄i(x) = bi(x) +
2∑

j=1

Φij(v̄j(w
−1
ij (x))), i = 1, 2,

where

w11(x) = w12(x) =
1

2
x, w21(x) = w22(x) =

1

2
x +

1

2
,

b1(x) = c10ψ10(x), b2(x) = c11ψ11(x),

and

Φ11(t) = α1

√
2t, Φ12(t) = α2

√
2t, Φ21(t) = α3

√
2t, Φ22(t) = α4

√
2t .

Note that the contractive IFS maps wij are mappings from the entire
base space X into itself. As such, this IFSM is not a local IFSM in gen-
eral. What appeared to be a “local” transform in wavelet coefficient
space is a normal IFSM in the base space. (Again, in the special case
of the nonoverlapping Haar wavelets, the IFSM above may be writ-
ten as a local IFSM.) The “locality” of the block transform has been
passed on to the orthogonal components v̄1 and v̄2 of the function v̄.
These components may be considered as “nonoverlapping” elements
of a vector.

This “vector IFSM” is really nothing more than a recurrent IFSM on
B00, where we split B00 as B10⊕B11 and have the IFSM act “between”
the components of this splitting.
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3.4 IFS and integral transforms

An IFS on wavelets is just a particular case of a more general con-
struction. Starting with an IFSM operator T on some function space
F (such as Lp(X)), we can attempt to transfer T to some other space
of transforms G. In the case of wavelets, the IFSM operator T induces
an IFS operator on the wavelet coefficients.

The general situation is as depicted in Fig. 3.8, where F is the
original function space, T is the IFSM operator on F , S : F → G is the
transform, G is the “transform space” and M is the induced operator
on G. We will see that if the transform S is an integral transform with
a self-similar kernel, then the induced operator M is also of IFS type.

�

�
�

F G

�
F

T

G

S

S

M

Fig. 3.8: Inducing an IFS operator on transforms

Examples of this appear in work on generalized fractal transforms
acting on complete metric spaces, such as probability measures [75],
moments of probability measures [65], fuzzy sets [36], Lp spaces [64],
distributions [67], Fourier transforms [66], and discrete wavelet trans-
forms [134, 166]. As we saw in Sect. 3.3, sometimes moving to a trans-
form space has clear advantages; in that case in the quality of the
reconstructed image. In some other situations, the transform space is
the more natural place to do data processing. An example of this is
in MRI imaging, where the data collected are already in the Fourier
space.

Inverse problems of fractal approximation in (F , dF) are then trans-
formed to inverse problems in (G, dG). Under the condition that T , and
hence M , is contractive, solutions to the inverse problem in (G, dG) us-
ing the collage theorem may then be formulated. Indeed, this was the
procedure followed in [65, 66, 166].

We also mention that once function approximation/image compres-
sion is achieved in the space G, it may not be necessary to return to the
space F . In fact, in some cases, such as moments of measures/images,
a return may not be practically possible, nor would it be of interest. In
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such cases, one works exclusively in the transform domain. We empha-
size, however, that when working in such “dual spaces” it is important
to establish a number of properties, including:

1. completeness of the dual space (G, dG) and
2. the “faithfulness” of G (i.e., is it an isomorphism of F?) as well as

the operator M (i.e., does M map G to itself?).

Assuming that T is contractive, the properties above are necessary
to ensure the existence of a unique fixed point ḡ ∈ G (i.e., ḡ = Mḡ) by
Banach’s fixed-point theorem.

A natural question that arises in the study of induced operators is,
“How does operating on G instead of on F relate to operating directly
on F?” For example, what is “self-similarity” in the transform domain
if, in fact, this is a meaningful question?

Although it appears very natural to consider the induced operator
M on the space G, we are not constrained to use it. As we shall see
below, it may be advantageous to use another operator, depending on
the application. Nevertheless, the conditions of contractivity as well as
completeness listed above must still be established.

In this section, (G, dG) will be an appropriate space of function trans-
forms, in particular integral transforms. There are two major motiva-
tions for this approach:

1. In many cases, the data that we seek to represent or compress are
the result of an integral transform on some function space (e.g.,
MRI data, blurred images).

2. It may be more convenient to work in certain spaces of integral
transforms. For example, as we show below, Lebesgue transforms of
normalized nonnegative L1 functions are nondecreasing and contin-
uous functions. These latter functions may be easier to work with,
especially in the sense of approximability.

In Sect. 3.4.1, we consider the integral transform, with kernel K,
of a “fractally transformed” function (i.e., Tf) and relate it to the
integral transform of f . This equation simplifies if K satisfies a general
functional equation. It is then of interest to examine whether the kernel
K itself can satisfy an IFS-type equation, for which it is necessary
to examine the general space of kernels. A special class of solutions
for this functional equation is considered. After this, we present some
examples to illustrate the range of possibilities.

For ease of notation and clarity of discussion, the following discus-
sion is restricted to the one-dimensional case. However, the extension
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to two (or more) dimensions is straightforward. This section draws
substantially from [63].

3.4.1 Fractal transforms of integral transforms

3.4.1.1 Derivation of a functional equation for the kernel

We will denote our integral transform by S : F → G, and we assume
it has kernel K : X× R → R,

f̂(s) = (Sf)(s) =
∫
X

K(t, s)f(t) dt. (3.19)

We shall also write this transform in inner product form as Sf =
〈K, f〉.

Let T be an affine IFSM operator as defined in (3.1). For an f ∈
Lp(X), let g = Tf . Then the transform ĝ = S(g) is given by

ĝ(s) =

∫
X

K(t, s)
N∑
i=1

[
αif(w

−1
i (t)) + βi

]
IXi

(t) dt

=
N∑
i=1

αi

∫
Xi

K(t, s)f(w−1
i (t)) dt +

N∑
i=1

βi

∫
Xi

K(s, t)dt

=
N∑
i=1

αici

∫
X

K(ciu+ ai, s)f(u) du + β̂(s), (3.20)

where

β̂(s) =
N∑
i=1

βiÎXi(s). (3.21)

(Note that β̂(s) depends only on the βi – and, of course, the Xi – but
not on f .)

Equation (3.20) may be written in the form

〈K,Tf〉 = 〈T †K, f〉 + L(s), f ∈ F ,

where the operator T † may be interpreted as a kind of “adjoint” fractal
operator on the kernel K,

(T †K)(t, s) =
N∑
i=1

αiciK(cit+ ai, s), (3.22)
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and L as a kind of condensation function. However, the dilations in
the spatial variable produced by T † in (3.22) represent expansions. In
contrast to IFSM fractal transforms on functions, the transform K is
tiled with expanded copies of itself.

We now focus on (3.20) and attempt to rewrite the integrals involv-
ing K as bona fide integral transforms of f . First, we write∫
X

K(ciu+ai, s)f(u)du =

∫
X

K(ciu+ ai, s)

K(u, ζi(ci, ai, s))
K(u, ζi(ci, ai, s))f(u) du,

where the ζi functions perform a renormalization or scaling of the
transform variable s. It is desirable that the quotient in the integrand
on the right be independent of the integration variable u (i.e., constant
with respect to u). Most generally, this implies that

K(ciu+ ai, s) = Ci(ci, ai, s)K(u, ζi(ci, ai, s)), i = 1, 2, . . . , N.

However, allowing each scaling relation to possess its own functions
Ci and ζi may be too general since, for example, no “self-similarity”
property is imposed on K. Therefore, we postulate the following func-
tional relation to be satisfied by the kernel K and the functions C and
ζ:

K(ciu+ ai, s) = C(ci, ai, s)K(u, ζ(ci, ai, s)) (3.23)

for all u ∈ X and i = 1, 2, . . . , N . Equation (3.23) may be considered
in several ways, including:

1. as a functional relation between the kernel K, the constant C, and
scaling function ζ,

2. as a functional equation in the unknown functions K and ζ, given
C, and

3. as a functional equation in the unknown functions C and ζ, given
K.

As in the case of differential equations, the solution of functional equa-
tions requires “initial conditions.” In addition, however, an admissible
space of functions in which solutions are sought must also be speci-
fied. This is a subject for future research. A few simple examples are
presented in Sect. 3.4.4.

3.4.2 Induced fractal operators on fractal transforms

If the functional equation in (3.23) is satisfied by the kernel K, then
the integrals in the first sum of (3.20) simplify to
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N∑
i=1

αici

∫
X

C(ci, ai, s)K (u, ζ(ci, ai, s)) f(u) du

=

N∑
i=1

αiciC(ci, ai, s)f̂(ζ(ci, ai, s)).

The net result is the relation

ĝ(s) = (Mf̂)(s)

=
N∑
i

αiciC(ci, ai, s)f̂(ζ(ci, ai, s)) + β̂(s), (3.24)

a kind of self-similarity equation defining the action of operator M in
Fig. 3.8.

If we now assume that T is contractive in Lp(X) with fixed point f̄ ,

then ̂̄f = S(f̄) satisfies the fixed-point equation ̂̄f = M ̂̄f or

̂̄f(s) = N∑
i=1

αiciC(ci, ai, s)
̂̄f(ζ(ci, ai, s)) + β̂(s).

However, there remains the question of whether the operator M is
contractive in the space of transforms G and with respect to what
metric. Assuming that G is a Banach space with norm denoted ‖·‖G , we
define the metric dG(u, v) = ‖u− v‖G for u, v ∈ G. If M is contractive

in this metric, then, by Banach’s fixed-point theorem, ̂̄f(s) may be
generated by standard iteration: Start with any function v0 ∈ G, and
define vn+1 = Mvn. Then vn → ̂̄f as n → ∞ in the dG metric.

In many practical examples, including Fourier and wavelet trans-
forms, the coefficients C(ci, ai, s) in (3.24) may be bounded with re-
spect to s. In such cases, a straightforward calculation yields

dG(Mu,Mv) ≤ DdG(u, v), u, v ∈ G,

where

D =

N∑
i=1

ci|αiC̄i(ci, ai, s)||Ji|−1, (3.25)

where C̄i = maxsC(ci, ai, s) and |Ji| denotes the (maximum of the)
Jacobian of the transformation s → ζ(ci, ai, s). Contractivity of M is
guaranteed if D < 1.
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3.4.3 The functional equation for the kernel

It is natural to inquire about the actual meaning of the functional
equation in (3.23). Suppose thatK is a solution. Furthermore, consider
the particular case in which the sets Xi = wi(X) (or the range blocks
Ri), 1 ≤ i ≤ N , form a partition of X, herewith to be referred to as
an IFS partition of X, the case normally employed in practical fractal
image and signal compression. In this nonoverlapping case, each point
x ∈ X has only one fractal component (neglecting boundary points in
the continuous case). As a result, we may “invert” (3.23) to give

K(t, s) = C(ci, ai, s)K(w−1
i (t), ζ(ci, ai, s)), t ∈ Xi, i = 1, 2, . . . , N.

The nonoverlapping nature of the Xi allows us to express this result
as

K(t, s) = (MK)(t, s)

=
N∑
i=1

C(ci, ai, s)K(w−1
i (t), ζ(ci, ai, s)). (3.26)

Thus, as in the case of the IFSM fractal transform T (see (3.1)), K
is now written as a linear combination of its own fractal components
under the action of the IFS maps wi. In other words, K is the fixed
point of a fractal transform M that operates on kernels. Note that
there is no restriction on the IFS partition of X, implying that K
satisfies a kind of universal self-similarity. Clearly, this is a special
property.

The following proposition shows that the functional equation in
(3.23) is equivalent to this type of universal self-similarity.

Proposition 3.9. The function K(t, s) satisfies the functional equa-
tion (3.23) for fixed functions C(c, a, s) and ζ(c, a, s) if and only if for
every IFS partition of X with IFS maps of the form wi(x) = cix + ai
there are functions Ci(s) and ζi(s) such that K is the fixed point of
the fractal transform operator

(MK)(t, s) =
N∑
i=1

Ci(s)K(w−1
i (t), ζi(s)). (3.27)

Proof. By the comments immediately preceding the statement of the
proposition, we know that if K satisfies the functional equation, then,
for any IFSM partition of X, K is the fixed point of the IFSM (3.27),
where Ci(s) = C(ci, ai, s) and ζi(s) = ζ(ci, ai, s).
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Conversely, suppose that for any IFSM partition of X there are func-
tions Ci(s) and ζi(s) such thatK is the fixed point of the induced IFSM
operator (3.27). In order to show that K is a solution to the functional
equation, we must define the functions C(c, a, s) and ζ(c, a, s).

To this end, let c and a be fixed such that w1(x) = cx + a defines
a contractive map from X to itself. Choose w2, w3, . . . , wn to be affine
maps such that the IFS {w1, w2, . . . , wn} is an IFS partition of X. Then
by hypothesis we know that there are functions Ci(s) and ζi(s) such
that K is the fixed point of the induced IFSM given by (3.27). Define

C(c, a, s) = C1(s)

and
ζ(c, a, s) = ζ1(s).

Then, for all s and t and for this specific choice of c and a, we have

K(ct+ a, s) = C(c, a, s)K(t, ζ(c, a, s))

and so K satisfies the functional equation (3.23) for this specific choice
of c and a.

Clearly, since c and a were arbitrary, the procedure above can be
performed for all c and a, thus constructing functions C(c, a, s) and
ζ(c, a, s) such that K satisfies the functional equation. ��

To repeat, the functional equation is equivalent to the property
of universal self-similarity. The solution K is the fixed point of an
IFSM-type operator on kernel functions. Note, however, that it is not
guaranteed that the coefficients Ci(s) are contractive. An additional
complication arises from the fact that the operator M in (3.26) is lin-
ear in K. In order to avoid the trivial solution K(t, s) = 0, it may
be necessary to restrict the solution space of the functional equation
to appropriate “shells,” as is done, for example, in the case of IFSP
Markov operators and probability measures. These are open questions
for further research. We now examine the functional equation for some
very special cases.

Proposition 3.10. Suppose that a kernel K satisfies the functional
equation in (3.23) for ζ(ci, ai, s) = s. Then K is independent of t (i.e.,
K(t, s) = K(s)).

Proof. For simplicity of notation, let us drop the subscripts i. Choose
fixed values of c and a. Then, for K(t, s) �= 0, we have

C(c, a, s) =
K(ct+ a, s)

K(t, s)
.
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Since t ∈ X and s ∈ R are independent variables, it follows that both
sides of the equation are independent of t (since the left-hand side
is t-independent). Now, choose the value t∗ = a/(1 − c) such that
ct∗ + a = t∗. (The existence of such a t∗ ∈ X is guaranteed by the
assumption on the IFS maps that wi : X → X.) Inserting this value of
t into the equation above yields

C(c, a, s) =
K(t∗, s)
K(t∗, s)

= 1.

This result is true for all values of c, a, s. Therefore, the functional
equation reduces to

K(ct+ a, s) = K(t, s),

the only solution of which is K(t, s) = f(s), a function of s only. ��

The following result is obtained in a very similar fashion.

Proposition 3.11. Suppose that the kernel K satisfying the functional
equation in (3.23) is independent of s (i.e., K(t, s) = K(t)). Then K
is a constant.

These two simple results illustrate the importance of “mixing” be-
tween the spatial variable t ∈ X and the transform variable s ∈ R. In
the following, the particular consequences of separability of the kernel
K are examined.

Proposition 3.12. Suppose that the kernel K satisfying the functional
equation in (3.23) is separable (i.e., K(t, s) = K1(t)K2(s)). Then K1

is constant on X, and K2 satisfies the relation

K2(s) = C(ci, ai, s)K2(ζ(ci, ai, s)). (3.28)

Proof. Once again, for simplicity of notation, we omit the subscripts
i and choose fixed values of c and a. Then, assuming separability (as
well as K(t, s) �= 0), a rearrangement of (3.23) yields

K1(ct+ a)

K1(t)
= C(c, a, s)

K2(ζ(c, a, s))

K2(s)
= A,

where A is a real constant, since t ∈ X and s ∈ R are independent.
For the particular value t = t∗ = a/(1− c), we find that A = 1, which
must hold true for all values of c, a, s. Therefore K1(cu+ a) = K1(u),
implying that K1 is constant on X. The functional relation (3.28) for
K2 then follows immediately. ��
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Proposition 3.13. Let T : Lp(X) → Lp(X) be the fractal transform
operator associated with an N -map affine IFSM. For an f ∈ Lp(X),

let g = Tf . Let f̂ and ĝ denote the integral transforms of f and g, re-
spectively, assuming that the kernel K satisfies the functional equation
in (3.23) and is separable (i.e., K(t, s) = K1(t)K2(s)). Then

ĝ(s) =

[
N∑
i=1

αici

]
f̂(s) + β̂(s), (3.29)

where β̂(s) is defined in (3.21).

Proof. From the previous proposition, it follows that K1(x) = B, a
constant, on X. Therefore,

f̂(s) = BK2(s)

∫
X

f(t)dt.

Substitution into (3.24) yields

ĝ(s) =
N∑
i=1

αiciBK2(s)

∫
X

f(t)dt+ β̂(s),

which, when rearranged, gives the desired result. ��

The reader may compare (3.29) with (3.24). When the kernel K is

separable, the resulting operator M relating ĝ to f̂ is rather simple
in form, involving no dilations in the transform variable s. (This is a
consequence of the fact that K is constant with respect to variations
in the spatial variable t ∈ X.) If we further assume that the IFSM
operator T is contractive with fixed point f̄ , then, from (3.29), with
f = g = f̄ , it follows that

̂̄f(s) = β̂(s)

[
1−

N∑
i=1

αici

]−1

.

3.4.4 Examples

We now present a few examples of integral transforms and IFS on these
integral transform spaces to illustrate the theory presented above. In
particular, we examine the kernel of the integral transform for any
self-similarity properties.
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3.4.4.1 Fourier transform

The kernel is K(t, ω) = eiωt, so that

K(ciu+ ai, ω) = ei(ciu+ai)ω = eiaiωeiuciω = eiaiωK(u, ciω).

Thus, C(ci, ai, ω) = eiaiω and ζ(ci, ai, ω) = ciω. If g = Tf , then (3.24)
becomes

ĝ(ω) =
∑
i

αicie
iaiωf̂(ciω) + β̂(ω).

Notice that if T has contractive spatial maps (the wi), then the
induced operator will have expansive spatial maps. Intuitively, this
happens because large frequencies correspond to small scales and small
frequencies correspond to large scales. Computationally this happens
because the kernel is of the form K(t, s) = M(st). For a kernel of the
form K(t, s) = M(t/s), one would have a direct relationship between
frequency and scale.

It is well-known that f, g ∈ L2(X) implies that f̂ , ĝ ∈ L2(R). Thus it
is convenient to use the usual L2 metric in G. Following the calculation
of (3.25), we find

‖Mû−Mv̂‖2 ≤
N∑
i=1

c
1/2
i |αi|‖û− v̂‖2, û, v̂ ∈ L2(R).

From Theorem 3.4, with p = 2, contractivity of the IFSM operator T
implies contractivity of M .

In the case of measures (i.e., f, g ∈ P(X)), the set of Borel probabil-
ity measures on X, some care must be taken in constructing a suitable
metric on the space of transforms G of measures [67]. It can then be
shown that contractivity of T implies contractivity of M . We refer the
reader to [67] for details.

Finally, from a historical viewpoint, we recall Zygmund’s [175] anal-
ysis of the Fourier transform of a (uniform) Cantor-Lebesgue measure
on the classical Cantor set. Not surprisingly, his analysis, which ex-
ploited the self-similarity of the problem, was quite analogous to the
fractal transform method.

3.4.4.2 Wavelet transform

In this case, the kernel is given by K(t, s, b) = ψ
(
t−b
s

)
, where ψ(x)

denotes a mother wavelet function. There are two transform variables,
s and b, corresponding to scaling and translation, respectively.
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K(ciu+ ai, s, b) = ψ

(
ciu+ ai − b

s

)
= ψ

(
u− c−1

i (b− ai)

sc−1
i

)
so that the functional equation satisfied by K is

K(ciu+ ai, s, b) = K(u, sc−1
i , c−1

i (b− ai)).

Here, C(ci, ai, s, b) = 1 and the scaling function for the parameter s is
ζ(ci, ai, s, b) = sc−1

i . Thus, for g = Tf , we obtain

ĝ(s, b) =
∑
i

αicif̂
(
sc−1

i , c−1
i (b− ai)

)
.

Numerous authors have studied the possibilities of mixing IFSs
with wavelets (see, for example, [46, 66, 134, 163, 166] and references
therein) with good results. The multiresolution structure of the wavelet
transform makes it an ideal candidate for fractal analysis. See Sect. 3.3
for more details.

3.4.4.3 Lebesgue transform

Here the kernel is

K(t, s) =

{
1 if 0 ≤ t ≤ s,

0 if s ≤ t ≤ 1.

This kernel satisfies the functional equation with

K(ciu+ ai, t) = K

(
u,

t− ai
ci

)
,

where we recall that ci > 0. Another (perhaps more useful) way to
write the Lebesgue transform of f is as

f̂(s) =

∫ s

0
f(t) dt.

If we restrict f to be positive (as is the case for image functions), then

it may be viewed as a density function on X = [0, 1]. Then f̂(s) will

be the cumulative distribution function (CDF) for f . For f ∈ L1, f̂(s)
is nondecreasing and continuous, with (Sf)(0) = 0. If we assume f is

normalized (i.e., ‖f‖1 = 1), then f̂(1) = 1.
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If we relax the condition that the Lebesgue transform f̂(s) be con-
tinuous in s, then the space G is given by

G = {F : [0, 1] → [0, 1] : F (0) = 0, F (1) = 1, F nondecreasing},

which is the set of CDFs for probability measures on [0,1]. A suit-
able choice of fractal-type transforms M on this space is as follows
[140, 148]. We again assume that the sets wi(X) overlap only at their
endpoints. Then, for an f ∈ G,

(Mf)(x) = αif(w
−1
i (x)) + βi, x ∈ Xi,

where

β1 = 0, αi + βi ≤ βi+1 ≤ 1, and αN + βN = 1.

(The reader may verify that the conditions above guarantee that M
preserves the nondecreasing property. Technically, the equation above
is not valid at any points of intersection of the wi(X). At those points,
one would choose either the maximum or minimum of the two “fractal
components” in order to preserve right or left continuity, respectively.)
The papers [140, 148] contain an extended discussion of this example
with some very nice applications to image representation.

This definition of M on G is slightly more general than the operator
induced by the IFSM map T : F → F , as it permits the introduction
of point masses at the boundaries of the intervals Xi = wi(X). It essen-
tially represents a “grand unification” of some IFS-type schemes since
G may now include the Lebesgue transforms of measures, functions,
and distributions.

3.4.4.4 Moments of measures

This final example is perhaps more of a “nonexample” in two respects.
First, the domain of the transform is the space of Borel probability
measures on [0, 1]. Second, the transform space is a sequence space –
the space of moments of measures on [0, 1] (as discussed in [65]).

Let P(X) be the collection of probability measures on X = [0, 1] and
μ ∈ P(X). We define the moment sequence by

gk(μ) =

∫
X

xk dμ(x) for k = 0, 1, 2, . . . ,

so the “kernel” for this transform is the functionK(x, n) = xn. Clearly,
this kernel does not satisfy (3.23).
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Note that μ0 = 1 since μ is a probability measure. Furthermore,
gk+1 ≤ gk since xk+1 ≤ xk for x ∈ [0, 1]. Thus, (gk) ∈ l∞. We define
the space

l̄20 = {c = (c0, c1, . . .) ∈ l∞|c0 = 1}
with the weighted inner product

〈c,d〉 = 1 +
∞∑
k=1

ckdk
k2

.

Then l̄20 is a complete metric space and the operator on l̄20 induced
from the Markov operator on P(X) is a contraction (see [65]). However,
this operator is not of IFS type since the kernel does not satisfy the
functional equation (3.23).





Chapter 4

Iterated Function Systems,
Multifunctions, and Measure-Valued
Functions

In this chapter, we present some generalizations of iterated function
systems to more general settings. The purpose of the first part of this
chapter is to extend the earlier idea of iterated function systems by
considering multifunctions which leads quite naturally to the defini-
tion of iterated multifunction systems(IMSs). In the second part, we
consider a notion of iterated function systems on spaces of multifunc-
tions, while in the third section we introduce a generalized fractal
transform on the space of measure-valued functions. As one possible
justification of these extensions, we provide potential applications of
these approaches to fractal image coding.

4.1 Iterated multifunction systems and iterated
multifunction systems with probabilities

Before introducing the notion of iterated multifunction systems, let
us now cast the idea of families of N -map IFSs into a multifunction
framework. We first consider the following example, from which the
notion of iterated multifunction systems arises quite naturally from
families of IFSs.

Example 4.1. Let (X, d) be a complete metric space and {wi
1, . . . w

i
N}

and {pi1, . . . piN}, i = 1 . . .M , be M families of IFSs with probabilities.
We define the multifunctions Fj : X ⇒ X, j = 1 . . . N , as

Fj(x) =
⋃
i≤M

wi
j(x).

Each multifunction Fj is a contraction since, for any x, y ∈ X,
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dH(Fj(x), Fj(y)) = dH

⎛⎝⋃
i≤M

wi
j(x),

⋃
i≤M

wi
j(y)

⎞⎠
≤ sup

i≤M
cijd(x, y) := cjd(x, y),

(4.1)

where 0 ≤ cj < 1.
We shall consider the collection of multifunctions F = {F1, · · · , FN}

to define an iterated multifunction system (IMS) (see [41, 99, 96] for
more mathematical details and applications). The next step is to in-
troduce probabilities to this new set of (combined) multifunctions. Let
q1, q2, . . . , qM be a set of probabilities that we will use to mix the indi-
vidual IFSs. We associate with the family of N -map IFSs above a set
of probabilities

zj =

M∑
i=1

qip
i
j , 1 ≤ j ≤ N.

It is easy to see that
∑N

j=1 zj = 1. To each multifunction Fj we shall
associate the probability zj defined above. The result is an iterated
multifunction with probabilities (IMSP), (F, z). As with the classical
case, we are interested in both the geometric and probabilistic versions
of this type of IFS.

Let (X, d) be a compact metric space and Fi : X → H(X) be a set
of multifunctions for i = 1, 2, . . . , N . To each multifunction Fj there
corresponds another multifunction F ∗

j : H(X) → H(X) defined as

F ∗
j (A) =

⋃
a∈A

Fi(a) ∀A ∈ H(X).

As before (see Sect. 2.2.3), F ∗
j is contractive on the space (H(X), dH).

As a result, we may associate with the IMS F the system of multi-
functions F∗ = (F ∗

1 , . . . F
∗
N ), which is a set of contractions on H(X).

Associated with this multifunction system is a mapping

F ∗∗ : H(H(X)) → H(H(X))

defined as follows. For A,B ∈ H(H(X)),

F ∗∗(A) =
N⋃
j=1

F ∗
j (A) =

N⋃
j=1

⋃
A∈A

F ∗
j (A).
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We equip the space H(H(X)) with the metric

dHH(A,B) = max

{
sup
A∈A

inf
B∈B

dH(A,B), sup
B∈B

inf
A∈A

dH(A,B)

}
,

where A,B ∈ H(H(X)). It is easy to prove that (H(H(X)), dHH) is a
complete metric space. The following result shows that F ∗∗ is contrac-
tive on H(H(X)).

Theorem 4.2. If A,B ∈ H(H(X)), then

dHH (F ∗∗(A), F ∗∗(B)) ≤ c dHH(A,B),

where c = max
1≤i≤N

ci.

Proof. We have

dHH (F ∗∗(A), F ∗∗(B)) = dHH

⎛⎝ N⋃
j=1

⋃
A∈A

F ∗
i (A),

N⋃
j=1

⋃
B∈B

F ∗
i (B)

⎞⎠
≤ max

1≤j≤N
dHH

( ⋃
A∈A

F ∗
i (A),

⋃
B∈B

Fi(B)

)
≤ max

1≤j≤N
cjdHH(A,B),

proving the result. ��

From Banach’s theorem, there exists a unique fixed point A∗∗ of
F ∗∗ that satisfies the equation

A∗∗ = F ∗∗(A∗∗) =
N⋃
j=1

F ∗
j (A) =

N⋃
j=1

⋃
A∈A

F ∗
j (A).

Example 4.3. Let us denote by rui, rdi, mi, and ki the reflect up,
reflect down, maple leaf, and von Koch iterated function systems. We
construct two IMSs with Mi = {rui, rdi}, and Mi = {mi, ki}. Figure
4.1 shows the projections of IMS attractors.

Consider now the space H(X) and the σ-algebra of all Borel subsets
of H(X), say B(H(X)). Consider now the space P(H(X)) of all proba-
bility measures on (H(X),B(H(X))) equipped with the usual Monge-
Kantorovich metric: For μ, ν ∈ P(H(X)),

dMKMK(μ, ν) := sup
f∈Lip1(H(X),R)

[∫
H(X)

fdμ−
∫
H(X)

fdν

]
, (4.2)
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Fig. 4.1: The (left) reflect up-reflect down and (right) maple leaf-von Koch
IMS attractor projections.

where
Lip1(H(X),R) = (4.3)

{f : H(X) → R | |f(x1)− f(x2)| ≤ dH(x1, x2), ∀x1, x2 ∈ H(X)}.
It is easy to prove that the space (P(H(X)), dMKMK) is a complete

metric space if a first-order condition is assumed. For 1 ≤ i ≤ N , let
0 < pi < 1 be a partition of unity associated with the IFS maps Fi such
that

∑N
i=1 pi = 1. Associated with this IMSP (F,p) is the so-called

Markov operator, MM : P(H(X)) → P(H(X)), the action of which is

(MMμ)(A) :=

N∑
i=1

piμ((F
∗
i )

−1(A)), ∀A ∈ B(H(X)).

It is easy to prove the following proposition.

Proposition 4.4. MM is a contraction mapping on P(H(X)) under
the metric dMKMK :

dMKMK(MMμ,MMν) ≤ cdMKMK(μ, ν), μ, ν ∈ P(H(X)).

Corollary 4.5. There exists a unique measure μ̄ ∈ P(H(X)), the so-
called invariant measure of the IMSP (F,p), such that μ̄ = M∗μ̄.
Moreover, for any μ ∈ dMKMK(H(X)), dMKMK(MMnμ, μ̄) → 0 as
n → ∞.

Example 4.6. We assign the probabilities q1 = 0.7 to the maple leaf
maps mi, and q2 = 0.3 to the fern maps fi. Next, we construct the
4-map IMSP with Mi = {mi, fi} for i = 1, 2, 3, 4 with probabilities

p1 = (0.7)(0.25) + (0.3)(0.01) = 0.178,
p2 = 0.196, p3 = 0.196, and p4 = 0.43.

The IMSP projections of the attractor have been coloured based upon
the number of visits made to each pixel (see Fig. 4.2).
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Fig. 4.2: The fern-maple leaf IMS attractor.

4.1.1 Code space

We now extend the classical results on code space to the case of iterated
multifunction systems. Let Ω be the set of all semi-infinite sequences of
symbols {σk}, where σk ∈ {1, . . . , N} endowed with the usual metric
dΩ(σ, ω) = 0 if σ = ω and dΩ(σ, ω) = 2−k, where k is the least index
for which σk �= ωk. Given an N -map iterated multifunction system
F = {F1, . . . FN} on X, σ ∈ Ω, and x ∈ X, we can consider the address
function

φF (σ) = lim
k→+∞

ϕx
k(σ),

where ϕx
k(σ) := Fσ1 ·Fσ2 . . . ·Fσk

(x). The address function φF maps an
element σ of Ω to a set of points on the attractor A of the IMS on X.
It is easy to prove that ϕx

k(σ) ∈ H(X) for all x ∈ X, k ∈ N, and σ ∈ Ω.
We prove that φF (σ) is well-defined.

Theorem 4.7. The sequence of compact sets {ϕx
k(σ)}k∈N is Cauchy

and so the limit in (4.1.1) exists. Furthermore, the limit does not de-
pend on the choice of the point x ∈ X.

Proof. Let c ∈ [0, 1) denote the maximum of the contraction fac-
tors of the multifunctions Fi, as usual, and, for x ∈ X, let L(x) =
max1≤j≤N dH

(
x, Fσj (x)

)
. We have

dH
(
ϕx
i (σ), ϕ

x
i+1(σ)

)
= dH

(
Fσ1 ◦ Fσ2 ◦ · · · ◦ Fσi(x), Fσ1 ◦ Fσ2 ◦ · · · ◦ Fσi+1(x)

)
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≤ c dH
(
Fσ2 ◦ · · · ◦ Fσi(x), Fσ2 ◦ · · · ◦ Fσi+1(x)

)
≤ cidH

(
x, Fσi+1(x)

)
≤ ciL(x).

Thus, for n > m, we get

dH (ϕx
m(σ), ϕx

n(σ)) ≤
n−1∑
i=m

dH
(
ϕx
i (σ), ϕ

x
i+1(σ)

)
≤

n−1∑
i=m

ciL(x) =
cm − cn

1− c
L(x).

We conclude that {ϕx
k(σ)}k∈N is Cauchy and define

φF (σ) = lim
k→+∞

ϕx
k(σ),

as in (4.1.1), noting that the limit does not depend upon x. ��

4.2 Iterated function systems on multifunctions

Now we turn to IFS operators that act on spaces of multifunctions.
This is the multifunction analogue of the IFSM from Sect. 3.2. The
following discussion borrows heavily from [107, 105, 110, 111].

4.2.1 Spaces of multifunctions

We recall that a set-valued mapping or multifunction F : X ⇒ Y is a
function from X to the power set 2Y. In the following we will suppose
that Y is compact and F (x) is compact for each x ∈ X. Define the
following spaces of multifunctions:

F(X,Y ) = {F : X → H(Y)}.

We place on F(X,Y ) the metric

d∞(F,G) = sup
x∈X

dH(F (x), G(x)),

where dH denotes, as usual, the Hausdorff distance between sets.

Proposition 4.8. The space (F(X,Y ), d∞) is a complete metric space.
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Proof. It is trivial to prove that d∞(F,G) = 0 if and only if F = G and
that d∞(F,G) = d∞(G,F ). Furthermore, for all F,G,L ∈ F(X,Y ),
we have

d∞(F,G) = sup
x∈X

dH(F (x), G(x))

≤ sup
x∈X

dH(F (x), L(x)) + dH(L(x), G(x))

≤ sup
x∈X

dH(F (x), L(x)) + sup
x∈X

dH(L(x), G(x))

= d∞(F,L) + d∞(L,G).

To prove that it is complete, let Fn be a Cauchy sequence of elements
of F(X,Y ); so for ∀ε > 0 there exists n0(ε) > 0 such that for all
n,m ≥ n0(ε) we have d∞(Fn, Fm) ≤ ε. So, for all x ∈ X and for all
n,m ≥ n0(ε), we have H(Fn(x), Fm(x)) ≤ ε, and the sequence Fn(x)
is Cauchy in H(Y). Since it is complete, there exists A(x) such that
dH(Fn(x), A(x)) → 0 when n → +∞. So, for all x ∈ X and for all
n,m ≥ n0(ε), we have H(Fn(x), Fm(x)) ≤ ε, and sending m → +∞ we
have dH(Fn(x), A(x)) ≤ ε; that is, d∞(Fn, A) ≤ ε. ��

Let I ⊂ R be a compact interval and F : I ⇒ Rs be a given mul-
tifunction with compact values. A multifunction F is said to be inte-
grably bounded if there exists a Lebesgue integrable functionm : I → R

such that ‖F (t)‖ ≤ m(t) for all t ∈ I where ‖F (t)‖ := dH(F (t), {0}).
Define Sel(F ) as the set of all Lebesgue integrable selectors of F . It
can be proved that every measurable and integrably bounded multi-
function F has Sel(F ) �= ∅. A measurable multifunction F is said to be
Aumann integrable on I if Sel(F ) �= ∅. In this case, we define, as in Ap-
pendix C, the Aumann integral

∫
I F (t)dt = {

∫
I f(t)dt, f ∈ §(F )}. In

the following, we consider the space A(I,Rs) of all Aumann integrable
multifunctions F : I ⇒ H(Rs).

Lemma 4.9. [86] The mapping d : A(I,Rs)×A(I,Rs) → R+ defined
by

d1(F,G) =

∫
I
dH(F (x), G(x)) dμ(x)

for every F,G ∈ A(I,Rs) is a metric on A(I,Rs).

Proposition 4.10. [86] (A(I,Rs), d1) is a complete metric space. Fur-
thermore, if Fk is a sequence of A(I,Rs) converging in the met-
ric d1 to F then there is a subsequence, say Fnk

of Fk such that
dH(Fnk

(t), F (t)) → 0 for a.e. t ∈ I as n → +∞.
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As in the classical Lp space theory one can extend the previous re-
sults to the spaceAp(I,Rs) of all Aumann Lp integrable multifunctions
F : I ⇒ dH(R

s).

Proposition 4.11. [86] The space (Ap(I,Rs), dp) is a complete metric
space.

4.2.2 Some IFS operators on multifunctions (IFSMF)

Having these preliminaries out of the way, in the following sections we
define two different IFS-type operators on F(X,Y ). Each of these will
be called an iterated function system on multifunctions or IFSMF.
The difference between the two will be the way in which we combine
the various fractal components. In the first case, we use the union, and
in the second we use the Minkowski sum.

Let wi : X → X be maps on X and φi : dH(Y) → dH(Y) with
Lipschitz constants Ki. We define our first operator T1 : F(X,Y ) →
F(X,Y ) by

T1(F )(x) =
⋃
i

φi(F (w−1
i (x))).

Proposition 4.12. If K = maxiKi < 1, then T1 is contractive in d∞.

Proof. We compute that

d∞(T1(F ), T1(G)) = sup
x

dH

(⋃
i

φi(F (w−1
i (x))),

⋃
i

φi(G(w−1
i (x)))

)
≤ sup

x
max

i
dH
(
φi(F (w−1

i (x))), φi(G(w−1
i (x)))

)
≤ sup

x
max

i
KidH

(
F (w−1

i (x)), G(w−1
i (x))

)
≤ K sup

z
dH(F (z), G(z)) = Kd∞(F,G).

The result follows. ��

Proposition 4.13. Assume that dμ(wi(x)) ≤ sidμ(x), where si ≥ 0.
Then

dp(T1(F ), T1(G)) ≤
(∑

i

Kp
i si

)1/p

dp(F,G).
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Proof. Computing, we get

dp(T1(F ), T1(G))

=

{∫
X
dH

[⋃
i

φi(F (w−1
i (x))),

⋃
i

φi(G(w−1
i (x)))

]p
dμ(x)

}1/p

≤
{∫

X
max

i
dH
[
φi(F (w−1

i (x))), φi(G(w−1
i (x)))

]p
dμ(x)

}1/p

≤
{∫

X
max

i
Ki dH

[
F (w−1

i (x)), G(w−1
i (x))

]p
dμ(x)

}1/p

=

{∑
i

Kp
i

∫
Mi

dH
[
F (w−1

i (x)), G(w−1
i (x))

]p
dμ(x)

}1/p

≤
{∑

i

Kp
i

∫
wi(X)

dH
[
F (w−1

i (x)), G(w−1
i (x))

]p
dμ(x)

}1/p

≤
{∑

i

Kp
i si

∫
X
dH [F (z), G(z)]p dμ(z)

}1/p

=

[∑
i

Kp
i si

]1/p
dp(F,G).

In the above, we have used the sets Mi ⊂ wi(X) defined by

Mi =
{
x ∈ X : dH(F (w−1

i (x)), G(w−1
i (x)))

≥ dH(F (w−1
j (x)), G(w−1

j (x))) for all j
}
.

That is, the set Mi consists of all those points for which the ith preim-
age gives the largest Hausdorff distance. ��

Notice that if X ⊂ R and μ is a Lebesgue measure, and wi(x) satisfy
|w′

i(x)| ≤ si, then the condition dμ(wi(x)) ≤ sidμ(x) is satisfied. This
is the situation that is used in image processing applications.

With a setup similar to that in the previous section, we define our
second operator T2 : F(X,Y ) → F(X,Y ) by

T2(F )(x) =
∑
i

pi(x)φi(F (w−1
i (x))),

where the sum depends on x and is over those i such that x ∈ wi(X).
We require that the functions pi satisfy

∑
i pi(x) = 1 (again with the

dependence of the sum on x). The idea is to average the contributions
of the various components in the areas where there is overlap.
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Proposition 4.14. We have

d∞(T2(F ), T2(G)) ≤
[
sup
x

∑
i

pi(x)Ki

]
d∞(F,G).

Proof. We compute and see that

d∞(T2(F ), T2(G))

= sup
x

dH

(∑
i

pi(x)φi(F (w−1
i (x))),

∑
i

pi(x)φi(G(w−1
i (x)))

)
≤ sup

x

∑
i

pi(x)KidH(F (w−1
i (x)), G(w−1

i (x)))

≤
[
sup
x

∑
i

pi(x)Ki

]
d∞(F,G).

��

Lemma 4.15. Let ai ∈ R, i = 1 . . . n. Then∣∣∣∣∣∑
i

ai

∣∣∣∣∣
p

≤ C(n)p
∑
i

|ai|p ,

with C(n) = n(p−1)/p. Thus, if p = 1, we can choose C(n) = 1.

Proposition 4.16. Let pi = supx pi(wi(x)) and si ≥ 0 be such that
dμ(wi(x)) ≤ sidμ(x). Then we have

dp(T2(F ), T2(G)) ≤ C(n)

(∑
i

Kp
i s

p
i p

p
i

)1/p

dp(F,G).

Proof. We compute and see that

dp(T2(F ), T2(G))p

=

∫
X

(
dH

(∑
i

pi(x)φi(F (w−1
i (x))),

∑
i

pi(x)φi(G(w−1
i (x)))

))p

dμ(x)

≤
∫
X

(∑
i

pi(x) Ki dH
(
F (w−1

i (x)), G(w−1
i (x))

))p

dμ(x)

≤
∫
wi(X)

C(n)p
∑
i

pi(x)
p Kp

i

(
dH
(
F (w−1

i (x)), G(w−1
i (x))

))p
dμ(x)
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≤ C(n)p
∑
i

Kp
i s

p
i

∫
X
pi(wi(z))

p h (F (z), G(z))p dμ(z)

≤ C(n)p

(∑
i

Kp
i s

p
i p

p
i

)
dp(F,G)p.

��

Notice that it is easy (but messy) to tighten the estimate in the
proposition. This is similar to our discussion in Section 3.2 for the
standard IFSM.

4.2.3 An application to fractal image coding

We now present some practical realizations and applications of the
IFSMF, with particular focus on the coding of signals and images. The
idea of this section is that to each pixel of an image there is associated
an interval that measures the “error” in the value for that pixel. In
this situation, therefore, we restrict our set-valued functions so that
they only take closed intervals as values. We also need to restrict the
φi maps so that they map intervals to intervals.

Thus, we shall consider X = [0, 1]n for n = 1 or 2 and Y = [a, b].
For each x, let β(x) ∈ H(R) be an interval in Y. Then we define
T : F(X,Y ) → F(X,Y ) by

T (F )(x) = β(x) +
∑
i

pi(x) αiF (w−1
i (x)),

where αi ∈ R.

Corollary 4.17. We have the inequalities

d∞(T (F ), T (G)) ≤
[
sup
x

∑
i

αipi(x)

]
d∞(F,G)

and

dp(T (F ), T (G)) ≤ C(n)

(∑
i

αp
i s

p
i p

p
i

)1/p

dp(F,G),

where pi = supx pi(wi(x)) and si ≥ 0 are such that dμ(wi(x)) ≤
sidμ(x).
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Proof. We only need to see that

dH

(
β(x) +

∑
i

pi(x)αiF (w−1
i (x)), β(x) +

∑
i

pi(x)αiG(w−1
i (x))

)

= dH

(∑
i

pi(x)αiF (w−1
i (x)),

∑
i

pi(x)αiG(w−1
i (x)),

)

after which the proof is the same as the proof of Proposition 4.14. ��

The inverse problem can be formulated as follows. Given a mul-
tifunction (a statistical estimate of an image) F ∈ F(X,Y ), find a
contractive IFSMF operator T : F(X,Y ) → F(X,Y ) that admits a
unique fixed point F̃ ∈ F(X,Y ) such that d∞(F, F̃ ) is small enough.
As discussed before, it is in general a very difficult task to find such
operators. A tremendous simplification is provided by the collage the-
orem, Theorem 2.6, which we now state with particular reference to
the IFSMF.

Theorem 4.18. (Collage theorem for IFSMF) Given F ∈ F(X,Y ),
assume there exists a contractive operator T such that d∞(F, T (F )) <
ε. If F ∗ is the fixed point of T and c := supx

∑
i αipi(x), then

d∞(F, F ∗) ≤ ε

1− c
.

The inverse problem then becomes one of finding some contractive
IFSMF operator that maps the “target” multifunction F as close to
itself as possible.

Corollary 4.19. Under the assumptions of the collage theorem, The-
orem 4.18, we have the inequality

d∞(F, TF ) ≤
∑
i

pi sup
x∈X

max{Ai(x), Āi(x)},

where Ai(x) = |minF (x) − min(β(x) + αiF (w−1
i )(x))|, Āi(x) =

|maxF (x)− max(β(x) + αiF (w−1
i (x)))| and pi = supx∈X pi(wi(x)).

Proof. In fact, using a previous result on the Hausdorff distance and
recalling that F is a closed interval multifunction,

d∞(F, TF ) = d∞(F (x), β(x) +
∑
i

pi(x)αiF (w−1
i (x)))

≤ d∞(F (x),
∑
i

pi(x)(β(x) + αiF (w−1
i (x))))
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≤
∑
i

pid∞(F (x), β(x) + αiF (w−1
i (x)))

≤
∑
i

pi sup
x∈X

max{Ai(x), Āi(x)}

where Ai(x) = |minF (x) − min(β(x) + αiF (w−1
i )(x))|, Āi(x) =

|maxF (x)− max(β(x) + αiF (w−1
i (x)))| and pi = supx∈X pi(wi(x)).

��

We now prove a similar result for the dp metric.

Corollary 4.20. Under the assumptions of the collage theorem, we
have the following inequality

dp(F, TF )p ≤ ‖minF −minTF‖pp + ‖maxF −maxTF‖pp.

Proof. Computing, we have

dp(F, TF )p

=

∫
X

(
h(F (x), β(x) +

∑
i

pi(x)αiF (w−1
i (x)))

)p

dμ(x)

≤
∫
X

∣∣∣∣∣minF (x)−min(β(x) +
∑
i

pi(x)αiF (w−1
i (x)))

∣∣∣∣∣
p

dμ(x)

+

∫
X

∣∣∣∣∣maxF (x)−max(β(x) +
∑
i

pi(x)αiF (w−1
i (x)))

∣∣∣∣∣
p

dμ(x)

= ‖minF −minTF‖pp + ‖maxF −maxTF‖pp.

��

The pixel array defining the image is partitioned into a set of
nonoverlapping range subblocks Ri. Associated with each Ri is a larger
domain subblock Di, chosen so that the image function u(Ri) sup-
ported on each Ri is well-approximated by a greyscale-modified copy
of the image function u(Di). In practice, affine greyscale maps,

u(Ri) ≈ φi(u(wi(Di)) = αiu(wi(Di)) + βi, 1 ≤ i ≤ N,

are used, where wi(x) denotes the contraction that maps Ri to Di (in
discrete pixel space, the wi maps will have to include a decimation that
reduces the number of pixels in going from Ri to Di). The greyscale
map coefficients αi and βi are usually determined by least squares.
The domain blocks Di are usually chosen from a common domain pool
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D. The domain block yielding the best approximation to u(Ri) (i.e.,
the lowest collage error)

Δij =‖ u(Ri)− φij(u(wij(Dj))) ‖, 1 ≤ j ≤ M,

is chosen for the fractal coding (the L2 norm is usually chosen). Figure
4.3 presents the fixed-point approximation ū to the standard 512 ×
512 Lena image (8 bits per pixel, or 256 greyscale values) using a
partition of 8 × 8 nonoverlapping pixel blocks (642 = 4096 in total).
The domain pool for each range block was the set of 322 = 1024
16 × 16 nonoverlapping pixel blocks. (This is not an optimal domain
pool – nevertheless it works quite well.) The image ū was obtained
by starting with the seed image u0 = 255 (plain white image) and
iterating un+1 = Tun to n = 15.

Fig. 4.3: The Lena attractor ū.

We now consider a simple IFSMF version of image coding using the
partition described above. Since the range blocks Ri are nonoverlap-
ping, all coefficients pi(x) in our IFSMF operator will have value 1.
From the Lena image function u(x) used above, we shall construct a
multifunction U(x) such that

U(x) = [u−(x), u+(x)].

The approximation of the multifunction range block U(Ri) by U(Di)
then takes the form of two coupled problems,
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u−(Ri) ≈ αiu
−(wi(Di)) + β−

i (Ri),

u+(Ri) ≈ αiu
+(wi(Di)) + β+

i (Ri), 1 ≤ i ≤ N.

For simplicity, we assume that the β+(x) and β−(x) functions are
piecewise constant over each block Ri. For a given domain-range block
pair Di/Ri, we then have a system of three equations in the unknowns
αi, β

−
i , and β+

i . The domain block yielding the best total L2 collage
distance,

Δij = ‖ u−(Ri)− αiu
−(wij(Dj))− β−

i (Ri) ‖
+ ‖ u+(Ri)− αiu

+(wij(Dj))− β+
i (Ri) ‖, 1 ≤ j ≤ M,

is selected for the fractal code. Corresponding to this fractal code will
be the multifunction attractor Ū(x) = [ū−(x), ū+(x)].

To illustrate, we consider the multifunction constructed from the
Lena image defined as

Uij = [uij − δij , uij + δij ],

where

δij =

⎧⎨⎩ 0, 1 ≤ i, j ≤ 255,
40, 256 ≤ i, j ≤ 512,
20, otherwise.

In other words, the error or uncertainty in the pixel values is zero for
the upper left quarter of the image, 20 for the upper right and lower left
quarters, and 40 for the lower right quarter. In Fig. 4.4, we show the
lower and upper functions, ū−(x) and ū+(x), respectively, produced
by a fractal coding of this multifunction.

Fig. 4.4: ū−(x) and ū+(x).
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4.3 Iterated function systems on measure-valued images

We first set up our space of measure-valued images. More details
and interesting applications of this measure-valued function method
to nonlocal image processing, in particular nonlocal means denoising
and fractal image coding, can be found in [107, 105, 108, 112]. In what
follows, X = [0, 1]n will denote the “base space,” the support of the
images. Rg ⊂ R will denote a compact “greyscale space” of values that
our images can assume at any x ∈ X. (The following discussion is eas-
ily extended to Rg ⊂ Rm to accommodate colour images, etc.) And B
will denote the Borel σ algebra on Rg with λ the Lebesgue measure.
Let P denote the set of all Borel probability measures on Rg and dMK

the Monge-Kantorovich metric on this set. For a given M > 0, let
M1 ⊂ M be a complete subspace of M such that dMK(μ, ν) ≤ M for
all μ, ν ∈ M1. We now define

Y = {μ(x) : X → M1, μ(x) is measurable}

and consider on this space the metric

dY (μ, ν) =

∫
X

dMK(μ(x), ν(x))dλ.

We observe that dY is well-defined, and since μ and ν are measurable
functions, dMK is bounded and so the function ξ(x) = dMK(μ(x), ν(x))
is integrable on X.

Theorem 4.21. The space (Y, dY ) is complete.

Proof. It is trivial to prove that this is a metric when we consider
that μ = ν if μ(x) = ν(x) a.e. x ∈ X. To prove the completeness,
we follow the trail of the proof of Theorem 1.2 in [86]. Let μn be a
Cauchy sequence in Y . So, for all ε > 0, there exists n0 such that for
all n,m ≥ n0 we have dY (μn, μm) < ε. Let ε = 3−k, so you can choose
an increasing sequence nk such that dY (μn, μnk

) < 3−k for all n ≥ nk.
So, choosing n = nk+1, we have dY (μnk+1

, μnk
) < 3−k. Let

Ak = {x ∈ [0, 1] : dMK(μnk+1
(x), μnk

(x)) > 2−k}.
Then

λ(Ak)2
−k ≤

∫
Ak

dMK(μnk+1
(x), μnk

(x))dλ ≤ 3−k,

so that λ(Ak) ≤
(
2
3

)k
. Let A =

⋂∞
m=1

⋃
k≥mAk. We observe that
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λ

⎛⎝ ⋃
k≥m

Ak

⎞⎠ ≤
∑
k≥m

λ(Ak)

≤
∑
k≥m

(
2

3

)k

=

(
2
3

)m
1−
(
2
3

) . (4.4)

Therefore

λ(A) ≤ 3

(
2

3

)m

for all m, which implies that λ(A) = 0. Now, for all x �∈ X\A, there
exists m0(x) such that for all m ≥ m0 we have x �∈ Am, and so
dMK(μnm+1(x), μnm(x)) < 2−m. This implies that μnm(x) is Cauchy
for all x �∈ X\A, and so μnm(x) → μ(x) using the completeness of M1.
This also implies that μ : X → Y is measurable; that is, μ ∈ Y . To
prove μn → μ in Y , we have that

dY (μnk
, μ) =

∫
X

dMK(μnk
(x), μ(x))dλ

=

∫
X

lim
i→+∞

dMK(μnk
(x), μni(x))dλ

≤ lim inf
i→+∞

∫
X

dMK(μnk
(x), μni(x))dλ

= lim inf
i→+∞

dY (μnk
, μni) ≤ 3−k (4.5)

for all k. So limk→+∞ dY (μnk
, μ) = 0. Now we have

dY (μn, μ) ≤ dY (μn, μnk
) + dY (μnk

, μ) → 0

when k → +∞. ��

4.3.1 A fractal transform operator on
measure-valued images

In this section, we construct and analyze a fractal transform operator
M on the space (Y, dY ) of measure-valued functions. We now list the
ingredients for a fractal transform operator in the space Y . The reader
will note that they form a kind of blending of IFS-based methods on
measures (IFSP) and functions (IFSM). For simplicity, we assume that
X = [0, 1]. The extension to [0, 1]n is straightforward. We have:
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1. a set of N one-to-one contraction affine maps wi : X → X, wi(x) =
six+ ai, with the condition that ∪N

i=1wi(X) = X,
2. a set of N greyscale maps φi : [0, 1] → [0, 1], assumed to be Lip-

schitz (i.e., for each i, there exists a αi ≥ 0 such that |φi(t1) −
φi(t2)| ≤ αi|t1 − t2|, ∀t1, t2 ∈ [0, 1]),

3. and for each x ∈ X, a set of probabilities pi(x), i = 1, · · · , N with
the following properties:

a. pi(x) are measurable,
b. pi(x) = 0 if x /∈ wi(X), and

c.
∑N

i pi(x) = 1 for all x ∈ X.

The action of the fractal transform operator M : Y → Y defined by
the above is as follows. For a v ∈ Y and any subset S ⊂ [0, 1],

ν(x)(S) = (Mμ(x))(S) =
N∑
i=1

pi(x)μ(w
−1
i (x))(φ−1

i (S)). (4.6)

Theorem 4.22. Let pi = supx∈X pi(x). Then, for μ1, μ2 ∈ Y ,

dY (Mμ1,Mμ2) ≤
(

n∑
i=1

|si|αipi

)
dY (μ1, μ2).

Proof. Computing, we have

dY (Mμ1,Mμ2) =

∫
X

dMK(Mμ1(x),Mμ2(x))dλ

=

∫
X

dMK

(
N∑
i=1

pi(x)μ1(w
−1
i (x)) ◦ φ−1

i ,
N∑
i=1

pi(x)μ2(w
−1
i (x)) ◦ φ−1

i

)
dλ

≤
∫
X

n∑
i=1

pi(x)dMK(μ1(w
−1
i (x)) ◦ φ−1

i , μ2(w
−1
i (x)) ◦ φ−1

i )dλ

≤
∫
X

n∑
i=1

αipi(x)dMK(μ1(w
−1
i (x)), μ2(w

−1
i (x)))dλ

≤
∫
X

(
n∑

i=1

|si|αipi

)
dMK(μ1(x), μ2(x))dλ

=

(
n∑

i=1

|si|αipi

)
dY (μ1, μ2).

��
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Corollary 4.23. Let pi = supx∈X pi(x). Then M is a contraction on
(Y, dY ) if

n∑
i=1

|si|αipi < 1.

Consequently there exists a measure-valued mapping μ̄ ∈ Y such that
μ̄ = Mμ̄.

Example 4.24. The fractal transform M is defined by the following
two-IFS-map system on X = [0, 1]:

w1(x) =
1

2
x, φ1(t) =

1

2
t,

w2(x) =
1

2
x+

1

2
, φ2(t) =

1

2
t+

1

2
.

The sets w1(X) and w2(X) overlap at the single point x = 1
2 , so we let

p1(x) = 1, p2(x) = 0 x ∈
[
0,

1

2

)
,

p1(x) = 0, p2(x) = 1 x ∈
(
1

2
, 1

]
,

p1

(
1

2

)
= p2

(
1

2

)
=

1

2
.

It is easy to confirm that M is contractive. Its fixed point μ̄ is given
by

μ̄(x) = δ(t− x), x ∈ [0, 1],

where δ(s) denotes the “Dirac delta function” at s ∈ [0, 1].

Example 4.25. A “perturbation” of the fractal transform M in Ex-
ample 4.24 is produced by adding the following IFS and associated
greyscale maps:

w3(x) =
1

2
x, φ3(t) =

1

2
t+ 0.1.

The sets w1(X) and w3(X) overlap over the entire subinterval [0, 12 ], so
we let
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p1(x) = p3(x) =
1

2
, p2(x) = 0 x ∈

[
0,

1

2

)
,

p1(x) = p3(x) = 0, p2(x) = 1 x ∈
(
1

2
, 1]

]
,

p1

(
1

2

)
= p2

(
1

2

)
= p3

(
1

2

)
=

1

3
.

Once again, it is easy to confirm that M is contractive. Its fixed point
μ̄(x) is sketched in Fig. 4.5. The darkness of a point is proportional to
the measure μ̄(S1, S2) of the region in [0, 1]2 represented by the point.
Note that the overlapping of the w1 and w3 maps over [0, 12 ] is re-
sponsible for the self-similar “splitting” of the measures μ̄(x) over this
interval since φ3 produces an upward shift in the greyscale direction.
Since w2(x) maps the support [0, 1] of the entire measure-valued func-
tion onto [ 12 , 1], the self-similarity of the measure over [0, 12 ] is carried

over to [12 , 1].

Fig. 4.5: A sketch of the invariant measure μ̄(x) for the three-IFS map fractal
transform in Example 4.25, x ∈ X = [0, 1], y ∈ Rg = [0, 1].
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4.3.2 Moment relations induced by the fractal
transform operator

In this section we show that the moments of measures in the space
(Y, dY ) also satisfy recursion relations when the greyscale maps φi are
affine. We now consider the local or x-dependent moments of a measure
μ(x) ∈ Y , defined as

gn(x) =

∫
Rg

sndμx(s), m = 0, 1, 2, · · · ,

where we use the notation μx = μ(x) in the Lebesgue integral for
simplicity. By definition, g0(x) = 1 for x ∈ X. Obviously the functions
gm are measurable on X (since μ(x) are measurable) and bounded so
that gm ∈ L1(X,L). We now derive the relations between the moments
of a measure μ ∈ Y and the moments of ν = Mμ, where M is the
fractal transform operator defined in (4.6).

Let hn denote the moments of ν = Mμ. Computing, we have

hn(x) =

∫
Rg

snd(Mμ)x(s)

=

∫
Rg

snd

(
N∑
i=1

pi(x)μw−1
i (x) ◦ φ

−1
i

)
(s)

=

∫
Rg

N∑
i=1

pi(x)s
nd(μw−1

i (x) ◦ φ
−1
i )(s)

=

∫
Rg

N∑
i=1

pi(x)[φi(s)]
nd(μw−1

i (x))(s).

For affine greyscale maps of the form φ(s) = αis+ βi, we have

hn(x) =

∫
Rg

N∑
i=1

pi(x)(αi + sβi)
nd
(
μw−1

i (x)

)
(s)

=

N∑
i=1

n∑
j=0

pi(x)

∫
Rg

cnj(αis)
jβn−j

i d
(
μw−1

i (x)

)
(s)

=

N∑
i=1

n∑
j=0

pi(x)cnjα
j
iβ

n−j
i

∫
Rg

sjd
(
μw−1

i (x)

)
(s)

=

n∑
j=0

[
N∑
i=1

pi(x)cnjα
j
iβ

m−j
i

]
gj(w

−1
i (x)), (4.7)
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where

cnj =

(
n
j

)
.

The reader may compare the result above to that of (2.26) for the IFSP
case. The place-dependent moments hn(x) are related to the moments
gn evaluated at the preimages w−1

i (x). And it is the greyscale φi(s)
maps that now “mix” the measures, as opposed to the spatial IFS
maps wi(x) in (2.26).

In the special case where μ = μ̄ = Mμ̄, the fixed point of M ,
hn(x) = gn(x) and we have

gn(x) =
n∑

j=0

[
N∑
i=1

pi(x)cnjα
j
iβ

n−j
i

]
gj(w

−1
i (x)).

In other words, the moments gn(x) satisfy recursion relations that
involve moments of all orders up to n evaluated at preimages w−1

i (x).
Note that this does not yield a rearrangement analogous to (2.26)
that will permit a simple recursive computation of the moments gn(x).
Nevertheless, the moment functions can be computed recursively, as
we now show.

First, note that for the particular case n = 1, the moment function
g1(x) is a solution of the fixed-point equation

g1(x) =
N∑
i=1

pi(x)[αig1(w
−1
i (x)) + βi]. (4.8)

(Note that g1(x) is the expectation value of μ(x).) But this implies
that g1 is the unique fixed point in L1(X) of the contractive place-
dependent IFSM operator defined by

(Mu)(x) =
N∑
i=1

pi(x)[αiu(w
−1
i (x)) + βi].

This provides a method for computing g1 – at least approximately –
by means of Banach’s theorem. Starting at any u0 ∈ L1, the sequence
Mnu = M(Mn−1)u0 converges to g1 as n → +∞.

Higher-order moments can be computed in a similar recursive man-
ner. To illustrate, consider the case n = 2. From (4.8), the moment
g2(x) satisfies the fixed-point equation

g2(x) =
N∑
i=1

pi(x)[α
2
i g2(w

−1
i (x)) + 2αiβig1(x) + β2

i ]. (4.9)
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In other words, g2 is the fixed point of a contractive IFSM operator
(see Sect. (3.2)) with condensation function

b(x) =
N∑
i=1

pi(x)[2αiβig1(x) + β2
i ].

From a knowledge of g1, the moment function g2 may be computed
via iteration. The process may now be iterated to produce g3, etc.

Finally, note that g1 and g2 determine the pointwise variance σ2(x)
of the measure μ̄(x):

σ2(x) =

∫
Rg

(s− g1(s))
2dμ̄x(s)

= g2(x)− [g1(x)]
2. (4.10)





Chapter 5

IFS on Spaces of Measures

In this chapter, we expand on the construction of an IFS with proba-
bility (as seen in Sect. 2.5 in Chapter 2). We do this in many different
directions, but all with the same overall scheme in mind.

As previously mentioned, there are several motivations for moving
from an IFS on strictly geometric objects (such as compact sets) to
measures. One of these comes from the area of geometric measure
theory, in which geometric objects are generalized to measures; it is
mathematically richer to deal with the sum of two measures than the
(geometric) sum of two sets. Another motivation is more applied and
comes from thinking of using an IFS to represent images; a set can
only represent a binary image (black/white), whereas a measure can
represent a greyscale image.

We first discuss the case of signed measures. The main technical
difficulty is finding the right constraints on a set of signed measures
in order to obtain a complete metric space. The usual (positive) mea-
sures behave in a simpler manner: if the total measure is bounded, the
measure is bounded. This is not the case for signed measures. Another
complication comes when we wish to consider measures with possibly
unbounded support.

The next level of generality is the case of vector-valued measures.
For measures with values in Rn, this is a rather simple extension of
the signed measure case. However, it allows us to deal with some very
interesting applications. The one we focus on is in defining both a “tan-
gent measure” and a “normal measure” to a self-affine fractal curve.
This allows us to define line integrals on such curves and hence do ex-
plicit computations in vector calculus on these curves. This framework
also allows the construction of a host of differential geometric objects.
Unfortunately, many of the natural examples of “tangent measures”
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for fractal curves result in measures of unbounded variation, so it is
necessary to modify our basic framework in order to accommodate
these measures.

Finally, the most general case we deal with is that of measures whose
values are compact subsets of some metric space. In this case, we have
two different types of such measures. The first type consists of those
measures that are additive with respect to the Minkowski addition of
sets A+B = {a+b : a ∈ A, b ∈ B}. This type of set-valued measure (or
multimeasure) has many properties in common with the usual types of
measures. We give a brief review of the definitions and basic properties
of these multimeasures. For the second type, we use the union opera-
tor as the addition. These union-additive multimeasures are a little bit
unusual, but we include them since they give a natural framework in
which to discuss very general kinds of “fractal partitions.” The theory
is also much simpler than that of the Minkowski-additive multimea-
sures.

For each new type of measure, we define a metric (usually a very
natural one) and prove completeness for some space of measures under
this metric. We then define IFS operators, give conditions for contrac-
tivity, and give some examples.

The technical details are much simpler in the case where the space X
is compact, so in each instance we deal with this case first. Our primary
motivation for this is that the compact case contains all the important
ideas, and the extra details just tend to obscure them. Furthermore,
for the purposes of IFS fractal constructions, the compact case is often
sufficient since if {wi} is a finite set of contractions, the attractor of
this IFS is always a compact set (see Sect. 2.2.3); we can often restrict
our attention to this compact set. However, for completeness, we deal
with the general case in a separate section.

5.1 Signed measures

It is simple to generalize the IFS Markov operator (2.14) from Sect. 2.5
to signed measures. In fact, as (2.14) is linear, it is the natural operator
to use in any of the contexts we consider here. We will essentially use
this same operator for all the types of measures, modified slightly to fit
within the given framework. The ideas in this section appear implicitly
in [58, 20] and independently also in [135].

We assume that all signed measures have finite positive and negative
parts, and thus finite variation. This means that if we construct a
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signed measure, we need to show that it has finite variation (in order
to fit within our standing assumption). We fix a metric space X and use
the Borel σ-algebra on X; that is, we will assume that all our measures
are Borel measures. Often we will make some additional assumptions
on X, such as completeness or compactness.

Definition 5.1. Let X be a metric space. We denote the space of all
finite signed Borel measures on X by M(X,R).

5.1.1 Complete space of signed measures

The first issue is to find a metric and a space of signed measures
that is complete with respect to the chosen metric. The metric we
use is the same as for probability measures, the Monge-Kantorovich
metric; the definition is exactly the same as (2.15). Recall that Lip(X)
is the collection of real-valued Lipschitz functions on X and Lip1(X) is
the subset of Lip(X) whose Lipschitz constant is bounded by one (see
Appendix A).

Definition 5.2. For two signed measures μ, ν, we define the quantity

dMK(μ, ν) = sup

{∫
X

f d(μ− ν) : f ∈ Lip1(X)

}
. (5.1)

Note that dMK(μ, ν) ∈ [0,∞], but in general it is possible for
dMK(μ, ν) = ∞. In fact, if μ(X) �= ν(X), then dMK(μ, ν) = ∞ since if
f(x) = c > 0 we have∫

X

c d(μ− ν) = c(μ(X)− ν(X))

which can be made as large as we like. Thus, one necessary condition
for dMK to be a metric is that all the measures under consideration
have the same total mass. This naturally happens in the case of prob-
ability measures.

There are two other possible problems. The first arises when X is
unbounded because then dMK(μ, ν) can be unbounded even for two
probability measures. As an example, on the real line if we take the
point mass at 0 for μ and let ν have density proportional to 1/(1+ t2)
on [0,∞). Then∫

R

x dν(x) = ∞ ⇒ dMK(μ, ν) = ∞.
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The second problem is a little bit more subtle. Basically, it is possible
for a sequence of finite signed measures to “converge” in the dMK

distance to a signed measure of unbounded variation. As an example,
let xn = 2−n and consider the sequence of finite signed measures

μn =
n∑

k=1

k(δxk − δ−xk),

for which μn(R) = 0 and ‖μn‖ = 2n. It is simple to show that (μn) is
dMK-Cauchy, but the “limit” is not a finite signed measure.

For the rest of this section, we assume that X is compact. This
implies that ∫

X

d(x, a) d|μ|(x) < ∞

for any a ∈ X.

Definition 5.3. Suppose q ∈ R and k > 0. Let

Mq,k(X,R) =
{
μ ∈ M(X,R) : μ(X) = q, ‖μ‖ ≤ k

}
.

The following theorem is our first completeness result. Restricting
X to be compact is not much of a restriction for our purposes, as any
finite IFS with strictly contractive maps will yield a compact attractor,
and thus the attractor of any IFS on measures will also be compactly
supported (see Theorem 2.63 and Proposition 5.16). Thus, if necessary,
we can always restrict any discussion to the attractor of the IFS and
hence obtain a compact space.

Theorem 5.4. Let X be a compact metric space and k, q ∈ R with
k > 0. Then Mq,k(X,R) is complete under the metric dMK .

Proof. Let a ∈ X. Then, for any f ∈ Lip1(X) and μ, ν ∈ Mq,k(X,R),
we have∫

f d(μ− ν) =

∫
(f − f(a)) d(μ− ν) +

∫
f(a) d(μ− ν)

=

∫
(f − f(a)) d(μ− ν)

≤
∫

|f − f(a)| d(|μ|+ |ν|)
≤ 2k diam(X),

and so dMK(μ, ν) ≤ 2k diam(X) and is thus finite. The other prop-
erties of a metric follow in the same way as for probability measures,
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and we leave out the details. The only thing really left to show is
completeness.

Suppose that (μn)n≥1 is a dMK-Cauchy sequence in Mq,k(X,R).
Since subsets of M(X,R) which are bounded in the variation norm
have weak* compact closures (see Proposition B.27), there is a subse-
quence (μn�

)�≥1 and a μ ∈ M(X,R) with ‖μ‖ ≤ k such that∫
f dμn�

→
∫

f dμ for all f ∈ C(X).

Taking f = 1, it follows that μ(X) = q and thus μ ∈ Mq,k(X,R).
Now suppose ε > 0. Since (μn) is dMK-Cauchy, for all n, n� ≥ N(ε)

we have for each f ∈ Lip1(X) that∣∣∣∣∫
X

f dμn�
−
∫
X

f dμn

∣∣∣∣ ≤ ε.

Taking the limit as 
 → ∞, we get∣∣∣∣∫
X

f dμ−
∫
X

f dμn

∣∣∣∣ ≤ ε,

independent of f ∈ Lip1(X). Thus dM (μ, μn) → 0. ��

5.1.2 IFS operator on signed measures

As previously mentioned, the definition of the IFS operator on signed
measures is completely parallel to that of an IFS on probability mea-
sures.

Definition 5.5. Let the N maps wi : X → X be Lipschitz with con-
stant si and pi ∈ R for i = 1, 2, . . . , N satisfy

∑
i pi = 1. We define the

operator M on M(X,R) by

Mμ(B) =
N∑
i=1

piμ(w
−1
i (B))

for each B ∈ B.

Notice that since
∑

i pi = 1, μ(X) = q implies that Mμ(X) = q as
well.
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Proposition 5.6. The operator M satisfies

dMK(Mμ,Mν) ≤
(∑

i

si|pi|
)
dMK(μ, ν).

Proof. For a given Lipschitz f , we have∫
X

f(x) d(Mμ(x)−Mν(x))

=
∑
i

pi

∫
X

f(x) d(μ ◦ w−1
i (x)− ν ◦ w−1

i (x))

=

∫
X

(∑
i

pif(wi(x))

)
d(μ− ν)(x).

Now, we see that the function f̃ =
∑

i pif ◦ wi has Lipschitz factor at
most

∑
i si|pi|. Thus, when we take the supremum over all Lipschitz

functions, we get that

dMK(Mμ,Mν) ≤
(∑

i

si|pi|
)
dMK(μ, ν),

as was desired. ��
In particular, if M maps Mq,k(X,R) to itself and

∑
i si|pi| < 1,

then M is contractive and thus has a unique attractive fixed point
in Mq,k(X,R). Since μ(X) = q implies Mμ(X) = 1, the only things
to find are conditions under which ‖μ‖ ≤ k implies that ‖Mμ‖ ≤ k.
Unfortunately, these conditions are rather stringent.

The conditions on X and the IFS in the following proposition are
a type of nontriviality condition. Typically these conditions are easily
met.

Proposition 5.7. Suppose that X and the IFS {wi} satisfy the prop-
erty that there are x1, x2 ∈ X such that wi(xk) �= wj(xl) for i �= j or
k �= l. Then, if Mμ ∈ Mq,k(X,R) for all μ ∈ Mq,k(X,R), we must
have

∑
i |pi| ≤ 1 and thus pi ≥ 0 for each i.

Proof. Take μ = (q − k)/2δx1 + (q + k)/2δx2 . Then ‖μ‖ = k and
μ(X) = q. Furthermore,

Mμ = (q − k)/2
∑
i

piδwi(x1) + (q + k)/2
∑
i

piδwi(x2),

and so ‖Mμ‖ = k
∑

i |pi|. So, if Mμ ∈ Mq,k(X,R), we must have∑
i |pi| ≤ 1. However,

∑
i pi = 1 and

∑
i |pi| ≤ 1 imply that pi ≥ 0 for

each i. ��
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The condition pi ≥ 0 implies that any fixed point of an M :
Mq,k(X,R) → Mq,k(X,R) is simply a multiple of a fixed point of
an IFS with probabilities (that is, an IFS on probability measures). So
this framework is too restrictive to give any other examples of fractal
measures.

Another way to describe the situation is that if
∑

i |pi| > 1, then
there will be some measures in Mq,k(X,R) for which the variation is
increased and thus the “fixed point” ofM will be a signed “measure” of
infinite variation, so a theory of integration against such a “measure,”
if it exists, is more complicated than for a finite signed measure. In fact,
in general you cannot expect to integrate even a continuous function
against such a “measure.”

One way around this problem is to modify the IFS operator by
including an additive term. This type of IFS is often called an IFS
with condensation.

Definition 5.8. Let the N maps wi : X → X be Lipschitz with con-
stant si, and pi ∈ R for i = 0, 1, . . . , N satisfy

∑
i pi = 1. Finally,

choose some ν ∈ M(X,R) with ν(X) = q for some q ∈ R. We define
the operator M on M(X,R) by

Mμ(B) = p0ν(B) +
N∑
i=1

piμ(w
−1
i (B)) (5.2)

for each B ∈ B.

If μ(X) = q, then

Mμ(X) = p0ν(X) +

N∑
i=1

piμ(X) = q(p0 + p1 + · · ·+ pN ) = q,

and thus M preserves total mass. Furthermore,

‖Mμ‖ ≤ |p0|‖ν‖+
N∑
i=1

|pi|‖μ‖,

so one way to ensure ‖Mμ‖ ≤ k is to enforce the condition

|p0|‖ν‖ ≤
(
1−

N∑
i=1

|pi|
)
k, (5.3)

which implies that we must have
∑

i |pi| < 1.
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Proposition 5.9. If
∑N

i=1 |pi| < 1, then for a fixed ν and q there exists
a large enough k that M from Definition 5.8 maps Mq,k(X,R) to itself.

Proof. From (5.3), we have that 1−
∑N

i=1 |pi| < 1, and thus if we make
k large enough the right-hand side will exceed the left-hand side. ��

As the map μ �→
∑

i piμ ◦ w−1
i is linear in μ, we can write the IFS

operator in (5.2) as
Mμ = Aμ+ p0ν,

and thus the fixed point of M, if it exists, is the measure

μ = p0ν + p0Aν + p0A
2ν + · · ·+ p0A

nν + · · · = p0(I − A)−1ν.

In particular, this means that the fixed point of the IFS with conden-
sation M is a linear function of the translational part ν. This simple
observation is sometimes useful.

5.1.3 “Generalized measures” as dual objects
in Lip(X,R)∗

We now turn to a framework that deals with this problem of Mμ hav-
ing larger variation than μ. The key lies in the observation that if∑

i si|pi| < 1, then M is contractive in some sense, even if
∑

i |pi| > 1.
The paper [58] uses this framework to construct fractal vector mea-
sures, and we borrow heavily from this paper. These ideas are also
implicit in [135].

Following the usual construction, we put the norm

‖f‖Lip = |f(a)|+ Lip(f) (5.4)

on Lip(X). Here a ∈ X, and

Lip(f) = sup
x�=y

|f(x)− f(y)|
d(x, y)

is the Lipschitz constant of f . The inequalities

|fn(x)− fm(x)| ≤ |(fn(x)− fm(x))− (fn(a)− fm(a))|
+ |fn(a)− fm(a)|

≤ d(x, a) Lip(fn − fm) + |fn(a)− fm(a)|
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can be used to easily show that Lip(X) is complete under the norm
‖ · ‖Lip (use the inequality to show that a ‖ · ‖Lip-Cauchy sequence is
uniformly convergent on bounded sets).

Now clearly every μ ∈ M(X,R) induces a bounded linear functional
on Lip(X) by

μ̂(f) =

∫
X

f dμ.

Furthermore, since ‖f‖Lip = ‖f − f(a) + f(a)‖Lip, for any μ ∈ M(X,R)
with μ(X) = 0 we have

sup

{∫
X

f dμ : f ∈ Lip(X), ‖f‖Lip ≤ 1

}
= sup

{∫
X

f dμ : f ∈ Lip1(X)

}
.

(5.5)
Now the left-hand side of (5.5) is the definition of the induced norm on
Lip(X)∗. Denoting this norm by ‖ · ‖Lip∗ , we have that if μ(X) = ν(X),
then

dMK(μ, ν) = sup

{∫
X

f d(μ− ν) : ‖f‖Lip ≤ 1

}
= ‖μ− ν‖Lip∗ , (5.6)

and so dMK-Cauchy is equivalent to ‖ · ‖Lip∗-Cauchy for such measures.

Definition 5.10. Let q ∈ R be fixed, and define

Sq(X) = {ϕ ∈ Lip(X)∗ : ϕ(1) = q}.
Being a dual space, Lip(X)∗ is complete under its norm, and since

the set Sq(X) is a closed subset of Lip(X)∗, we know that Sq(X) is also
complete in this norm.

Now, as M in Definition 5.5 is formulated, it does not directly act
on elements of Lip(X)∗. The simplest way to describe an action of
M on Lip(X)∗ is through its dual action on elements of Lip(X). If
μ ∈ M(X,R) and f ∈ Lip(X), then we have∫

X

f dMμ =

∫
X

f
∑
i

pidμ ◦ w−1
i =

∫
X

∑
i

pif ◦ wi dμ =

∫
X

Tf dμ,

which defines the adjoint T to M. We use this same idea to define the
action of M on Lip(X)∗.

Definition 5.11. Let the N maps wi : X → X be Lipschitz with
constant si and pi ∈ R satisfy

∑
i pi = 1. Furthermore, let q ∈ R

be fixed. Define the IFS operator M on Sq(X) by setting for each
ϕ ∈ Sq(X) and f ∈ Lip(X)

Mϕ(f) =
∑
i

piϕ(f ◦ wi). (5.7)
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Proposition 5.12. The operator M defined as in (5.7) satisfies

‖Mϕ−Mψ‖Lip∗ ≤
(∑

i

si|pi|
)

‖ϕ− ψ‖Lip∗ .

Proof. The proof is basically the same as the proof of contractivity for
a usual IFS with probabilities (see Theorem 2.60). However, first we
have to observe that if ϕ, ψ ∈ Sq(X), then ϕ(c)− ψ(c) = 0 and thus

‖ϕ− ψ‖Lip∗ = sup{ϕ(f)− ψ(f) : ‖f‖Lip ≤ 1}
= sup{ϕ(f)− ψ(f) : f ∈ Lip1(X)}.

Next we observe that if f ∈ Lip1(X), then the Lipschitz constant for∑
i pif ◦ wi is at most

∑
i si|pi|. The rest of the details are a simple

modification of those in Theorem 2.60. ��

Corollary 5.13. If the operator M defined in (5.7) satisfies
∑

i si|pi| <
1, then for each q ∈ R there is a unique “generalized signed measure”
ϕ ∈ Sq(X) for which

‖Mnμ− ϕ‖Lip∗ → 0

for any μ ∈ M(X) with μ(X) = q.

Basically, convergence occurs because if
∑

i si|pi| = C < 1, then
Lip(

∑
i pif ◦ wi) ≤ C Lip(f), and so, if we define T on Lip(X) by

Tf =
∑

i pif ◦ wi, then Tnf converges to a constant function. This
view is “dual” to thinking about the action of M on Lip(X)∗.

Notice that ϕ ∈ Lip(X)∗ is not really a signed measure. By defini-
tion, we can “integrate” (i.e., evaluate) ϕ against any Lipschitz f , but
there is no reason to expect that we can “integrate” ϕ against a gen-
eral continuous function, much less a measurable one. One intuitive
reason for this is that the “measure” represented by ϕ might oscil-
late so much that “integration” with respect to a smooth (Lipschitz)
function will cancel out these oscillations but an arbitrary continuous
function could reinforce them, with the consequence that no consistent
result is possible.

Example 5.14. As the first example of an IFS on signed measures, take
X = [0, 1], wi(x) = x/3 + i/3 for i = 0, 1 and p0 ∈ (1, 2) and p1 =
1 − p0 ∈ (−1, 0). Then p0 + p1 = 1 and

∑
i si|pi| = 1/3(2p0 − 1) < 1.

Taking q = 1, we see that M defined as in (5.5) is contractive in
Lip(X)∗ and thus has a unique fixed point in S1(X). To get an idea
of the attractor, we start with μ the uniform probability measure on
[0, 1] and consider the iterate Mnμ. The nth iterate of the geometric
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IFS has generated 2n intervals of size 3−n, which are all labeled in a
natural way by the binary sequences of length n. If σ = b1b2 . . . bn is
such a binary sequence and Iσ is the associated interval, then we see
that

Mnμ(Iσ) = pb1pb2 · · · pbn = pl0p
n−l
1 ,

where l is the number of zeros in the binary sequence σ. Clearly, as n
becomes large, these numbers oscillate wildly, and the corresponding
iterate Mnμ is quite complicated. Nevertheless, for any f ∈ Lip([0, 1]),

the integrals
∫ 1
0 f dMnμ converge! However, because of the oscillations,

there is no reason to believe that integrals with respect to a generic
continuous function would converge. ��
Example 5.15. As another example of an IFS on signed measures and
its attractor, let X = [0, 1], wi(x) = x/3+ i/3 for i = 0, 1 and p0 = −1
and p1 = 1. Then

∑
i si|pi| = 1/3 + 1/3 = 2/3 < 1, so this M is

contractive in Lip(X)∗. Now, if we let q = 0, we see that M maps
S0(X) to itself, and therefore must have a fixed point in S0(X). Since
M is linear and 0 ∈ S0(X), the only possible fixed point is the zero
measure. However, notice that if we start with the measure μ on [0, 1]
defined by

μ([a, b]) =

{
a− b if 0 < a < b < 1/2,

b− a if 1/2 < a < b < 1

then ‖μ‖ = 1 (total variation) and ‖Mnμ‖ = 2n. ��
In the usual case of an invariant probability measure μ for an IFS

with probabilities, the support of μ is (usually) the geometric attractor
of the IFS (at least it is in the case where all the probabilities pi are
strictly positive). In the current case of “generalized measures,” we
have to redefine what we mean by support because if μ ∈ Lip(X)∗ it
does not necessarily mean anything to ask for the value of μ(B) for
many sets B. Instead we say that for any f ∈ Lip(X) whose support is
separated from the attractor A of the geometric IFS, we have μ(f) = 0,
where μ is the fixed point.

Proposition 5.16. Suppose that each wi in Definition 5.5 is strictly
contractive and that

∑
i si|pi| < 1. Let A be the geometric attractor of

the IFS {wi}, U be an open neighbourhood of A, and μ ∈ Lip(X)∗ be
the fixed point of M. Then, for every f ∈ Lip(X) with f |U = 0, we
have μ(f) = 0.

Proof. Let x ∈ X. Then there is some n ∈ N such that for all 2n of
the n-fold compositions we have wi1 ◦wi2 ◦ · · · ◦win(x) ∈ U . However,
this means that Tnf(x) = 0. Since this is true for all x, we know that
μ(f) = 0. ��
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5.1.4 Noncompact case

We briefly indicate how the Monge-Kantorovich metric can be ex-
tended to the situation where X is not compact. We do, however,
assume that X is a locally compact, complete, and separable metric
space.

As usual, C0(X) denotes the collection of all continuous f : X → R

such that for every ε > 0 there is some compact K ⊆ X for which
f(X \K) ⊂ (−ε, ε). We also use C∗(X) to denote the collection of all
bounded continuous f : X → R. By the Riesz representation theorem
(Theorem B.26), (M(X,R), ‖ · ‖) is the dual space of C0(X) endowed
with the supremum norm ‖f‖∞ = sup{|f(x)| : x ∈ X}.

Definition 5.17. Suppose q ∈ R and k > 0. Let Mq,k(X,R) be the
set of all μ ∈ M(X,R) such that

1. μ(X) = q;
2. ‖μ‖ = |μ|(X) ≤ k;
3.
∫
X
d(x, a) d|μ|(x) < ∞ for some, and hence any, a ∈ X.

Note that we used the same notation, Mq,k(X,R), in Definitions 5.3
and 5.17, but this should not cause confusion, as the third condition
from Definition 5.17 is automatically satisfied when X is compact.

We use the exact same definition (Definition 5.2) for dMK as in the
case where X is compact. That is,

dMK(μ, ν) = sup

{∫
X

f d(μ− ν) : f ∈ Lip1(X)

}
.

Theorem 5.18. (Mq,k(X,R), dMK) is a complete metric space.

Proof. First we show that dMK(μ, ν) is finite on Mq,k(X,R). Take
f ∈ Lip1(X), and let a be as in condition 3 of Definition 5.17. Then∫

f d(μ− ν) =

∫ (
f − f(a)

)
d(μ− ν) (since μ(X) = ν(X))

≤
∫

|f − f(a)| d(|μ|+ |ν|)

≤
∫

d(·, a) d(|μ|+ |ν|) < ∞.

Since the bound is independent of f ∈ Lip1(X), it follows that
dMK(μ, ν) is finite.



5.1 Signed measures 161

The other properties of a metric follow in a straightforward manner.
The only thing left to prove is completeness.

Suppose that (μn) is a dMK-Cauchy sequence of signed measures in
Mq,k(X,R). Then, by definition, for each f ∈ Lip1(X), we have that

φ(f) = lim
n

∫
X

f dμn

exists. It is easy to see that φ is a linear functional on Lip1(X) and
thus can be extended to be a linear functional on Lip(X), the space of
all Lipschitz functions on X.

Our strategy is to show that φ can be (uniquely) extended to a
bounded linear functional on C0(X) and thus corresponds to a signed
measure μ on X. Then we will show that μ ∈ Mq,k(X,R) and is thus
the desired limit.

The second condition in Definition 5.17 implies that for all bounded
Lipschitz f and all n we have∣∣∣∣∫

X

f dμn

∣∣∣∣ ≤ k‖f‖∞,

and thus taking limits we see that |φ(f)| ≤ k‖f‖∞ as well and so φ is
a bounded linear functional on the dense subspace Lip(X) ∩ C0(X) ⊂
C0(X). Hence it has an extension (which we also denoted by φ) to all
of C0(X). Since Lip(X) ∩ C0(X) is dense in C0(X), the extension is in
fact unique. This extension has the same bound of k. Let μ be the
signed measure on X that corresponds to this extension φ.

Since the constant function f = 1 is in Lip1(X), we have

μ(X) =

∫
X

1 dμ = φ(1) = lim
n

∫
X

1 dμn = μn(X) = q,

and thus the first condition for membership in Mq,k(X,R) will be
satisfied.

For the third condition, we first show that this condition is equiva-
lent to the assumption that for some a ∈ X (and hence for any a) we
have

sup

{∫
X

fdμ : f ∈ Lip1(X), f(a) = 0

}
< ∞. (5.8)

In the first part of the proof above, we showed that the third condition
implies (5.8). So, suppose that (5.8) holds. In particular, since f(x) =
d(x, a) ∈ Lip1(X), we have∫

X

d(x, a)dμ < ∞,
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which implies that∫
X

d(x, a)dμ+ < ∞ and

∫
X

d(x, a)dμ− < ∞,

which in turn implies ∫
X

d(x, a)d|μ| < ∞.

Now, to show that the third condition holds, suppose to the contrary
that it does not hold. Then there is some a ∈ X and sequence of
functions fm ∈ Lip1(X) with fm(a) = 0 and such that φ(fm) → +∞.
Since μn is dMK-Cauchy, there is some N such that for n,m ≥ N we
have dMK(μn, μm) < 1. Let L be such that

−L <

∫
X

f dμN < L

for all f ∈ Lip1(X) with f(a) = 0. This implies that for all n ≥ N we
have

−L− 1 <

∫
X

f dμn < L+ 1.

But then, since φ(fm) → ∞, there must be some m ≥ N such that
φ(fm) > L + 10. Finally, by the definition of φ, there is some n > N
such that ∣∣∣∣∫

X

fm dμn − φ(fm)

∣∣∣∣ < 1.

However, this implies that∫
X

fm dμn > L+ 8,

which is a contradiction. This means that (5.8) holds and thus condi-
tion 3 also holds.

The argument above shows that, for any f ∈ C0(X), we have∫
X

f dμn →
∫
X

f dμ,

and so μ is the C0(X)-weak limit of the sequence μn. This implies that
‖μ‖ ≤ lim sup ‖μn‖ ≤ k and thus condition 2 of Definition 5.17 holds
for μ. Therefore, μ ∈ Mk,q(X,R).

Since μn is dMK-Cauchy, for large n,m we have for each f ∈ Lip1(X)
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X

f dμm −
∫
X

f dμn

∣∣∣∣ ≤ sup
g∈Lip1

∣∣∣∣∫
X

g d(μn − μm)

∣∣∣∣ < ε.

Taking a limit as m → ∞, we get∣∣∣∣∫
X

f dμ−
∫
X

f dμn

∣∣∣∣ ≤ ε

independent of f . Thus dMK(μ, μn) → 0. ��

5.2 Vector-valued measures

We now turn to considering spaces of vector-valued measures on X.
Again, for simplicity we will first deal with the case of compact X

and also the case where the measure takes values in Rm. The latter
assumption reduces many of the technical complications introduced
by having an infinite-dimensional range space for the measure. The
general structure of the constructions and results remains the same in
the simpler context and is more clearly seen than in the more general
situation. For some general discussions on vector-valued measures, see
[51, 48]. The results in this section are based on [135].

After some preliminary definitions and basic results on vector mea-
sures, the outline of the section is much the same as the previous
section. That is, we set a space of vector measures along with a metric
on this space of measures and prove completeness. We then construct
an IFS operator on this space and show contractivity conditions. Again
we have the situation that many naturally occurring examples lead to
unbounded vector measures, so we move to a framework involving gen-
eralized vector measures. Finally, we end with some generalities involv-
ing noncompact X and measures with values in an infinite-dimensional
space. Along the way, we illustrate the theory with several examples.

The material in this section appeared in [58, 20]. It was also in-
dependently discovered in [135], from which the presentation borrows
very heavily, particularly the discussion of the coloured chaos game
and the application to vector calculus on fractal domains.

Definition 5.19. Let (Ω,A) be a measurable space. By a vector mea-
sure μ on Ω with values in Rm, we mean a set function μ : A → Rm

for which

1. μ(∅) = 0 and
2. for each disjoint sequence Ei ∈ A, μ(∪iEi) =

∑
i μ(Ei).
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The variation of such a vector measure μ is the nonnegative set
function |μ| defined by

|μ|(E) = sup

{∑
i

‖μ(Ei)‖ : finite measurable partitions {Ei} of E

}
,

where the norm in the sum is the norm in Rm.

Notice that the infinite sum
∑

i μ(Ei) converges unconditionally.
Notice also that we assume that μ(E) ∈ Rm for all E. This will imply
that any such μ will be of bounded variation.

If μ is a vector measure with values in Rm and for all E ∈ A each
component of μ(E) is nonnegative (that is, μ(E)i ≥ 0 for all E ∈ A
and i = 1, 2, . . . ,m), then we will say that μ is a nonnegative vector
measure. In this situation, we have |μ|(E) = |μ(E)| for all E, just
the same as for normal (nonnegative) measures, and so computing the
variation for such measures is simple.

Some elementary properties of vector measures are given in the next
proposition. Note that we are assuming that the range space is Rm.
If the range space is some infinite-dimensional Banach space, some of
these statements need to be modified.

Proposition 5.20.

1. A vector measure has bounded range and hence has bounded varia-
tion.

2. The variation |μ| of a vector measure is a (positive) finite measure.
3. If μn is a sequence of vector measures such that μ(E) = limn μn(E)

exists for all E ∈ A, then μ is also a vector measure.
4. Let μ be a vector measure and λ a measure. Then λ(E) = 0 implies

μ(E) = 0 for all E ∈ A if and only if

lim
λ(E)→0

μ(E) = 0.

5. For each y ∈ Rm, the set function μy(E) = 〈y, μ(E)〉 is a finite
signed measure and |μy|(E) ≤ |μ|(E), so μy � |μ|.

If property 4 from this proposition holds, then μ is said to be λ
continuous.

Let {ei} be the standard basis for Rm. Notice from property 5 that
μei � |μ| for each i, so by the Radon-Nikodym theorem (Theorem
B.23) there are gi such that

μei(E) =

∫
E
gi d|μ|,
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which then means that

μ(E) =

(∫
E
g2 d|μ|,

∫
E
g2 d|μ|, . . . ,

∫
E
gm d|μ|

)
. (5.9)

If we allow ourselves to integrate the vector function g = (g1, . . . , gm)
with respect to the measure |μ|, (5.9) becomes

μ(E) =

∫
E
g d|μ|. (5.10)

The simplest and most natural way to define the integral of a mea-
surable f : Ω → R with respect to a vector measure μ is component-
by-component. That is, we define the ith component of the integral∫

Ω
f dμ

(whose value should be a vector in Rm) to be the number∫
Ω
f dμei ,

provided these all exist for i = 1, . . . ,m. Since our vector measures have
finite-dimensional values, there are no real complications in defining
the integral in this way. Notice that, as in the case of a signed measure,
it is possible to allow the components to take the value +∞ or −∞.

Using the Radon-Nikodym theorem and (5.10), we see that∫
Ω
f dμ =

(∫
Ω
fg1 d|μ|,

∫
Ω
fg2 d|μ|, . . . ,

∫
Ω
fgm d|μ|

)
=

∫
Ω
fg d|μ|.

A measurable function f : Ω → R will be integrable with respect
to the vector measure μ if f is integrable with respect to μy for all
y ∈ Rm with ‖y‖ = 1. An equivalent condition involves only y from
an orthonormal basis for Rm, such as the standard basis {ei}. In par-
ticular, f is integrable with respect to μ if and only if |f | is integrable
with respect to |μ| since for each j = 1, . . . ,m we have

|μej |(E) ≤ |μ|(E) ≤
m∑
i=1

|μei |(E).

For a measurable function f : Ω → Rm and a vector measure μ with
values in Rm, we can also define the integral using components. Using
fi(x) = 〈f(x), ei〉, we have
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Ω
f · dμ :=

∑
i

∫
Ω
fi dμ

ei ,

again provided that all the individual integrals in the sum exist and
the sum is meaningful (i.e., it does not involve terms like ∞ − ∞).
The way to think about this integral is that we use the standard inner
product 〈·, ·〉 on Rm to pair the vector-valued function f(x) with the
vector measure dμ(x) and obtain a scalar. Alternatively, again using
(5.10), we can write ∫

Ω
f dμ =

∫
Ω
〈f , g〉 d|μ|,

where the inner product is much more explicit.
Finally, for a measurable vector function f : Ω → Rm, we say that

f is integrable with respect to μ if ‖f‖ is integrable with respect to |μ|.

Definition 5.21. Let X be a metric space. We denote the space of
all Borel measures of finite variation on X with values in Rm by
M(X,Rm).

We see that, under the obvious isomorphism using the standard
basis, we have

M(X,Rm) = M(X,R)⊕ M(X,R)⊕ · · · ⊕ M(X,R).

Furthermore, M(X,Rm) is a normed linear space under the norm
‖μ‖ = |μ|(X). In fact, it can be shown that it is a Banach space under
this norm.

5.2.1 Complete space of vector measures

Again we use a slight modification of the Monge-Kantorovich metric,
and we have the same requirements of fixed total mass and uniform
bound on variation as in the signed measure case (this is clearly nec-
essary, as a signed measure is a special case of a vector measure).

We assume that X is a compact metric space.
With an obvious adaptation of notation, Lip(X,Rm) denotes the

Lipschitz functions f : X → Rm and Lip1(X,R
m) those functions with

Lipschitz constant bounded by 1. In this context, for μ, ν ∈ M(X,Rm),
we define

dMK(μ, ν) = sup

{∫
X

f · d(μ− ν) : f ∈ Lip1(X,R
m)

}
. (5.11)
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Again we need some conditions on the collection of vector measures
in the space in order to ensure that dMK is finite and that the resulting
space is complete.

Definition 5.22. Suppose q ∈ Rm and k > 0. Let

Mq,k(X,R
m) =

{
μ ∈ M(X,Rm) : μ(X) = q, ‖μ‖ ≤ k

}
.

Theorem 5.23. Let X be a compact metric space, q ∈ Rm, and k > 0.
Then Mq,k(X,R

m) is complete under the metric dMK .

Proof. First note that if μ(X) = q, then μei(X) = 〈q, ei〉 := qi and
conversely. Furthermore, because of the way that the integral is defined
and the fact that we can choose the components of g ∈ Lip(X,Rm)
independently, we have

sup

{∫
X

g · dμ : g ∈ Lip1(X,R
m)

}
=

m∑
i=1

sup

{∫
X

f dμei : f ∈ Lip1(X)

}
,

which means that μn → μ in the dMK metric on vector measures if
and only if for each i = 1, 2, . . . ,m we have μei

n → μei in the dMK

metric on signed measures.
Suppose that (μn) is a dMK-Cauchy sequence in Mq,k(X,R

m). Then
for each i we know that (μei

n ) is a dMK-Cauchy sequence in Mqi,k(X,R)
(notice that we can use the same k as |μei |(X) ≤ |μ|(X) for all i).
By Theorem 5.4, we then have that μei

n → μi ∈ Mqi,k(X,R). We
must prove that μ := (μ1, μ2, . . . , μm) ∈ Mq,k(X,R

m). Clearly we
have μ(X) = q, as 〈μ(X), ei〉 = qi, and thus we only have to show that
‖μ‖ ≤ k.

To do this we recall that for a variation norm bounded sequence
νn ∈ M(X,R), νn → ν in the Monge-Kantorovich metric implies that
νn → ν weakly. However, M(X,R) is a normed space under the vari-
ation norm, and for weak* convergence in a normed space the norm
of the limit cannot be larger than the limit of the norms. In the same
way, since M(X,Rm) is the Banach dual to C(X,Rm) by the Riesz
representation theorem (Theorem B.26), the norm of the limit cannot
be larger than the limit of the norms. Since limn ‖μn‖ = k, this means
that ‖μ‖ ≤ k, as desired. ��

Notice that the measures having values in Rm (a finite-dimensional
space) made the proof rather simple, as we could then essentially re-
duce it to the case of a signed measure.
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5.2.2 IFS on vector measures

Before we give the (simple) form of an IFS operator on vector measures,
we begin with a motivating example.

First, consider a nice smooth curve, such as that shown in Fig. 5.1.

We see that the unit tangent vector
−→
T (s) exists at each point of the

curve, where s is the arclength parameter for the curve. Furthermore,
for any two points x, y along the curve, we have∫ y

x

−→
T (s) ds = −→x y,

where −→x y is the displacement vector from x to y.

Fig. 5.1: A portion of a smooth curve.

The von Koch curve K in Fig. 5.2 is the attractor of a 4-map IFS.
It is a continuous curve with infinite length and without a tangent at
any point along the curve. However, we would like to have some way of
defining a tangent vector to K, with the particular goal of computing
line integrals. There are two problems with this. First, not only does
K have infinite length, but if x ∈ K is any point and ε > 0, then the
curve segment K∩Bε(x) also has infinite length! That is, K is not only
unrectifiable but is everywhere locally unrectifiable. This property is
not surprising since K exhibits self-similarity. However, this means that
the arclength parameter does not have any real meaning for K. The

second problem is that K does not have a tangent anywhere, so
−→
T also

makes no sense.
The solution is to combine

−→
T and ds together in a measure. That

is, to a segment S ⊆ K, we assign the “measure” μ(S) = −→x y, where
x and y are the endpoints of S. The fact that this can be done in a
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Fig. 5.2: The von Koch curve.

consistent manner is at first surprising. However, the recursive nature
of the construction of K carries all the work.

Figure 5.3 illustrates this by showing the first three stages in a
recursive construction of K and the “tangent vector measure” μ to
K. The geometric IFS that generates K uses four shrunken copies of
K, joined together at the endpoints, to construct K. Similarly, the
IFS on vector measures M will use four scaled and rotated copies of
μ to construct μ. The geometry of K ensures that M preserves total
mass (that is, the overall displacement will be preserved) from one
stage of the construction to the next. This preservation of mass is a
consistency condition that will result in a well-defined limiting object.
This will also give a natural total fixed mass, as is required by the
Monge-Kantorovich metric.

Before we give the general definition, we illustrate the idea with
the IFS operator for the tangent measure to K. First, we need four
geometric IFS maps to define the curve K. Let Rotθ be the rotation
in R2 around the origin by an angle of θ. Then the four IFS maps are
given by

w1(x, y) = (1/3)Rot0(x, y),
w2(x, y) = (1/3)Rotπ/6(x, y) + (1/3, 0),

w3(x, y) = (1/3)Rot−π/6(x, y) + (1/2,
√
3/6),

w4(x, y) = (1/3)Rot0(x, y) + (2/3, 0).

The von Koch curve K is the attractor of the IFS {w1, w2, w3, w4},
which can be easily seen since K is invariant with respect to this IFS.
Next we have four linear maps αi : R

2 → R2, given by α1 = (1/3)Rot0,
α2 = (1/3)Rotπ/6, α3 = (1/3)Rot−π/6, and finally α4 = (1/3)Rot0.
Notice that we have taken the linear part of wi to be the map αi.

Look at the first two stages of Fig. 5.3. The first “part” of the second
stage is clearly just a copy of the first stage that is smaller by a factor
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Fig. 5.3: First three stages for the tangent measure for the von Koch curve.

of 1/3. Thinking of each stage in this diagram as a vector measure, we
can describe the first stage as the vector measure μ1 supported on the
interval [0, 1]× {0} ⊂ R2 and defined as

μ1(S) =
−→
V Lebesgue measure of (S ∩ [0, 1]× {0}),

where the vector
−→
V =

−→
i , the unit vector in the direction of the

horizontal axis. That is, μ1 is the uniform distribution supported on

[0, 1] × {0} and with total mass equal to
−→
V . Using this description,

the first “part” of the second-stage vector measure μ2 is equal to the

“uniform” distribution on [0, 1/3]× {0} and with total mass (1/3)
−→
V .

However, this is exactly the same as the vector measure

α1 μ1 ◦ w−1
1 .

Similarly, the second “part” is equal to the vector measure

α2 μ1 ◦ w−1
2 ,

and so on. That is, we have that the second-stage vector measure μ2

satisfies

μ2 = α1 μ1 ◦ w−1
1 + α2 μ1 ◦ w−1

2 + α3 μ1 ◦ w−1
3 + α4 μ1 ◦ w−1

4 .
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The maps wi move the support of this “tangent field” to the appro-
priate places; the linear maps αi do both the rotation and the scaling
of the vector part of the tangent field.

We mention here that it turns out that α1 + α2 + α3 + α4 = I, the
identity transformation on R2.

The general definition follows in a very straightforward manner.
Notice that it is linear and is very similar both to the IFS on probability
measures and that on signed measures.

Definition 5.24. Let q ∈ Rm be fixed. Let the N maps wi : X → X be
Lipschitz with constant si and αi : R

m → Rm be linear maps. Further
suppose that the condition ∑

i

αiq = q (5.12)

is satisfied. Define the IFS operator M on M(X,Rm) by

Mμ(B) =
∑
i

αiμ(w
−1
i (B)). (5.13)

The condition (5.12) ensures that if μ(X) = q, then Mμ(X) = q as
well and thus is a mass preservation condition. As we have seen, some
type of mass preservation condition is necessary for our framework.

Proposition 5.25. The operator M from (5.13) satisfies

dMK(Mμ,Mν) ≤
(∑

i

si‖α∗
i ‖
)
dMK(μ, ν)

for two μ, ν ∈ M(X,Rm) with μ(X) = ν(X) = q.

Proof. For a given Lipschitz function f , we have∫
X

f(x) d(Mμ(x)−Mν(x))

=
∑
i

∫
X

f(x) · d
(
αi(μ ◦ w−1

i (x)− ν ◦ w−1
i (x))

)
=
∑
i

∫
X

f(wi(y)) · αi d(μ(y)− ν(y))

=

∫
X

(∑
i

α∗
i f(wi(y))

)
· d(μ(y)− ν(y))
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=

(∑
i

si‖α∗
i ‖
)∫

X

φ(y) · d(μ(y)− ν(y)),

where the function φ(y) = 1∑
i si‖α∗

i ‖
∑

i α
∗
i f ◦ wi ∈ Lip1(X,R

m) since

si is the Lipschitz factor of wi (for more, see below). Taking the supre-
mum, we obtain

dMK(Mμ,Mν) ≤
(∑

i

si‖α∗
i ‖
)
dMK(μ, ν).

��

For completeness, we now show that φ(x) ∈ Lip1(X,R
m). Let x, y ∈

X and s =
∑

i si‖α∗
i ‖. Then

‖φ(x)− φ(y)‖ = ‖s−1
∑
i

α∗
i (f(wi(x))− f(wi(y))) ‖

≤ s−1
∑
i

‖α∗
i ‖‖f(wi(x))− f(wi(y))‖

≤ s−1
∑
i

‖α∗
i ‖d(wi(x), wi(y))

≤ s−1
∑
i

si‖α∗
i ‖d(x, y)

≤ d(x, y).

Corollary 5.26. Suppose that M is given as in (5.13) and satisfies∑
i

si‖α∗
i ‖ < 1.

Suppose further that there is a k > 0 such that M : Mq,k(X,R
m) →

Mq,k(X,R
m). Then there exists a unique measure μ ∈ Mq,k(X,R

m)
such that Mμ = μ. Furthermore, the support of μ is contained in the
attractor of the IFS {wi}.

Proof. The existence part is clear from the preceding proposition. The
only thing to prove is the statement about the support of μ. Let A be
the attractor of the IFS {wi} and x /∈ A and let 2ε = d(x,A). Since

X is compact, there is an n such that Ŵn(X) ⊂ Aε, which means that

(Ŵn)−1(Bε(x)) = ∅, which means that Mnμ(Bε(x)) = 0 so x is not in
the support of μ. Thus the support of μ is contained in A. ��
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There is a simple necessary condition for M not to increase the
variation norm of μ. This condition also works for signed measures,
but in that case it is too strong a condition since

∑
i |pi| ≤ 1 and∑

i pi = 1 imply that pi ≥ 0 for each i. However, for linear functions
αi, the conditions∑

i

αiq = q and
∑
i

‖αi‖ ≤ 1

do not imply the same sort of triviality of the operator M.

Proposition 5.27. Suppose that M is given as in (5.13) and satisfies∑
i ‖αi‖ ≤ 1. Then ‖μ‖ ≤ k implies that ‖Mμ‖ ≤ k.

Proof. We simply see that

|Mμ(X)| =
∣∣∣∣∣∑

i

αiμ(X)

∣∣∣∣∣ ≤∑
i

‖αi‖|μ(X)|.
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Fig. 5.4: Example of an R2-valued fractal vector measure on [0, 1].

Example 5.28. As another example of an IFS on vector measures, con-
sider the IFS maps wi : R → R given by

wi(x) =
(−1)n

5
x+

2

5
 i
2
! for i = 0, 1, 2, 3, 4
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(where  y! is the smallest integer greater than or equal to y) and the
scaled rotations

αi = (1/(
√
2 + 1))Rot(i−2)π/4.

The geometric attractor of the IFS is [0, 1], and the operator on vector
measures acts on measures with values in R2. The first few iterations
of the IFS operator are illustrated in Fig. 5.4. In this case, we have∑

i αi = I. Since si = 1/5, we have
∑

i si‖αi‖ = p1 < 1. ��

This example illustrates that we do not have to match the dimension
of X to the dimension of the output of the vector measure.

In the case of signed measures, the same operator M acts on
Mq,k(X,R) and Mq′,k(X,R) for different q, q′ since M preserves the
measure no matter what the total measure because q = cq′ for some
c ∈ R. This is no longer the case for vector measures, as it is no longer
true that given any two q, q′ ∈ Rm there is some c ∈ R with q = cq′
(obviously). However, it is simple to modify an IFS operator M that

is designed to operate on μ with total mass q into M̂, which operates
on measures ν with total mass q̂. Just let R be any rotation in Rm for
which R(q) = (‖q‖/‖q̂‖) q̂ and define

M̂μ =
‖q′‖
‖q‖ R

(∑
i

αiR
−1μ ◦ w−1

i

)
=

‖q′‖
‖q‖

∑
i

(R ◦ αi ◦R−1)μ ◦ w−1
i .

That is, assuming that M has the property that whenever μ(X) = q

then Mμ(X) = q, we have that M̂ has the property that whenever

ν(X) = q′, then M̂ν(X) = q′ as well. This observation will be useful
in Sect. 5.2.4 when we want to modify the construction of a tangent
measure to obtain a normal measure.

The case m = 2 is special. If all the αi are scaled rotations (so
αi = piRi) and

∑
i αiq = q for some q ∈ R2, then in fact

∑
i αiw = w

for all w ∈ R2. To show this, let R be a rotation such that R(q) = w
(with no loss in generality, ‖q‖ = ‖w‖). Then(∑

i

αi

)
w =

∑
i

αiRv = R

(∑
i

αiv

)
= Rv = w

since rotations commute in R2. Thus we have the condition on the pi
and the rotations Ri ∑

i

piRi = I,



5.2 Vector-valued measures 175

the identity matrix. In this case, the functional forms of M and M̂ are
identical – the only differences between M and M̂ are their domains
and ranges. This property will be used in Sect. 5.2.4. The operator
that constructs the tangent vector measure of a fractal curve C will be
modified appropriately in order to construct the normal vector measure
of C.

It is also possible to define an IFS with condensation on spaces of
vector measures just as we did for signed measures and probability
measures.

Definition 5.29. Fix q ∈ Rm, and let the N maps wi : X → X be
Lipschitz with constant si and αi be linear functions on Rm for i =
1, . . . , N . Finally, choose some ν ∈ M(X,R) and suppose that we have
the condition

ν(X) +
∑
i

αiq = q. (5.14)

Define the operator M on M(X,Rm) by

Mμ = ν +

N∑
i=1

αiμ ◦ w−1
i . (5.15)

Again it is easy to see that if μ(X) = q, then Mμ(X) = q and

‖Mμ‖ ≤ ‖ν‖+
N∑
i=1

‖αi‖‖μ‖,

so to ensure ‖Mμ‖ ≤ k for large k it is sufficient to have
∑

i ‖αi‖ < 1.
Furthermore, we can write M as

Mμ = Aμ+ ν,

so that the fixed point of M, if it exists, is the measure

μ = ν + Aν + A2ν + · · ·+ Anν + · · · = (I − A)−1ν.

5.2.3 Coloured fractals

The first application of our IFS operator on vector measures will be
to the case where the range of the measure is a set of probability
measures.
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As motivation, let us begin with a variation of the standard random
iteration algorithm or “chaos game” (see Chapter 4) for rendering the
attractor of an IFS with probabilities. (This variation was told to the
authors by J. Anderson.) Given a set of N IFS maps wi with proba-
bilities pi,

∑
i pi = 1, recall that the standard chaos game algorithm is

as follows (see Sect. 2.4):

1. Pick an initial point x0 on the IFS attractor. One way to do this is
to let x0 be the fixed point of w1. Set n = 0.

2. With probabilities defined by the pi’s, choose one of the wi’s, say
wj .

3. Let xn+1 = wj(xn). Plot xn+1.
4. If a sufficient number of points xn have been generated, stop. Oth-

erwise, let n → n+ 1 and go to Step 2.

The variation consists of adding “colour” to the algorithm. Assign
a colour Ci to each map wi and a probability 0 ≤ pci ≤ 1 of changing
to this colour. Then, the new algorithm is as follows:

1. Pick x0 to be the fixed point of w1, and set the current colour to
c1 = C1. Set n = 0.

2. Choose a map wj according to the probabilities pi.
3. Change the current colour to colour Cj with probability pcj . That

is, with probability pcj , set cn+1 = Cj , and otherwise cn+1 = cn.
4. Set xn+1 = wj(xn), and plot xn+1 using colour cn+1.
5. If a sufficient number of points have been generated, stop. Other-

wise, let n → n+ 1 and go to Step 2.

This algorithm yields a plot of the attractor “coloured” in a self-
similar way by the colours associated with the IFS maps wi. Figure
5.5 is an illustration of such a coloured version of the Sierpinski gasket
(a 3-map IFS) that was generated with pci = 1/2 for all i. Since a
black-and-white copy of the attractor obviously will not show the true
colouring, we provide a very brief description. Let wi, i = 1, 2, 3 denote
the IFS maps for this attractor with fixed points (0, 0), (1, 0) and (0, 1),
respectively. Associated with these maps are the colours red, green, and
blue, respectively. As one travels toward a vertex, the colour of the
attractor points approaches the colour associated with the IFS map
with that vertex as the fixed point. For example, as one approaches
(1, 0), the colour of the attractor points becomes more green.

We now present an IFS operator that can generate a “coloured”
attractor as its fixed point. Let Λ be a finite set with n = |Λ| and Mi

be Markov transition matrices on Λ. Since we wish to multiply the
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Fig. 5.5: The Sierpinski gasket coloured by the “colour chaos game.”

Mi by probability vectors on the right, we require them to be column
stochastic, that is, the column sum of each matrix Mi is 1.

For our set of N IFS maps wi with probabilities pi,
∑

i p1 = 1, we
define the “colour Markov” operator MC : M(X,Rm) → M(X,Rm)
by

MC(μ)(B) =
∑
i

piMiμ
(
w−1
i (B)

)
for all Borel sets B ⊆ X. In other words, we use Markov transition ma-
trices for the linear operators that define M. Now let v be an invariant
probability distribution for the stochastic matrix

∑
i piMi. (Being a

convex combination of column stochastic matrices, this matrix is col-
umn stochastic.) We now not only restrict the total mass of the vector
measures to be equal to v but also require them to be “positive”, that
is, each component must be nonnegative. So, we restrict our attention
to the space

Sv(X) = {μ ∈ M(X,Rn) : μ(B) ≥ 0, ∀B ⊆ X, μ(X) = v}.

Notice that this set is automatically bounded in variation because of
the positivity condition. Clearly MC maps Sv(X) to itself. The con-
dition that each Mi be stochastic also implies that ‖MC(μ)‖ ≤ C if
‖μ‖ ≤ C. Also note that if A is a Markovian matrix, then ‖A‖ ≥ 1.
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Proposition 5.30. Let MC be the IFS operator defined above on
Sv(X). Then

dMK(MC(μ),MC(η)) ≤
(∑

i

sipi‖M∗
i ‖
)

dMK(μ, η)

for all μ, η ∈ Sv(X).

Now assume that MC is contractive on Sv(X) and let μ ∈ Sv(X)
be the invariant measure for MC . We have |μ|(B) = |MC(μ)|(B).
Denoting μ = |μ|, we have that μ is the attractor of the IFSP (w,p):

μ(B) =
∑
i

piμ
(
w−1
i (B)

)
.

Heuristically, we can think of μ as

dμ(x) = f(x) dμ(x),

where f(x) is the “attractor” of the “IFS”

f(x) −→
∑
i

Mif
(
w−1
i (x)

)
.

Since μ is absolutely continuous with respect to μ, we know that f(x)
exists and is the Radon-Nikodym derivative of μ with respect to μ.

The matrices Mi that correspond to the “chaos game with colour”
are

Mi = (1− pci)I + pciJi,

where

Ji =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

1 1 1 · · · 1
...

...
...

. . .
...

0 0 0 · · · 0
0 0 0 · · · 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and the ith row is a row of ones. It is easy to see that ‖Mi‖1 = 1, so
that the contractivity condition becomes∑

i

sipi < 1.
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For the Sierpinski gasket example with equal probabilities, si =
1
2 and

pi =
1
3 , so this sum is 1

2 .
The connection between the colour chaos game and the IFS operator

MC is simple. Given a set B ⊆ X with μ(B) > 0, the probability
measure on Λ defined by

μ(B)

μ(B)

describes the distribution of the colours on the set B. If B represents
a pixel on the computer screen, then this distribution describes the
percentage of time that this pixel is each colour over the run of the
chaos game.

Note that Jiτ = ei for any probability vector τ (where ei is
the ith basis vector in Rn). So, if pci = pc for all i and letting
p = (p1, p2, . . . , pN ), we see that(∑

i

piMi

)
p = (1− pc)p+ pcp = p

so p is the invariant distribution for
∑

i piMi. Therefore μ(X) = p. The
interpretation is as follows. If the probability of changing to any colour
is the same for all colours, then the distribution of colour content of
the entire image is just proportioned by the pi. This is not to say that
μ will be the same regardless of the value of pc. In the limiting case
where pc = 1, each subtile of the attractor will be coloured only by its
own colour.

Notice that the distribution of colours in a region is a convex combi-
nation of the colours. Thus, this framework can also be used to produce
a self-similar field where at each point we have a convex combination
of objects (in this case, colours).

5.2.4 Line integrals on fractal curves

Now we apply the IFS on a vector-measures framework to the construc-
tion of the tangent field of a fractal curve and hence to the definition
of the line integral of a smooth vector field over such a fractal curve.

The reader should keep the example of the von Koch curve (see
Figs. 5.2 and 5.3) in mind as they read this section. This example is a
good illustration of the construction of the tangent vector measure to
a fractal curve. Another example is the IFS with maps
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w1(x, y) =

(
1/2 −s
s 1/2

)
+ (0, 0)

and

w2(x, y) =

(
1/2 s
−s 1/2

)
+ (1/2, s).

The associated IFS map on vector-valued measures has
∑

i sipi =
2(1 + 4s2), so it is less than 1 for s < 1/2. The first three iterations of
the IFS operator on tangent vector measures is illustrated in Fig. 5.6,
and the fractal curve is illustrated in Fig. 5.7.
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Fig. 5.6: First three iterations of IFS.

Fig. 5.7: Attractor for IFS.

Let C ⊂ R2 be a continuous curve that is the attractor of an affine
IFS {wi}. For our purposes, we will let X be any compact subset of R2

that contains C. The precise specification of X does not really matter
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as long as it is compact and contains C. Let A and B denote the
endpoints of C, L be the line segment from A to B, and v be the
displacement vector from A to B. Then the image of L under the IFS
will be the first stage in the construction of C and will be a piecewise
linear approximation to C. Define vi to be the displacement vector from
the initial point of wi(L) to the final point of wi(L). Then

∑
i vi = v

since the IFS {wi} generates a continuous curve. Let Ri be the rotation
that takes the direction of v to the direction of vi. Finally, let pi =
‖vi‖/‖v‖, the scaling factor from L to wi(L). Then piRi(v) = vi, so(∑

i

piRi

)
v =

∑
i

vi = v.

Now, define the IFS operator M by taking αi = piRi; that is,

Mμ =
∑
i

piRiμ ◦ w−1
i .

Notice that ‖αi‖ = ‖piRi‖ = pi since Ri is a rotation.
Assume for the moment that M is a contraction on an appropriate

space, and let μ be the invariant measure of M. Then Tn(η) → μ for
appropriate η (a simple choice of η is η = vδx, where δx is a point mass
at some x ∈ X). Suppose that we start with η = vλ, where λ is the
normalized arclength measure on L. Then η is the tangent measure
to L and Mn(η) is the tangent measure to Wn(L) (the nth stage in
the construction of C). Thus, it is natural to consider μ as the tangent
measure to C.

Heuristically, one thinks of μ as dμ(s) =
−→
T (s)ds, where

−→
T (s) is the

“unit tangent” vector at the point s and s is the arclength parameter.
However, we hasten to say that this interpretation is not precise since
neither the unit tangent nor the arclength exist, as C is, in general, a
fractal curve with infinite length and no tangent anywhere. However,
this analogy is very useful, and there are some striking similarities. Let
B ⊆ C be a segment. Then∫

B
dμ = μ(B) = Bfinal −Binitial,

the displacement vector from the initial point of the segment B to the
final point of the segment B. Compare this with the case of a smooth
curve where ∫

B

−→
T (s) ds = Bfinal −Binitial.
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Now we must return to the question of the contractivity of M and
the existence of some Mq,k(X,R

2) that is invariant with respect to M.
Considering the von Koch curve example, we found that

∑
i si‖Ri‖ =

4/9 < 1, so the IFS operator M should be contractive. However, if we
let μ0 be the tangent measure to the initial line segment L and μn be
the tangent measure to the piecewise linear curve Wn(L), we find that

‖μn‖ = "4n/3#(2/3n) + (1/3n),

which clearly shows that ‖μn‖ → ∞. Thus, there is no C > 0, so if
‖ν‖ < C, then ‖Mν‖ < C as well. The basic reason for this is that the
von Koch curve has infinite length (also

∑
i ‖αi‖ = 4

3 , which is related
to the growth rate of ‖μn‖).

This is the same situation that we saw in the case of signed measures
and that prompted consideration of the “generalized measures” in Sect.
5.1.3.

5.2.5 Generalized vector measures

Since the vector measures we are considering have values in Rm, the
situation for “generalized vector measures” is a simple extension of
that in Sect. 5.1.3. That is, we have

Lip(X,Rm) = Lip(X,R)⊕ Lip(X,R)⊕ · · · ⊕ Lip(X,R) (5.16)

and thus

Lip(X,Rm)∗ = Lip(X,R)∗ ⊕ Lip(X,R)∗ ⊕ · · · ⊕ Lip(X,R)∗. (5.17)

As in the scalar case, we also have

dMK(μ, ν) = sup

{∫
X

f · d(μ− ν) : f ∈ Lip1(X,R
m)

}
= sup

{∫
X

f · d(μ− ν) : ‖f‖Lip ≤ 1

}
= ‖μ− ν‖Lip∗

for two vector measures for which μ(X) = ν(X).

Definition 5.31. Let q ∈ Rm be fixed and define

Sq(X,R
m) = {ϕ ∈ Lip(X,Rm)∗ : ϕ(1) = q}.
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We extend the action of the IFS operator from Definition 5.24 to
Lip(X,Rm)∗ in the same way as we did for signed measures.

Definition 5.32. Fix q ∈ Rm. Let the N maps wi : X → X be Lip-
schitz with constant si and αi ∈ R satisfy

∑
i αiq = q. Define the

IFS operator M on Sq(X,R
m) by setting for each ϕ ∈ Sq(X,R

m) and
f ∈ Lip(X,Rm)

Mϕ(f) = ϕ

(∑
i

α∗
i f ◦ wi

)
. (5.18)

The proof of the next proposition is virtually identical to the proof
of Proposition 5.12. We leave the obvious modifications to the reader.

Proposition 5.33. The operator M defined as in (5.18) satisfies

‖Mϕ−Mψ‖Lip∗ ≤
(∑

i

si|α∗
i |
)

‖ϕ− ψ‖Lip∗ .

Corollary 5.34. If the operator M defined in (5.18) satisfies the con-
dition

∑
i si|α∗

i | < 1, then there is a unique“generalized vector mea-
sure” ϕ ∈ Sq(X,R

m) for which

‖Mnμ− ϕ‖Lip∗ → 0

for any μ ∈ M(X,Rm) with μ(X) = q.

5.2.6 Green’s theorem for planar domains with
fractal boundaries

Suppose that we have a compact domain D ⊂ R2 whose boundary is
the union of M fractal curves Ci, each generated by an IFS. Suppose
further that each curve Ci has no self-intersections and that Ci and Cj
only intersect at a point, and only if they are adjacent on the boundary
of D. Finally, we suppose that the Lebesgue measure of each curve Ci
is zero.

Let f : R2 → R2 be a smooth function. For each Ci, we can compute∫
Ci
f(x) · dμi(x)

where μi is the tangent vector measure on Ci. Thus,
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∂D

f(x) · dμ(x) =
∑
i

∫
Ci
f(x) · dμi(x),

where we orient the curves Ci in a consistent counterclockwise manner.
Let Ai and Bi denote the initial point and endpoint, respectively,

for each curve Ci, and let vi =
−−−→
AiBi. When we combine these vectors

(or the line segments) together, we obtain a polygon D1 as a first ap-
proximation to D. Applying the IFS of Ci to vi yields a polygonal curve
with endpoints Ai and Bi. Combining these segments together yields
a polygon D2 as a second approximation to D. The boundary of D2,
∂D2, is an approximation to ∂D. Iterating this procedure yields a se-
quence of polygons Dn that approximate D along with the boundaries
∂Dn that approximate ∂D. By construction, we know that ∂Dn → ∂D
in the Hausdorff metric. Furthermore, we can use the IFS for Ci to ob-
tain an IFS operator Mi for the tangent vector measure on Ci. Using
the Mi we obtain a sequence of vector measures μn such that μn is the
tangent vector measure for ∂Dn.

Lemma 5.35. Let χD and χDn be the characteristic functions of D
and Dn, respectively. Then χD → χDn pointwise for almost all x.

Proof. By assumption, λ(∂D) = 0, so we only consider x /∈ ∂D.
Suppose that x ∈ int(D). Let ε = dt(x, ∂D). Let N be large enough

that for n ≥ N we have dH(∂Dn, ∂D) ≤ ε/2. Then x ∈ int(Dn) as
well, so χDn(x) = χD(x) = 1.

Suppose that x /∈ D. Again, let ε = d(x, ∂D) and N be large enough
that if n ≥ N we have dH(∂Dn, ∂D) ≤ ε/2. Then x /∈ Dn as well, so
χDn(x) = χD(x) = 0.

Thus, χDn → χD pointwise for almost every x. ��

This convergence is illustrated in Fig. 5.8.
We are now in a position to prove Green’s theorem for fractal curves.

Theorem 5.36. (Green’s theorem for fractal domains) Let D ⊂ R2 be
a compact domain, with ∂D being the disjoint union of finitely many
fractal curves and dimH(∂D) < 2. If f is a smooth vector field, then∫

∂D
f(x) · dμ(x) =

∫
D

(
∂f2
∂x

− ∂f1
∂y

)
dxdy,

where μ is the tangent vector measure to ∂D.

Proof. By our assumptions on f , we know that
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Fig. 5.8: Illustration of D1, D2, D3, and D and their boundaries.

χDn

(
∂f2
∂x

− ∂f1
∂y

)
is a bounded sequence of functions that converges pointwise almost
everywhere. Thus, by the bounded convergence theorem,∫

Dn

(
∂f2
∂x

− ∂f1
∂y

)
dxdy →

∫
D

(
∂f2
∂x

− ∂f1
∂y

)
dxdy

as n → ∞. Furthermore, for each n, since Dn is a polygonal set, we
have ∫

∂Dn

f(x) · dμn(x) =

∫
Dn

(
∂f2
∂x

− ∂f1
∂y

)
dxdy,

where μn is the tangent vector measure for ∂Dn.
Finally, we know that μn → μ by construction and the contractivity

of the IFS operators Mi, and thus∫
∂Dn

f(x) · dμn(x) →
∫
∂D

f(x) · dμ(x).

��
The same techniques allow us to prove the corresponding divergence

theorem for the normal vector measure to the boundary of D, which
we state simply below.
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Theorem 5.37. (Divergence theorem for fractal domains) Let D ⊂ R2

be a compact domain with ∂D being the disjoint union of finitely many
fractal curves and dimH(∂D) < 1. If f is a smooth vector field, then∫

∂D
f(x) · dμ(x) =

∫
D

(
∂f1
∂x

+
∂f2
∂y

)
dxdy,

where μ is the normal vector measure to ∂D.

5.2.7 Some generalizations for vector measures

We now discuss some generalizations of the ideas regarding vector
measures. First, we mirror the discussion from Sect. 5.1.4. That is, we
discuss the case where X is noncompact but we do assume that X is
locally compact, separable, and complete as a metric space.

We use the same notation as before:

• Cc(X,R
m) is the collection of continuous f : X → Rm such that

there is some compact K ⊆ X with f(X \K) = 0.
• C0(X,R

m) is the collection of continuous f : X → Rm such that
for all ε > 0 there is some compact K ⊆ X with ‖f(x)‖ < ε for all
x /∈ K. The uniform closure of Cc(X,R

m) is equal to C0(X,R
m).

• C∗(X,Rm) is the collection of all bounded continuous f : X → Rm.

Again by the Riesz representation theorem, we have that M(X,Rm)
with its variation norm is the dual space to C0(X,R

m) equipped with
the supremum norm.

Definition 5.38. Suppose q ∈ Rm and k > 0. Let Mq,k(X,R
m) be

the set of all μ ∈ M(X,Rm) such that

1. μ(X) = q;
2. ‖μ‖ = |μ|(X) ≤ k;
3.
∫
X
d(x, a) d|μ|(x) < ∞ for some, and hence any, a ∈ X.

We still use the same definition for dMK as in the case when X is
compact. That is,

dMK(μ, ν) = sup

{∫
X

f d(μ− ν) : f ∈ Lip1(X,R
m))

}
.

Theorem 5.39. (Mq,k(X,R
m), dMK) is a complete metric space.
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Proof. The fact that dMK is finite on Mq,k(X,R
m) follows from the

inequality |μei | ≤ |μ| and the finiteness of dMK on Mq,k(X,R) from
Theorem 5.18.

If (μn) is a dMK-Cauchy sequence in Mq,k(X,R
m), then for each i

we know that (μei
n ) is dMK-Cauchy in Mq,k(X,R) and hence converges.

Putting the components together, we know that μn → μ ∈ M(X,Rm)
and that μ(X) = q as well. The fact that ‖μ‖ ≤ k is again due to
the fact that a weak limit cannot increase the norm and hence ‖μ‖ ≤
lim sup ‖μn‖ = k. ��

5.2.7.1 Infinite-dimensional vector measures

Now we turn to a brief discussion of vector measures that take their
values in an infinite-dimensional Banach space B. Again we point the
reader interested in a more complete development of the theory of
vector measures to the very good book [48]. Here we are content to
give only enough details to describe our particular situation.

There are several different assumptions you can make about a vector
measure. We will restrict ourselves to the situation most useful to us.
Let X be a fixed compact (or locally compact, complete, and separable
for a slightly more general situation) metric space.

By a vector measure μ with values in B we will mean a set function
μ : B → B that satisfies

1. μ(∅) = 0 and
2. for each disjoint sequence En ∈ B and each ϕ ∈ BallB∗ , we have

ϕμ(
⋃

nEn) =
∑

n ϕμ(En),

where we use BallB∗ to denote the set {ϕ ∈ B∗ : ‖ϕ‖ ≤ 1}.
Notice that by assumption the sum

∑
n ϕμ(En) converges uncondi-

tionally (that is, all rearrangements converge and to the same value)
and so does each subseries. It turns out that assumption 2 implies the
stronger property that

∑
n μ(En) converges in the norm of B (this is

the Orlicz-Pettis theorem).
Notice that we are also assuming that ϕ ◦ μ is a signed measure

for all ϕ ∈ B∗. To make things simpler, we will assume that each of
these signed measures has finite variation. In the language of vector
measures, we assume that the semivariation of μ is finite. For vector
measures with infinite-dimensional values, there are two important no-
tions of variation, the total variation and the semivariation; these two
notions coincide for finite-dimensional vector measures (see [48]). The
semivariation is defined to be the quantity
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sup{|ϕμ|(X) : ϕ ∈ BallB∗},

while the total variation is (as usual)

sup

{∑
i

‖μ(Ei)‖ : all finite partitions{Ei} of X

}
.

If μ is of bounded variation, it turns out that the total variation |μ| of μ
is a finite (positive) measure. Measures of bounded semivariation have
bounded ranges and thus are called bounded vector measures; thus all
our measures are bounded in this sense. In a slight change of notation,
we will denote the total variation of μ by |μ| and the semivariation
of μ by ‖μ‖. In general, E → ‖μ(D)‖ is only a monotone finitely
subadditive set function on B.

Definition 5.40. We denote by M(X,B) the collection of all vector
measures μ : B → B that are of bounded semivariation. Furthermore,
for a fixed q ∈ B and k > 0, we denote by Mq,k(X,B) the subset of
M(X,B) that satisfies

1. μ(X) = q,
2. ‖μ‖(X) ≤ k, and
3. for some fixed a ∈ X we have

sup

{∫
X

d(x, a) d|ϕμ|(x) : ϕ ∈ BallB∗

}
< ∞.

In the case where X is compact, the third condition is not necessary,
as it follows from the first two and the boundedness of X. Notice that
the second condition implies that |ϕμ|(X) ≤ k for all ϕ ∈ BallB∗ , and
thus each ϕμ ∈ Mρ,k(X,R), where ρ = ϕ(q).

If B is a Hilbert space and (xn) is an orthonormal basis, then it is
simple to construct elements of Mq,k(X,B) for large k. Take a sequence
(an) such that

∑
n anxn = q and a sequence (μn) of signed measures

in M1,k(X,R). Define μ by

μ(E) =
∑
n

anxnμn(E).

Then μ(X) = q by construction, and by the Cauchy-Bunyakovskii-

Schwarz inequality we know ‖μ‖ ≤ k
(∑

n |an|2
)1/2

= k‖q‖ so μ ∈
Mq,‖q‖k(X,B).

In a Banach space, a similar construction is possible as long as a
suitably nice basis (xn) exists. In particular, what is needed is a bound
on the norm of

∑
n anxn based on some bound on the sequence (an).
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On Mq,k(X,B), we use a modified Monge-Kantorovich metric de-
fined by

dMK(μ, ν) = sup

{∫
X

f dϕμ : f ∈ Lip1(X), ϕ ∈ BallB∗

}
= sup{dMK(ϕμ, ϕν) : ϕ ∈ BallB∗}. (5.19)

At this point, we mention that it is not necessary to use every ϕ ∈
BallB∗ ; it is sufficient to use a dense set of such ϕ, even only restricting
to ‖ϕ‖ = 1. Furthermore, even though it might change the metric, it
is also possible to use smaller sets of ϕ, say S ⊂ BallB∗ , as long as S
has enough elements to separate points in B (i.e., if ϕ(x) = ϕ(y) for
all ϕ ∈ S implies x = y). One such choice of subset could be a basis of
appropriate type (a Schauder basis, for instance, would work) if such
a basis exists.

Theorem 5.41. The space Mq,k(X,B) is complete under the metric
dMK .

Proof. We prove the case where X is compact. Just as in the proof
of Theorem 5.4, we have dMK(ϕμ, ϕν) ≤ 2k diam(X), and therefore
dMK(μ, ν) ≤ 2k diam(X) and thus is finite.

Suppose that (μn) is a dMK-Cauchy sequence from Mq,k(X,B).
Then, for each ϕ ∈ BallB∗ , we know that (ϕμn) is dMK-Cauchy in
Mϕq,k(X,R) and thus converges to some νϕ ∈ Mϕq,k(X,R). Thus, for
each ϕ ∈ BallB∗ and each E, we have ϕμn(E) → νϕ(E). However, then
this means that there is some ν(E) ∈ B for which νϕ(E) = ϕν(E) and
so ν : B → B is well-defined and ϕν = νϕ for all ϕ ∈ BallB∗ . Now,
since each νϕ is countably additive, so is ϕν, and so ν ∈ M(X,B).
Since νϕ(X) = ϕq = limn ϕμ(X), we know that ν(X) = q. Finally, we
have |ϕν|(X) = |νϕ|(X) ≤ k for all ϕ and thus ν ∈ Mq,k(X,B). ��

The same types of IFS operators can be defined on Mq,k(X,B) as in
both the signed measure and finite-dimensional vector-measure cases.
Similar results about contractivity hold. If B = P(Λ), the space of
probability measures on Λ, we can also define probability measure-
valued measures and an IFS on these objects. This is an infinite-
dimensional version of the IFS defined in Sect. 5.2.3 on coloured frac-
tals.
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5.3 Set-valued measures

The final class of measures we discuss is the situation of set-valued
measures (or multimeasures). We will discuss two different types of
multimeasures, depending on the notion of “additivity” used. The first
one is the more common, where Minkowski (or pointwise) addition of
sets is used. For this type of multimeasure, we will mostly restrict our
attention to multimeasures that take values as compact and convex
subsets of Rm. The second type of multimeasure is less common, where
we “add” a collection of sets by forming their union, and in this case
our context will be a general complete metric space. We present results
on “union-additive” multimeasures at the end of this section.

The material on Minkowski-additive measures is primarily based
on the paper in progress [76], while the material on “union-additive”
multimeasures is based on [106].

As before, we start with a brief review of basic definitions and
properties, then define an appropriate space of measures, and finally
construct IFS operations on this space. In the case of the “usual”
(Minkowski additive) multimeasures, we again have the complication
of noncompact spaces to deal with. The papers [6, 139] contain a wealth
of basic information on multimeasures. Basic results on convex sets and
support functions are drawn from many sources, but particularly from
[146].

Let An be a sequence of subsets of Rm. We define the Minkowski
sum of An to be

∑
n

An =

{∑
n

xn : xn ∈ An,
∑
n

‖xn‖ < ∞
}
.

Definition 5.42. Let (Ω,A) be a measure space. A set-valued measure
or multimeasure μ on (Ω,A) is a set-function defined on the σ-algebra
A and with values nonempty subsets of Rm, which is additive in the
Minkowski sense. That is, for all disjoint An, we have

μ

(⋃
n

An

)
=
∑
n

μ(An).

If 0 �= x ∈ μ(∅), then nx ∈ μ(∅) for all n ∈ N and thus μ(∅) is
unbounded. However, by additivity, this means that μ(A) is unbounded
for all A since μ(A) contains a translation of μ(∅). Since we wish to
consider only bounded multimeasures, we impose the condition that
μ(∅) = {0}.
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It is not generally true that if A1 ⊆ A2, then μ(A1) ⊆ μ(A2). How-
ever, if 0 ∈ μ(A1), then it is true. In fact it is easy to see that 0 ∈ μ(A)
for all A gives that A ⊆ B implies μ(A) ⊆ μ(B), so μ is monotone.
This is one type of positivity that can be defined for multimeasures.

For a set A ⊂ Rm, we denote by |A| the quantity (called the norm
of A)

|A| = sup{|a| : a ∈ A}.

Definition 5.43. A multimeasure μ is bounded if μ(Ω) is a bounded
set. An atom of a multimeasure is a set A ∈ A such that μ(A) �=
{0} but for any E ⊆ A either μ(E) = {0} or μ(A \ E) = {0}. A
multimeasure with no atoms is nonatomic.

Notice that μ being bounded is equivalent to μ(A) being bounded
for all A since μ(Ω) contains a translation of μ(A) for any A.

Proposition 5.44. Let μ be a bounded multimeasure.

• If μ is nonatomic, then μ(A) is convex for all A.
• If μ is nonatomic, then the range of μ, the set ∪Aμ(A), is convex.
• The set-function μ̄ defined by μ̄(A) = cl(μ(A)) is also a multimea-

sure.
• The set-function coμ defined by coμ(A) = co(μ(A)) is also a mul-

timeasure.

For a multimeasure μ, the set-function |μ| is defined as

|μ|(A) = sup
{∑

|μ(Ai)| : finite measurable partitions of A
}
.

It is not so hard to check that |μ| is a measure. It is called the variation
measure of the multimeasure μ. If |μ| is a finite measure, then μ is
said to be of bounded variation; a multimeasure of bounded variation
is clearly bounded.

Definition 5.45. (Support function) Let A ⊂ Rm. The support func-
tion of A is the function supp (·, A) : Rm → R given by

supp (p,A) = sup
a∈A

p · a.

Notice that |supp (·, A)| ≤ |A| for any p and, in fact, |A| =
sup‖p‖=1 supp (p,A). The support function supp (·, A) is convex and
positively homogeneous (i.e., if λ ≥ 0, then supp (λp,A) = λ supp (p,A)).
If A ⊂ Rm is convex, then
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A =
⋂

p∈Rm

{x ∈ Rm : x · p ≤ supp (p,A)}.

This means that A can be recovered from its support function. Further
note that A is bounded iff supp (p,A) is bounded over {p : ‖p‖ = 1}.

Lemma 5.46. If s is a convex function from Rm to (−∞,∞) that is
positively homogeneous, then it is the support function of a certain
compact and convex set A, namely

A =
⋂

p∈Rm

{x ∈ Rm : x · p ≤ s(p)}.

For multimeasures, the support function plays a particularly useful
role, as can be seen in the following result.

Proposition 5.47. (Scalarization) Let μ be a multimeasure. Then, for
all p ∈ Rm, the set-function μp defined by

μp(A) = supp (p, μ(A))

is a (countably additive) signed measure. If μ is bounded, then so is μp

for all p.

Notice that if 0 ∈ μ(A) for all A, then μp(A) ≥ 0, so μp is a measure
for all p. There is a converse to Proposition 5.47.

Our basic approach to working with a multimeasure is to work with
the collection of its scalarizations.

Proposition 5.48. Let νp, p ∈ Rm be a family of signed measures,
and suppose that the function p �→ νp(E) is convex and positively ho-
mogeneous and that |νp(E)| < ∞ for all E. Define μ by

μ(E) =
⋂

‖p‖=1

{x ∈ Rm : x · p ≤ νp(E)}.

Then μ is a multimeasure and μp = νp for all p.

Proof. We give the idea of how to prove the additive property. For sim-
plicity, we restrict our discussion to the case of two disjoint sets A1, A2.
First, we comment that by Lemma 5.46 and positive homogeneity we
have νp(E) = supp (p, μ(E)) for all p and E ∈ B.

Since each νp is a signed measure, νp(A1 ∪ A2) = νp(A1) + νp(A2).
For x ∈ μ(A1) and y ∈ μ(A2), we see that

(x+ y) · p = x · p+ y · p ≤ νp(A1) + νp(A2) = νp(A1 ∪A2)
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for all p and thus x+ y ∈ μ(A1 ∪A2), so μ(A1) +μ(A2) ⊆ μ(A1 ∪A2).
For the reverse inclusion, suppose that z ∈ μ(A1 ∪ A2) with z �∈

μ(A1) + μ(A2). Since μ(A1) + μ(A2) is a compact and convex set,
there is some p∗ such that

z · p∗ > (x+ y) · p∗ for all x ∈ μ(A1), y ∈ μ(A2).

However, since μ(A1), μ(A2) are compact, there are x∗ ∈ μ(A1) and
y∗ ∈ μ(A2) with x∗ · p∗ = supp (p∗, μ(A1)) = νp∗(A1) and y∗ · p∗ =
supp (p∗, μ(A2)) = νp∗(A2) such that

(x∗ + y∗) · p∗ < z · p∗ ≤ νp∗(A1 ∪A2) = νp∗(A1) + νp∗(A2),

which is a contradiction. ��

5.3.1 Complete space of multimeasures

We now turn to the question of constructing a space of multimeasures
that will be a complete metric space. Our metric is again a modifica-
tion of the Monge-Kantorovich metric, but adapted to the set-valued
situation. We again start with the basic case of X being a compact
metric space.

We will let K(Rm) denote the collection of all nonempty, compact,
and convex subsets of Rm. All multimeasures will take values inK(Rm).
This is not a strong restriction since by the comments above, if μ is
bounded and nonatomic, its values are bounded and convex, so we
simply take closures to obtain compact values.

Definition 5.49. Let Q,K ∈ K(Rm) with Q ⊆ K. Let MQ,K(X,Rm)
denote the set of all Borel multimeasures φ on X such that φ(X) = Q
and φ(E) ⊆ K for all E.

If 0 ∈ φ(E) for all E, then the sets K and Q can be the same, as,
in this case, φ(E) ⊆ φ(X) for all E. Notice that φ(E) ⊆ K implies
that φp(E) ≤ supp (p,K) and thus |φp|(E) ≤ |K| for ‖p‖ = 1, so the
variation of φp is finite and uniformly bounded in p ∈ S1.

Let S1 = {p ∈ Rm : ‖p‖ = 1} denote the unit sphere in Rm.
Recalling the definition of Mq,k(X,R) (Definition 5.3 in Sect. 5.1.1),
it is important to note that φ ∈ MQ,K(X,Rm) and p ∈ S1 together
imply that φp ∈ Mq,k(X,R), where

q = supp (p,Q) and k ≥ supp (p,K).
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Definition 5.50. Let φ, ψ ∈ MQ,K(X,Rm). Define

dMK(φ, ψ) = sup
p∈S1

dMK(φp, ψp)

= sup
p∈S1

sup

{∫
X

f · (dφp − dψp) : f ∈ Lip1(X)

}
.

Theorem 5.51. The space MQ,K(X,Rm) is complete under the met-
ric dMK .

Proof. Since ‖φp‖ ≤ |K| for any φ ∈ MQ,K(X,Rm) and p ∈ S1,
we have by the same inequalities as in Theorem 5.4 that for φ, ψ ∈
MQ,K(X,Rm) ∫

X

fd(φp − ψp) ≤ 2|K| diam(X)

uniformly in p ∈ S1, and thus dMK(φ, ψ) is finite.
If dMK(φ, ψ) = 0, then dMK(φp, ψp) = 0 and thus φp = ψp for all

p ∈ S1. However, as φ(A) and ψ(A) are convex, this means that φ(A) =
ψ(A) (since convex sets are determined by their support functions).
Thus dMK(φ, ψ) = 0 implies that φ = ψ. The converse is simple.

The other properties of a metric are easy to show, so all we have
left to demonstrate is completeness.

Let φn be a Cauchy sequence in MQ,K(X,Rm), so for all ε > 0 there
exists n0 such that for n,m ≥ n0 we have dMK(φn, φm) < ε. From the
definition of dMK , for fixed p, the sequence of scalar signed measures
φp
n is a Cauchy sequence with respect to the dMK metric. Furthermore,

the mass φp
n(X) of each measure φp

n is fixed if p is fixed since

φp
n(X) = sup

l∈φn(X)
l · p = sup

l∈Q
l · p.

So, by the completeness of the space of signed measures with respect
to this metric (Theorem 5.4), we know that φp

n → μp for some signed
measure μp, with convergence in the dMK metric. We also observe that
μp(X) = supl∈Q l · p. For all E ∈ B, we get that

|φq
n(E)| = sup

l∈φn(E)
|q · l| ≤ sup

l∈K
|q · l| ≤ |K|,

and so φq
n(E) is uniformly bounded. This convergence is also uniform

with respect to p by the definition of a Cauchy sequence using the
dMK metric on MQ,K(X,Rm).

Now we wish to show that μp(E) (as p varies over S1) is a support
function for any given E ∈ B. We need only show that, as a function
of p, μp(E) satisfies the following properties for all fixed E ∈ B:
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• p → μp(E) is convex and
• p → μp(E) is positively homogeneous.

The functions p → φp
n(E) (being support functions) are obviously

convex and positively homogeneous (as functions of p for any fixed n
and E). So we get for all α ≥ 0, for p, p1, p2 ∈ Rm, and E ∈ B,

φαp
n (E)− αφp

n(E) = 0

and
φp1
n (E) + φp2

n (E)− φp1+p2
n (E) ≥ 0.

Since these properties are satisfied for all E, taking the limit we get
that p → μp(E) is subadditive and positively homogeneous. This im-
plies that p → μp(E) is convex.

Using similar arguments, one can prove that |μp(E)| ≤ |K| for all
E ∈ B. The function μp(E) is continuous in p for any fixed E ∈ B,
being convex and everywhere finite. We define the set-valued function
φ by

φ(E) =
⋂
q∈S1

{x ∈ Rm : x · q ≤ μq(E)}.

We next observe that

Q ⊆ φ(X) =
⋂
p∈S1

{x : x · p ≤ μp(X)} =
⋂
p∈S1

{x : x · p ≤ sup
l∈Q

l · p}.

If there exists x∗ ∈ φ(X) and x∗ �∈ Q, then, using a standard separation
argument in Rm, we see there exists p∗ such that p∗ · x∗ > p∗ · l for all
l ∈ Q, and taking the maximum, we get p∗ · x∗ > supl∈Q p∗ · l, which
is absurd. So Q = φ(X). On the other hand, φ is a multimeasure and
supp (p, φ) = μp, that is, φn → φ in the dMK metric. ��

It is worth pointing out the fact that the same proof can show
that MQ,k(X,R

m) is complete, where this time the constraints on the
multimeasures μ are μ(X) = Q and |μ(E)| ≤ k for all E. Clearly,
MQ,K(X,Rm) ⊂ MQ,|K|(X,Rm).

Finally, if φn is a sequence of positive multimeasures and φn → φ
in the metric dMK , then φ is positive as well. To see, this just notice
that φ is positive iff φq is a nonnegative measure for all q and that
weak convergence of measures preserves positivity. Thus, if 0 ∈ Q,
the subset of MQ,K(X,Rm) consisting of positive multimeasures is a
closed subspace and hence also complete.
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5.3.2 IFS operators on multimeasures

We now turn to the task of defining appropriate IFS operators on the
complete metric space MQ,K(X,Rm) defined in the previous section.
This task turns out to be rather more delicate than the similar task
for either signed measures or vector-valued measures. The problem
is defining an operator that maps some MQ,K(X,Rm) into itself, so
that there is a possibility of having a fixed point; the conditions for
this are even more restrictive than the corresponding conditions for
either signed or vector-valued measures. As the values of the measures
become more complicated, the self-mapping conditions become more
complicated as well. This is a problem similar to the case of vector-
valued measures and the tangent measure to the von Koch curve, where
the natural IFS operator increases the variation at each iterate. In that
case, one solution (given in Sect. 5.2.5) was to view these “measures”
via their action on the space of Lipschitz functions; recall that the same
type of solution was also used for signed measures (see Sect. 5.1.3).

However, first we present the basic and more restrictive framework,
so we work in the space MQ,K(X,Rm), where X is compact and Q ⊆
K ∈ K(Rm). Take wi : X → X, for i = 1, 2, . . . , N to be Lipschitz with
Lipschitz constants ci. Furthermore, take Ti : R

m → Rm to be linear
and assume that

1.
∑

i TiQ = Q (total mass preservation) and
2.
∑

i∈S TiK ⊂ K for all S ⊆ {1, 2, . . . ,N} (boundedness preserva-
tion).

We define the IFS operator M : MQ,K(X,Rm) → MQ,K(X,Rm) as

Mφ(B) =
∑
i

Ti(φ(w
−1
i (B))). (5.20)

A simple argument will show that if φ ∈ MQ,K(X,Rm), then so is Mφ.
To see the countable additivity of Mφ, it is useful to note that each
Ti is continuous with respect to the Hausdorff metric on K(Rm) since
Ti is linear and thus Lipschitz.

These restrictions on the Ti can be thought of in two ways. First, one
can fix Q and K and ask for all operators of the form (5.20) that will
map MQ,K(X,Rm) to itself. This naturally leads to the restrictions on
T , that is, the conditions that

∑
i TiQ = Q and

∑
i∈S TiK ⊂ K for all

S ⊂ {1, 2, . . . , N}. If 0 ∈ K, then the choice Ti = piI, where {pi} are
a set of probabilities, always works. Of course, this simple structure
might not result in very interesting behaviour for the IFS operator.
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The other view is where we fix Ti and ask for some choice of K and
Q such that the conditions are satisfied. This one is perhaps a bit more
natural in the context of IFS theory. That is, we start with an operator
of interest and then we look for some context (space) in which we can
study the convergence properties of this operator. Notice that if the
conditions are satisfied for K and Q, then because Ti are linear these
conditions are also satisfied for λK and λQ for any λ ∈ R. Thus a
choice of wi and Ti can define an IFS operator on MQ,K(X,Rm) for
many different choices of Q and K, and thus the fixed point of such an
operator will depend on which space MQ,K(X,Rm) we are interested
in, in particular on the choice of K. This is similar to the standard
case of IFS with probabilities where normally we consider probability
measures but we are also free to study positive measures with any
given (fixed) mass.

Notice that if 0 ∈ φ(E) for all E, then 0 ∈ Mφ(E) for all E, as each
Ti is linear. Thus, if φ is positive, then so is Mφ.

Theorem 5.52. For the IFS operator as defined, above we have

dMK(Mφ1,Mφ2) ≤
(∑

i

ci‖Ti‖
)
dMK(φ1, φ2). (5.21)

Proof. First we note that for linear T and convex A we have

sup
q∈S1

supp (q, TA) = sup
x∈TA

sup
q∈S1

q · x = sup
y∈A

‖Ty‖

≤ ‖T‖ sup
y∈A

‖y‖ = ‖T‖ sup
q∈S1

sup
y∈A

q · y

= ‖T‖ sup
q∈S1

supp (q, A).

Now, for a given Lipschitz function f , we have

sup
q∈S1

∫
X

f(x) d [supp (q,Mφ1(x))− supp (q,Mφ2(x))]

= sup
q∈S1

∫
X

f(x) d

[
supp

(
q,
∑
i

Tiφ1(w
−1
i (x))

)

− supp

(
q,
∑
i

Tiφ2(w
−1
i (x))

)]
= sup

q∈S1

∫
X

f(x)
∑
i

d
[
supp (T ∗

i q, φ1(w
−1
i (x)))−supp (T ∗

i q, φ2(w
−1
i (x)))

]
≤ sup

q∈S1

∫
X

{∑
i

‖Ti‖f(wi(y))

}
d [supp (q, φ1(y))− supp (q, φ2(y))] .
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The function f̂ =
∑

i ‖Ti‖f◦wi has Lipschitz factor at most
∑

i ci‖Ti‖.
Thus, when we take the supremum over all functions with Lipschitz
factor 1, we get

dMK(Mφ1,Mφ2) ≤
(∑

i

ci‖Ti‖
)
dMK(φ1, φ2),

as desired. ��

We say that M is average contractive if
∑

i ci‖Ti‖ < 1. As an im-
mediate corollary, we get the following.

Corollary 5.53. Suppose that the operator M is average contractive
on MQ,K(X,Rm). Then there is a unique invariant multimeasure φ ∈
MQ,K(X,Rm) with Mφ = φ.

We now give a few examples of this. We thank John Hutchinson for
the examples of zonotopes.

Example 5.54. Our first example is a very simple type where the multi-
measure is a product of a scalar (probability) measure μ and a compact
and convex set Q. Let Q ∈ K(Rm) be a balanced set (that is, for all
|λ| ≤ 1 we have λQ ⊂ Q). Let X = [0, 1] and wi(x) = x/2 + i/2 for
i = 0, 1. Furthermore, let p0 ∈ (0, 1) and p1 = 1− p0. Define Ti = piI.
Then the invariant multimeasure for the IFS operator

Mφ(B) = T0φ(w
−1
0 (B)) + T1φ(w

−1
1 (B))

satisfies φ(B) = Qμ(B), where μ is the invariant probability measure
for the IFS with probabilities {w0, w1, p0, p1} on X. ��

Example 5.55. Take X = [0, 1] and wi(x) = x/3 + 2i/3 for i = 0, 1.
Furthermore, let

T0(x, y) =

(
α 0
0 1− α

)(
x
y

)
, T1(x, y) =

(
1− α 0
0 α

)(
x
y

)
,

with 1/2 < α < 1. Finally, take Q = K = [0, 1]2. Clearly T0(Q) +
T1(Q) = Q. The invariant multimeasure φ is supported on the standard
1/3-Cantor subset of [0, 1], and the values are rectangles that are more
“vertical” to the left and more “horizontal” to the right. ��
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Figure 5.9 illustrates two multimeasure attractors of IFS Markov
operators. The first image in the figure, the ”circular” one, is as in
Example 5.54 where Q ⊂ R2 is the unit disk, p0 = 0.3, and p1 = 0.7.
The second image, the “rectangular” one, is as in Example 5.55, with
α = 0.3. However, for both images we use the maps wi(x) = x/2+ i/2,
for i = 0, 1. This differs from Example 5.55 since we obtain a measure
with full support, rather than being supported on a Cantor set. The
image we show is easier to see than one supported on a Cantor set.

Fig. 5.9: Circular and rectangular multimeasures.

Example 5.56. A set Q ⊂ Rm is a zonotope if Q = l1 + l2 + · · · + lp,
where li ⊂ Rm are compact line segments. Many natural convex sets
are zonotopes or can be approximated by zonotopes; see [27, 87]. By
translating, we can assume that li has its midpoint at the origin, so
that li ⊂ Q and Q = −Q. Let Q = l1+ l2+ · · ·+ lp ⊂ Rm be a zonotope
as above, and let Pi : R

m → Rm be the orthogonal projection onto the
subspace spanned by li. Furthermore, let αi = |li|/|PiQ| where | · |
denotes the diameter, and let Ti = αiPi. Note that αi < 1. Then
li = TiQ, so

∑
i TiQ = Q. Let K = Q.

Take any IFS maps wi : X → X for i = 1, 2, . . . , N with contraction
factors ci, and take βi,j ∈ [0, 1] with

∑
j βi,j = 1. Define Ti,j = βi,jTi

such that Ti =
∑

j Ti,j . Notice that Q =
∑

i,j Ti,jQ. Finally, we define

M on MQ,Q(X,Rm) by

Mφ(B) =
∑
i,j

Ti,jφ(w
−1
j (B)).

By a simple calculation, we see that M is average contractive if∑
i ciαi < 1. ��
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5.3.2.1 IFS with condensation

We can also define a type of IFS with condensation on multimeasures.
We briefly indicate a possible construction. In addition to the wi and
Ti from (5.20), we also have an additional multimeasure ψ and an
additional linear map T0. We define the operator as

Mφ(B) = T0(ψ(B)) +
∑
i

Tiφ(w
−1
i (B)). (5.22)

If φ ∈ MQ,K(X,Rm), we need to ensure Mφ ∈ MQ,K(X,Rm) as well.
The conditions for this are:

1.
∑

i TiQ+ T0ψ(X) = Q.
2.
∑

i TiK + T0K ⊆ K.
3. ψ(X) ⊆ K.

The contractivity conditions for such an operator are the same as for
(5.20). The possibility of choosing ψ adds flexibility to the type of
invariant multimeasures one can construct with this type of operator.

As is usually the case with IFS operators with condensation, it is
sometimes useful to think of the operator M as

Mφ = Aφ+ ψ̂,

where A is the “linear” part of M and ψ̂ = T0ψ. Then, assuming the
operator is contractive, the fixed point φ of M can be thought of as

φ = ψ̂ +Aψ̂ +A2ψ̂ +A3ψ̂ + · · · = (I −A)−1ψ̂,

where the sum is thought of in the appropriate fashion.

5.3.3 Generalizations for spaces of multimeasures

In this section, we briefly give some results and definitions for the
situation where the space X is not compact and/or the operatorM does
not preserve boundedness. In the latter case, we again consider a wider
class of “multimeasures” as bounded linear operators on the space
of Lipschitz functions, as in Sects. 5.1.3 and 5.2.5. Again our basic
approach will be to work with the scalarizations of the multimeasure.

We know that Lip(X,R)∗ is complete, being the dual space of a
Banach space. Consider the space

L(S1,Lip(X,R)∗) = {Φ : S1 → Lip(X,R)∗ : ‖Φq‖Lip∗ < ∞, ∀q ∈ S1}.
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On this space, we place the norm

‖Φ‖Lip∗ := sup
q∈S1

‖Φq‖Lip∗ . (5.23)

Clearly L(S1,Lip(X,R)∗) is complete under this norm. Each multi-
measure φ ∈ MQ,K(X,Rm) naturally induces an element of Φ ∈
L(S1,Lip(X,R)∗) via

Φq(f) =

∫
X

f(x) dφq(x).

However, clearly the map Ξ : MQ,K(X,Rm) → L(S1,Lip(X,R)∗) is
not surjective (though it is continuous, linear, and injective). Notice
that the image depends on both Q andK. A necessary condition for an
element Φ ∈ L(S1,Lip(X,R)∗) to be associated with a multimeasure
is given by the conditions in Lemma 5.46. That is, fix f ∈ Lip(X,R).
Then the function Rm → R given by

q �→ Φ(f)q̂, q̂ = q/‖q‖, (5.24)

should be convex and positively homogeneous. Notice that if Φn ∈
L(S1,Lip(X,R)∗) is a sequence that satisfies (5.24) and if Φn converges
to Φ in ‖ · ‖Lip∗ , then Φ will also satisfy (5.24).

Finally, as usual we need a mass preservation condition, so for a
fixed set Q ∈ K(X) we define

LQ(X,R
m) = {Φ ∈ L(S1,Lip(X,R)∗) : Φq(1) = supp (q,Q), ∀q ∈ S1}.

Now let wi : X → X and Ti : R
m → Rm be as in the definition of the

IFS operator in (5.20). Take Φ ∈ L(S1,Lip(X,R)∗), and define MΦ as

MΦ =
∑
i

ΦT ∗
i q(f q ◦ wi),

where f q : X → R is Lipschitz for each q ∈ S1. Then MΦ ∈
L(S1,Lip(X,R)∗) as well (as is straightforward to show). Furthermore,
as in the case of (5.20), if Φ ∈ LQ(X,R

m), then so is MΦ.

Theorem 5.57. The operator M as defined above satisfies

‖MΦ−MΨ‖Lip∗ ≤
(∑

ci‖T ∗
i ‖
)
‖Φ− Ψ‖Lip∗ .
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Proof. The scheme of the proof is the same as in the other simpler
cases. First we observe that if Φ, Ψ ∈ LQ(X,R

m), then Φq(c) = Ψq(c)
and thus

‖Φ− Ψ‖Lip∗ = sup
q∈S1

sup{Φq(f)− Ψ q(f) : ‖f‖Lip ≤ 1}

= sup
q∈S1

sup{Φq(f)− Ψ q(f) : f ∈ Lip1(X)}.

We next observe that f ∈ Lip1(X). Then the Lipschitz constant of

f̂ =
∑

i ‖T ∗
i ‖f ◦ wi is at most

∑
i ‖T ∗

i ‖ci. ��

It is also possible to deal with noncompact X by adding a type of
first-moment condition on the multimeasures. That is, as before, we
have Q ⊂ K ∈ K(Rm) and we define MQ,K(X,Rm) to be the set of all
multimeasures on X such that

1. φ(X) = Q;
2. φ(E) ⊆ K for all E;
3. there is some setD ∈ K(Rm) and an a ∈ X such that

∫
X f(x)dφ(x) ⊆

D for all f ∈ Lip1(X) with f(a) = 0.

The last condition is the first-moment type condition. This translates
into a type of uniform tightness condition for the collection of scalar-
izations φq. Following the same general pattern as before, it is possi-
ble to prove completeness. We can also combine the construction for
“generalized multimeasures” (as elements of LQ(X,R

m)) with a first-
moment condition to obtain a general construction on noncompact X.
The details are left to the references.

5.3.4 Union-additive multimeasures

The second type of set-valued measures we consider are those that are
additive in a different way. Instead of using a pointwise (Minkowski)
sum of a collection of sets, we use the union of the collection. This sim-
ple modification results in a considerable change in the theory of these
measures, simplifying much of the analysis and vastly generalizing the
range of behaviour. However, the resulting union-additive multimea-
sures are quite different from the usual measures and are not really
properly thought of as direct generalizations of scalar measures.

All our results on union-additive multimeasures are based on the
paper [106].
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Let Ω be a complete metric space and B be its Borel σ-algebra. Ad-
ditionally, let X be another complete metric space with H(X) (again)
the collection of all nonempty compact subsets of X under the Haus-
dorff metric dH.

For a set B ⊆ X, recall our notation of ε-dilation of B as Bε = {x ∈
X : d(x,B) < ε}. One way of characterizing the Hausdorff distance is

dH(A,B) < ε iff A ⊆ Bε and B ⊆ Aε.

We begin with a simple proposition.

Proposition 5.58. Let An ⊆ X be compact, and suppose that S =⋃∞
n=1An is compact. Let Sn =

⋃n
i=1Ai. Then Sn → S in the Hausdorff

metric.

Proof. Let ε > 0 be fixed. Obviously, for all n,

Sn ⊆ S ⊆ Sε.

On the other hand, the collection {(Sn)ε}n∈N is an open cover for
the compact set S, so there is some n0 such that

S ⊆ (Sn)ε

for all n ≥ n0. ��

A union-additive multimeasure is a set-valued function φ : (Ω,B) →
H(X), with the one exception that we require that φ(∅) = ∅. Thus,
φ(B) ⊆ X is compact and nonempty for all nonempty B. For additivity,
let Ai ∈ B be pairwise disjoint. We require that any union-additive
multimeasure φ satisfy

φ

( ∞⋃
i=1

Ai

)
= lim

n

n⋃
i=1

φ(Ai) =

∞⋃
i=1

φ(Ai), (5.25)

where we take the limit in the Hausdorff metric. The Hausdorff limit
is necessary since in general a countable union of compact sets need
not be compact. Notice that since φ(Ω) ∈ H(X) and φ(Ai) ⊆ φ(Ω)
we have

⋃
i φ(Ai) ⊆ φ(Ω), and thus the closure above will result in a

compact set. This and Proposition 5.58 explain why the closure is the
Hausdorff limit.

One interesting difference between union-additive multimeasures
and the usual measures is the fact that it is equivalent to asking that
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countable union-additivity (5.25) hold for any sets Ai, not necessar-
ily only those pairwise disjoint. For the case of the usual measures,
additivity is only guaranteed to hold for disjoint sets.

There is another useful way to look at union-additive multimea-
sures. The collection B of Borel subsets of Ω ordered under inclusion
is a lattice, as is H(X). A join homomorphism from B to H(X) is an
order-preserving map φ : B → H(X) for that φ(A∪B) = φ(A)∪φ(B).
This is the same condition as that for a finitely union-additive multi-
measure. Thus, a countably union-additive multimeasure is simply a
join homomorphism which preserves countable joins.

We now define the collection of multimeasures of interest.

Definition 5.59. Denote by UA(Ω,X) the collection of countably
union-additive multimeasures with φ(∅) = ∅ and φ(A) ∈ H(X) for
all nonempty A ∈ B.

Constructing union-additive multimeasures is simple. One general
method goes as follows. Let f : Ω → X be any function with f(Ω) ⊆ X

compact, and define φ(A) = f(A). Then φ(∅) = ∅ and, for any set

A ⊆ Ω, we have φ(A) ∈ H(X). Furthermore, f(A ∪B) = f(A) ∪ f(B)
and so, by Proposition 5.58,

φ

( ∞⋃
i=1

Ai

)
= f

( ∞⋃
i=1

Ai

)
= lim

N

N⋃
i=1

f(Ai) = lim
N

N⋃
i=1

φ(Ai) =
∞⋃
i=1

φ(Ai),

and thus φ is countably union-additive. One can even use a multifunc-
tion f : Ω ⇒ X and define

φ(A) =
⋃
a∈A

f(a).

Not every φ ∈ UA(Ω,X) is of this form, however. As an example,
consider X = Ω = R with φ(∅) = ∅, and φ(F ) = {1} for any countable
set F , and φ(A) = [0, 1] for any uncountable Borel set A. In Sect. 5.3.5,
we provide another general construction method using the theory of
IFSs.

Having specified our class of multimeasures, we now define a metric
under which UA(Ω,X) will be complete. We define

d̂H(φ1, φ2) = sup
∅�=A∈B

dH(φ1(A), φ2(A)) (5.26)

(thus, d̂H is a metric of uniform convergence for measures in UA(Ω,X)).
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Theorem 5.60. The space(UA(Ω,X), d̂H) is a complete metric space.

Proof. Let φn be a Cauchy sequence of measures in (UA(Ω,X), d̂H).
We define the set-valued function φ by taking φ(∅) = ∅ and, for each
nonempty A ∈ B, φ(A) = limn φn(A) in the Hausdorff metric on X.
Since H(X) is complete under the Hausdorff metric, this limit exists.

We must show that φ is an element of UA(Ω,X). Clearly, for each
nonempty A we have that φ(A) is nonempty and compact since each
φn(A) is nonempty and compact and the Hausdorff limit preserves
these properties.

Let Ai ∈ B be pairwise disjoint and nonempty. From the hy-
potheses, we have that for any ε > 0 there exists m0(ε) such that
dH(φm(A), φ(A)) < ε/2 for all m ≥ m0. But this means that φm(A) ⊆
(φ(A))ε/2 and φ(A) ⊆ (φm(A))ε/2. Because of the supremum in the
definition of dH, these inclusions can be true for all Ai with the same
m0. Then

∞⋃
i=1

φm(Ai) ⊆
∞⋃
i=1

(φ(Ai))ε/2 ⊆
( ∞⋃

i=1

(φ(Ai)

)
ε

and
∞⋃
i=1

φ(Ai) ⊆
∞⋃
i=1

(φm(Ai))ε/2 ⊆
( ∞⋃

i=1

(φm(Ai)

)
ε

.

This means that dH(
⋃∞

i=1 φ(Ai),
⋃∞

i=1 φm(Ai)) < ε and thus

lim
n

lim
m

n⋃
i=1

φm(Ai) = lim
m

lim
n

n⋃
i=1

φm(Ai).

But this gives

φ

( ∞⋃
i=1

Ai

)
= lim

m
φm

( ∞⋃
i=1

Ai

)
= lim

m
lim
n

φm

(
n⋃

i=1

Ai

)

= lim
m

lim
n

n⋃
i=1

φm(Ai) = lim
n

lim
m

n⋃
i=1

φm(Ai)

= lim
n

n⋃
i=1

lim
m

φm(Ai) = lim
n

n⋃
i=1

φ(Ai),

which is what we wished to prove. ��



206 5 IFS on Spaces of Measures

5.3.5 IFS on union-additive multimeasures

It is simpler to define an IFS operator on union-additive multimeasures
than on regular (Minkowski) additive multimeasures. The construction
is more “geometrical” and the restrictions are less rigid.

As usual, let wi : Ω → Ω for i = 1, 2, . . . , N . However, in this
case, we only require that the wi map Borel sets to Borel sets (so
continuous is more than enough). Furthermore, let Ti : H(X) → H(X)
be contractions with contractivity factor ki and such that

Ti

( ∞⋃
n=1

An

)
=

∞⋃
n=1

Ti(An)

for disjoint An. This condition on Ti is easily met; for example, if
Ti(A) = ti(A) for some contractive ti : X → X. We are not requiring
any of the wi to be contractive.

We define two different types of operators M : UA(Ω,X) →
UA(Ω,X). For the first one, we assume that

⋃
iwi(Ω) = Ω, so that

Ω is the attractor of the IFS {wi}. In particular, for any nonempty
S ∈ B, we have w−1

i (S) �= ∅ for at least one i. In this case, we define

M1φ(B) =
⋃

w−1
i (B)�=∅

Ti(φ(w
−1
i (B))), ∅ �= B ∈ B. (5.27)

For the second type, we make no additional assumption on the maps
wi but in addition we take some fixed ψ ∈ H(X) and define

M2φ(B) = ψ(B) ∪
⋃

w−1
i (B)�=∅

Ti(φ(w
−1
i (B))), ∅ �= B ∈ B. (5.28)

In both cases, we see that since this is a finite union we have no need
to take a Hausdorff limit of the union. Also notice we can simplify the
formulas if we extend each Ti by defining Ti(∅) = ∅, and then, for
example, we can write (5.27) as

M1φ(B) =
⋃
i

Ti(φ(w
−1
i (B))).

Clearly Mjφ(∅) = ∅ for either Markov operator. Take ∅ �= S ∈ B.
Then, in (5.27) we have w−1

i (S) �= ∅ for at least one i and thus
M1φ(S) �= ∅. For the M2 as defined in (5.28), we have ψ(S) �=
∅, so again M2φ(S) �= ∅. The fact that Mjφ is countably union-
additive follows from the assumptions on Ti. Thus, in either case,
Mj : UA(Ω,X) → UA(Ω,X).
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Theorem 5.61. Let k = maxi ki be the maximum of the contractivities
of the operators Ti. Then

d̂H(Mjφ1,Mjφ2) ≤ kd̂H(φ1, φ2).

Proof. Let A ∈ B. Then, starting with M1, we have

dH(M1φ1(A),M1φ2(A)) = dH

(⋃
i

Ti(φ1(w
−1
i (A))),

⋃
i

Ti(φ2(w
−1
i (A)))

)
≤ max

i
dH(Ti(φ1(w

−1
i (A))), Ti(φ2(w

−1
i (A))))

≤ kmax
i

dH(φ1(w
−1
i (A), φ2(w

−1
i (A))))

≤ k d̂H(φ1, φ2)

and thus
d̂H(M1φ1,M1φ2) ≤ kd̂H(φ1, φ2),

as desired.
For M2, we notice that

dH(A ∪ S,B ∪ S) ≤ max{dH(A,B), dH(S, S)} = dH(A,B)

for any A,B, S ∈ H(X), and thus the contractivity factor for M2 is
similarly obtained. ��

Example 5.62. Our first example is one where the values of the fractal
multimeasure are subsets of some fractal. Let Ω = [0, 1] and X =
[0, 1]× [0, 1]. We let wi : [0, 1] → [0, 1] be defined by wi(x) = x/3+ i/3
for i = 0, 1, 2 and Ti : X → X be defined as

T0(x, y) = (x/2, y/2), T1(x, y) = (x/2 + 1/2, y/2),
T2(x, y) = (x/2, y/2 + 1/2).

Since [0, 1] = w0([0, 1]) ∪ w1([0, 1]) ∪ w2([0, 1]), the maps wi satisfy
the conditions necessary to define M1 using (5.27).

The attractor for the IFS {w0, w1, w2} is [0, 1] while the attractor
for the IFS {T0, T1, T2} is the classical Sierpinski gasket, G.

Using these to define a Markov operator, we get the fixed-point
multimeasure φ. This multimeasure has the property that, for all Borel
S ⊆ [0, 1],

φ(S) = {x ∈ G : the address of x (represented in ternary) ∈ S}.

��
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Example 5.63. For our next example, we take Ω = X = [0, 1], w0(x) =
x/3, w1(x) = x/3 + 2/3 (so that the attractor of the IFS {w0, w1} is
the classical Cantor set), and T0(x) = px and T1(x) = (1− p)x+ p (so
that the attractor of the IFS {T0, T1} is [0, 1]) for some 0 < p < 1.

As the attractor of {w0, w1} is the Cantor set, we must use (5.28) to
define the Markov operator. We are free to choose any ψ ∈ UA(Ω,X)
for this, and for each different choice we are likely to get a different fixed
point. A simple choice is to select some fixed S0 ∈ H(X) and define
ψ(B) = S0 for all nonempty B. For a specific choice, let S0 = {0}.

In this case, the fixed-point multimeasure φ has the property
that φ(S) ⊆ [0, 1], and the Lebesgue measure λ of φ(S) could be
thought of as some sort of “probability” of the set S. For instance,
λ(φ([0, 1/3])) = λ([0, p]) = p, λ(φ([1/3, 2/3])) = λ(∅) = 0, and
λ(φ([2/3, 1])) = λ([p, 1]) = 1− p.

Furthermore, {0} ⊆ φ(B) for any nonempty B, and φ(B) = {0} if
the intersection of B with the Cantor set is empty. ��

5.3.5.1 IFS operators with infinitely many maps

This framework easily allows one to deal with IFS operators with in-
finitely many maps wi and Ti. The setup is similar to that in Sect.
2.6.4. We have Ω a complete metric space and Λ and X compact met-
ric spaces. The space Λ is used as the “indexing” space for the infinite
IFS operator. We suppose that w : Λ × Ω → Ω with w−1

λ mapping
Borel sets to Borel sets for all λ. Finally, take T : Λ × H(X) → H(X)
with Tλ : H(X) → H(X) Lipschitz for each λ. For convenience, as be-
fore, we extend the definition of T by defining Tλ(∅) = ∅ for all λ.
Finally, we also need the condition that for each λ we have

Tλ

(⋃
n

An

)
=
⋃
n

Tλ(An)

for all sequences of disjoint An (where the implied limit in the union
is in the Hausdorff metric on H(X)).

Using these data, we define two operators Mj : UA(Ω,X), in a
fashion analogous to (5.27) and (5.28), by

M1(φ)(B) =
⋃
λ

Tλ(φ(w
−1
λ (B))) (5.29)

and
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M2(φ)(B) = ψ(B) ∪
⋃
λ

Tλ(φ(w
−1
λ (B))), (5.30)

where in the union over Λ the limit is taken in the Hausdorff metric
on H(X).

We use the same metric, d̂H, and by an argument similar to Theo-
rems 5.60 and 5.61 we get the following result.

Theorem 5.64. Suppose that 0 < k < 1 is a uniform upper bound
for the Lipschitz constant of Tλ over λ ∈ Λ. Then Mj : UA(Ω,X) →
UA(Ω,X) and

d̂H(Mjφ1,Mjφ2) ≤ kd̂H(φ1, φ2).

5.3.6 Generalities on union-additive multimeasures

In the most basic sense, an IFS with probabilities performs a recur-
sive partitioning of probability (total mass of 1) over some recursively
defined set. So, an ultimate generalization of an IFS with probability
would be to define some set of operators that perform a recursive par-
tition of some underlying structure. We briefly outline this abstract
view and give some examples of general constructions along this line.

Let Ω and X be sets. Our “multimeasures” will take as input subsets
in some algebra A of subsets of Ω (an algebra, not necessarily a σ-
algebra). The output of the multimeasure will be subsets of X, that
will represent parts of a recursively defined partition of X.

So, let wi : Ω → Ω be (somewhat arbitrary) functions and Ti :
Pow(X) → Pow(X) be functions that satisfy

1.
⋃

i Ti(S) = S for all S ∈ A,
2. Ti(S) ∩ Tj(S) = ∅ for all S ∈ A, i �= j, and
3. Ti(A ∪B) = Ti(A) ∪ Ti(B) for all A,B ∈ A and i.

Clearly, properties 1 and 2 ensure that {Ti(S)} is a partition of S for
any appropriate S. Property 3 will ensure that if φ is union-additive,
then so is Mφ.

Define our “operator” M by

Mφ(B) =
N⋃
i=1

Ti(φ(w
−1
i (B))). (5.31)

Then any fixed point ofM is a self-similar recursively defined partition-
valued multimeasure. In particular, once we have specified the value
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of φ(Ω), (5.31) will recursively define the values of the fixed point φ
on sets of the form

wi1 ◦ wi2 ◦ . . . ◦ wik(Ω), some i1, i2, . . . , ik ∈ {1, 2, . . . , N}, (5.32)

and thus any fixed point of M will be uniquely defined on the algebra
of sets generated by sets of this form. However, in general there is no
reason to believe that a fixed point φ is countably union-additive.

We will say that an algebra A of subsets of Ω is {wi}-compatible if
for all A ∈ A and all sequences i1, i2, . . . , ik ∈ {1, 2, . . . , N} we have

wi1 ◦ wi2 ◦ · · · ◦ wik(A) ∈ A.

Choosing some {wi}-compatible algebra A, define UFA(Ω,X) as
the collection of all finitely union-additive multimeasures from (Ω,A)
to Pow(X). With this notation, it is clear thatM as defined in equation
(5.31) defines a linear operator M : UFA(Ω,X) → UFA(Ω,X).

We end our discussion of multimeasures with two examples that are
variations on this type of generalization.

Example 5.65. Let Ω = X = [0, 1], wi(x) = x/2 + i/2, and Ti(x) =
x/2 + i/2 for i = 0, 1. Then the fixed-point multimeasure φ satisfies
φ(S) = S for any S ⊆ [0, 1]. This is clearly a rather silly example. It
can be made slightly more interesting by defining T0(x) = x/2 + 1/2
and T1(x) = x/2. To describe the invariant multimeasure φ, we need
to define an auxiliary function. Let τ : [0, 1] → [0, 1] be defined by
the ith binary digit of τ(x) as 1 iff the ith binary digit of x is 0 (and
similarly for 0 and 1). That is, τ “flips” all the binary digits of x.
Using τ , we see that φ(S) = τ(S). Actually, these situations fall into
the framework of (5.27) with each Ti contractive with contractivity
factor 1/2, and thus the fixed point is unique and is a countably union-
additive multimeasure.

Another slightly different example is Ω = [0, 1], with the same wi

but X = N∪{0}, the set of whole numbers. Then we define T0(x) = 2x
and T1(x) = 2x + 1 (such that T0(X) = 2X and T1(X) = 2X + 1, the
sets of even and odd numbers, respectively). The operator M in this
case first partitions X into even and odd, then into the modular four
classes, then modular eight, modular sixteen, and so on.

Interestingly, this example can also be put into the framework of the
Markov operator (5.27). To do this, we recall some facts about 2-adic
numbers (see [145]). We place the metric d2 on X by setting

d2(n,m) = 2−k whenever n−m = a2k with gcd(a, 2) = 1.
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Using this metric, d2(Ti(n), Ti(m)) = (1/2)d2(n,m), so the two maps
Ti are contractive. However, X is not complete under this metric. The
completion of X is contained in the set of 2-adic integers (call this Z2),
which can be viewed as formal infinite sums of the form

∑∞
n=1 an2

n.
It turns out that Z2 is not only complete but also compact.

The two maps Ti can be extended naturally to Z2 and T0(Z2) and
T1(Z2) form a partition of Z2 just as T0(X) and T1(X) formed a parti-
tion of X. Thus, the unique fixed point of the operatorM is a countably
union-additive multimeasure with values in H(Z2). ��
Example 5.66. The “partition” can also be in the sense of a direct
sum in the context of a vector space. Let Ω be a complete metric
space and H be a vector space. We let wi : Ω → Ω be contractive
and Ti : H → H be linear and injective and satisfy

∑
i Ti = I (the

identity) and Ti(H) ∩ Tj(H) = {0}. These conditions ensure that the
Ti “partition” the space H into a direct sum of the subspaces Ti(H).

Our multimeasures will be defined on the Borel σ-algebra of Ω and
take values as linear subspaces of H. We define the IFS “operator” M
by

Mφ(B) =
∑
i

Ti(φ(w
−1
i (B))).

As above, for each n, we get a direct-sum decomposition of H as

H =
∑

Ti1 ◦ Ti2 ◦ · · · ◦ Tin(H),

where the sum is over all sequences ij. Furthermore, the multimeasure
φ maps the Borel set

B = wi1 ◦ wi2 ◦ · · · ◦ win(Ω)

to the subspace
Ti1 ◦ Ti2 ◦ · · · ◦ Tin(H).

As a more concrete example of this situation, we let wi(x) = x/2 +
i/2 for i = 0, 1, and H = L2[0, 1] and Ti(f) = f ◦ w−1

i (so that T0(f)
is supported on [0, 1/2] and T1(f) is supported on [1/2, 1]). The fixed
point of M is then the multimeasure

φ(S) = {f ∈ L2[0, 1] : f is supported on S}.
Another (and more interesting) example of this construction is

where we again have wi(x) = x/2 + i/2 but have H = L2(R), and
T0 as the “high-pass filter,” and T1 the “low-pass filter” from a two-
scale MRA (multiresolution analysis) associated with a wavelet basis.
These T0, T1 satisfy the recursive partitioning conditions, so the invari-
ant multimeasure φ is a subspace-valued measure that is compatible
with the wavelet basis. ��
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5.3.7 Extension of finitely union-additive
multimeasures

One might wish to use the standard procedures to extend a finitely
union-additive multimeasure to a countably union-additive multi-
measure. Unfortunately, this does not work in general. Given φ ∈
UFA(Ω,X), it is certainly possible to define an “outer measure” φ∗
on Pow(Ω) by

φ∗(S) =
⋂{ ∞⋃

i=1

φ(Ai) : S ⊆
∞⋃
i=1

Ai, Ai ∈ A
}
,

where S ⊆ Ω (the intersection acts like taking the infimum). The
following properties are easy to verify:

1. φ∗(∅) = ∅.
2. A ∈ A implies that φ∗(A) ⊆ φ(A).
3. A ⊆ B implies that φ∗(A) ⊆ φ∗(B).
4.
⋃∞

n=1 φ
∗(Bn) ⊆ φ∗(

⋃∞
n=1Bn).

Notice that the last property has the opposite inclusion of the usual
countable additivity.

However, φ∗ is not necessarily an extension of φ. To see this, let
Ω = X = N, and let A be the algebra generated by the finite subsets of
Ω (so A consists of finite and cofinite subsets of N). We define φ(∅) = ∅
and φ(F ) = {1} for any finite set F and φ(N) = φ(C) = {0, 1} for any
cofinite set C. Then it is easy to see that φ∗ will satisfy φ∗(∅) = ∅ and
φ∗(F ) = {1} for any finite set F and φ∗(I) = {1} for any infinite set
I. Thus, φ∗ does not agree with φ, even on the algebra A.



Chapter 6

The Chaos Game

We saw the chaos game in Chapter 2, where it was introduced first
as a means of generating an image of the attractor of an IFS in R2.
In this chapter, we will see several other things one can do with the
chaos game. First we will modify the chaos game to obtain a way
of generating approximations of the invariant function for an IFSM
(see Chapter 3 for the basic properties and results about an IFS on
functions). Our modification is inspired by work of Berger [21, 22, 23],
who constructed a chaos game for generating the graph of a wavelet.
Our next topic will extend the work of Berger and will generate both a
wavelet analysis and a wavelet synthesis. That is, using a chaos game,
we can compute the coefficients, in a wavelet expansion of a given L2

function f and, conversely, given these coefficients we can use a chaos
game to generate approximations to the function f . Finally we also
extend the chaos game to the set-valued setting, constructing a chaos
game for generating an approximation to multifunctions as well as for
multimeasures.

The chaos game is an example of the iteration of random functions,
where you have a dynamical system whose dynamics is generated by
more than one function. There is a substantial body of research in
this area, as it has strong connections with the theory of stochastic
processes, in particular Markovian processes. The survey paper by Di-
aconis and Freedman [47] is a good overview of this area and a good
place to see some further applications.

H. Kunze et al., Fractal-Based Methods in Analysis,  
DOI 10.1007/978-1-4614-1891-7_ , © Springer Science+Business Media, LLC 2012 
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6.1 Chaos game for IFSM

The simplest way of thinking of using a chaos game for an IFS on
functions would be to think about the function in terms of its graph
and then use a “geometric” IFS in one higher dimension to render
an image of the graph of the function (this is the approach used in
fractal interpolation functions; see [15]). This only works, however, if
the IFS that generates the function is nonoverlapping. Otherwise it is
not clear how to combine the different parts of the IFS. Instead of this
geometric view, we use the IFSM operator more directly and generate
a type of piecewise approximation to the function, but this piecewise
approximation is a function, not a geometric set.

We will present two different versions of the chaos game for an IFS
on functions. The first one requires a rather strong condition on the
IFS maps {wi}: we require them to be an IFS partition of the domain
X. The second requires a strong condition on the grey-level maps {φi}:
we require them to be affine. The material in this section is based on
[62].

The basic theory and notation for an IFS on functions (IFSM) is
presented in Sect. 3.2.

6.1.1 Chaos game for nonoverlapping IFSM

We start out by assuming that X is a set and that the IFS geometric
maps {wi} form an IFS partition of X. That is, we assume that X =
∪iwi(X) and wi(X) ∩ wj(X) = ∅ if i �= j. We are not making any
assumptions on the set X or any contractivity assumptions on wi.
However, we do assume that each φi : R → R is contractive. This is
the setup from Sect. 3.2.1. Let f : X → R be the fixed point of the
resulting IFSM operator. Recall from (3.2) that

f(x) = lim
n

φσ1 ◦ φσ2 ◦ · · · ◦ φσn(t)

for any t, where σ is the code that corresponds to the point x ∈ X.
To get our approximation to f , we choose some partition {Bi} of

X. Associated with each Bi is a “cumulative sum” variable Si, which
will initially be set to 0. The only requirement we impose on the Bi is
that a−1(Bi) ⊂ Σ be closed for each i. Since Σ is compact, this means
that each a−1(Bi) is in fact compact, so they are strictly separated by
a positive distance. Choose {pi} to be any set of probabilities (later
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we will specialize and specify each pi). The collection of pi induces the
product measure P on Σ, which in turn induces a measure μ on X,
the push-forward of P on Σ via the address map a : Σ → X.

Our first algorithm is described as follows:

1. Initialize x0 = a(1, 1, 1, 1, . . .), the image of the point (1, 1, 1, . . .) ∈
Σ under a.

2. Initialize u0 to be the fixed point of φ1. Alternatively, u0 can be
set to be φ◦m

1 (1) for some large value of m, so that u0 is sufficiently
close to the fixed point of φ1.

3. Initialize the sum Sj0 = u0, where x0 ∈ Bj0 .
4. Choose a pair (wσ0 , φσ0), σ0 ∈ {1, 2, . . . , N}, according to the prob-

abilities pi.
5. Set x1 = wσ0(x0) and u1 = φσ0(u0).
6. Increment the sum Sj1 by u1, where x1 ∈ Bj1 .
7. Continue in this way by returning to step 4 above,

xn+1 = wσn(xn), un+1 = φσn(un), σn ∈ {1, 2, 3, . . . ,N},
where σn is chosen according to the probabilities pi and then by
updating the appropriate Sjn+1 .

Proposition 6.1. For each k ∈ {1, 2, . . . ,K},
Sk

n
→
∫
Bk

f(x) dμ(x) as n → ∞, (6.1)

where μ is the push-forward measure under the address map a : Σ → X

of the product measure P on Σ. Thus, Sk
nμ(Bk)

converges to the μ-

average value of f over Bk.

Proof. From the two assumptions that the maps φi are contractive
and that the sets wi(X) are nonoverlapping, it follows that un ≈ f(xn)
and, in fact, that |un − f(xn)| → 0. Let Ik denote the characteristic
function of Bk. Then, at the nth stage of this chaos game, we have

Sk

n
≈ 1

n

∑
m≤n

Ik(xm)f(xm)

and thus by the ergodic theorem (see [53]) the result follows. ��
Proposition 6.2. Let Pn be a nested sequence of finite partitions of
X with a−1(S) ⊂ Σ compact for all S ∈ Pn and with

{x} =
⋂

{S : x ∈ S, S ∈ Pn} (6.2)

for all x ∈ X. Let f̄n be the μ-average value function of f associated
with Pn. Then f̄n converges pointwise μ almost everywhere to f .
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Proof. We first note that f̄n is the μ-conditional expectation of f given
Pn. Thus f̄n forms a martingale sequence. Since f is bounded and μ is
a probability measure, this martingale is L1 bounded and thus we get
the pointwise convergence from the martingale convergence theorem
(see [160]). ��

Notice that the condition specified in (6.2) is thought of as requiring
that the partitions Pn limit to a partition consisting of only singletons.
This is a control of the “size” of the elements of the partition Pn.

We can specialize these results a little bit to the case of X ⊂ Rm. In
this case, we can hope that μ will be the Lebesgue measure, which we
will denote by λ. The way to ensure this is to set pi = λ(wi(X))/λ(X).
It is easy to check that with this choice of pi we will have μ = λ, and
then the functions f̄n will be the usual average value function of f over
the partition Pn and we will again obtain pointwise convergence of f̄n
to f .

Thus with our chaos game we can obtain an approximation to any
accuracy (in the Lp sense) by using a sufficiently fine partition of X.
Notice that in this context we can slightly relax the nonoverlapping
condition to μ(wi(X) ∩ wj(X)) = 0, so that the images are measure
disjoint.

6.1.1.1 Limits to this chaos game

It would be natural to try to use some variation of this basic algorithm
for an IFSM whose maps overlap; that is, with wi(X) ∩ wj(X) �= ∅ for
some i and j. However, in general this will not work, as the following
simple example shows. The basic problem is that if there is overlapping,
then in step 2 of the algorithm above it is not guaranteed that un would
be close to f(xn) since f(xn) might be a sum of various contributions
and only one of these will be reflected in the update to un−1.

Example 6.3. Let X = [0, 1] and w1(x) = w2(x) = x/2 and w3(x) =
x/2 + 1/2. Furthermore, let φ1(t) = φ2(t) = 1/2 and φ3(t) = 1. Then
it is easy to see that the fixed-point function of this IFSM is f(x) = 1
for all x ∈ [0, 1]. However, anytime either of the first two maps are
chosen we have that un = φi(un−1) = 1/2. If we let B1 = [0, 1/2] and
B2 = [1/2, 1], then we have∫

B1

f(x) dμ(x) = μ(B1) = p1 + p2.

However, for our accumulation sum S1, we will have
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S1

n
→ p1

2
+

p2
2

=
p1 + p2

2

by the law of large numbers. The problem is, as mentioned above, that
there are two ways of reaching B1 and the value of un does not reflect
the true value of f on B1, only one of these contributions. ��

What this example indicates is that we cannot hope to use this basic
chaos game for an overlapping IFSM.

6.1.2 Chaos game for overlapping IFSM

If we have an overlapping IFSM, the chaos game from the preceding
section will not work to generate approximations to the invariant func-
tion. In this section, we give a modification that will work for some
overlapping IFSM operators. However, there is a rather severe restric-
tion on the IFSM grey-level maps, the φi.

We first present these results in the simple case where X = [0, 1].
This specific restriction is not completely necessary. However, as we
will see, something like it is necessary for our results.

Let {wi, φi} be the maps from an N -map IFSM of the form

wi(x) = six+ ai, φi(t) = αit+ βi, 1 ≤ i ≤ N.

We do not assume that wi(X) ∩ wi(X) = ∅. The associated IFSM
transform then has the form

T (g)(x) =
∑
i

αig

(
x− ai
si

)
χwi(X)(x) +

∑
i

βiχwi(X)(x),

where χS is the characteristic function of the set S. We will collect the
terms in the second sum together into a function β : X → R defined
by

β(x) =
∑
i

βiχwi(X)(x).

This function β is a “condensation function” for the IFSM T . We
assume that αi, βi ≥ 0 and that∑

i

|si|αi < 1,

so that T is contractive in L1(X). Let f ∈ L1(X) be the fixed point of
T . Notice that because of our assumptions on αi and βi we have that
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f(x) ≥ 0 and β(x) ≥ 0 for all x. From the fact that T (f) = f , we get
that

〈f〉 =
∫
X

f(x) dx =

∑
i |si|βi

1−
∑

i |si|αi
. (6.3)

We can also easily compute that

〈β〉 =
∫
X

β(x) dx =
∑
i

|si|βi.

Now, for any Borel subset S ⊂ X, we have∫
S
f(x) dx =

∑
i

αi|si|
∫
w−1

i (S)
f(x) dx+

∫
S
β(x) dx. (6.4)

The strategy of our algorithm for the IFSM T is to think of the right-
hand side of (6.4) as defining an IFS on probabilities, but with a
condensation measure, and then using the usual chaos game for such
probability measures to generate an approximation to f . To do this,
we need to normalize the terms in (6.4). Thus, define the normalized
functions f̄(x) = f(x)/〈f〉 and β̄(x) = β(x)/〈β〉. Dividing both sides
of (6.4) by 〈f〉 and rearranging, we recast (6.4) as an IFSP operator
by defining

Mν(S) =
∑
i

αi|si|ν(w−1(S)) +

[
1−
∑
i

αi|si|
]
θ(S), (6.5)

where S is a Borel set and the probability measure θ is defined by
θ(S) =

∫
S β̄(x) dx. Let μ be the invariant probability measure of the

IFSP Markov operator M . Then we will have

μ(B) =

∫
B
f̄(x) dx,

and so running a chaos game on M should give us an approximation
to f̄ and thus to f . Motivated by (6.5), we set pi = αi|si| for i =
1, 2, . . . , N and p0 = 1−

∑
i αi|si|, so that p0 + p1 + · · ·+ pN = 1.

Again, the starting point is a partition {Bi} of X, this time into
Borel subsets. The sum variables Si are again initialized to be zero.
However, this time Si gives information only about visitation to the
set Bi. The algorithm is:

1. Initialize x0 to be the fixed point of w1 for convenience.
2. Set Sj0 = 1, where x0 ∈ Bj0 .
3. Choose σ1 ∈ {0, 1, 2, . . . , N} according to the probabilities pi. If
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a. σ1 ≥ 1, then define x1 = wσ1(x0), set j1 by x1 ∈ Bj1 , and
increment Sj1 .

b. σ1 = 0, then choose x1 according to the distribution with β̄(x)
as its density. Set j1 by x1 ∈ Bj1 , and increment Sj1 .

4. Continue in this way, choosing the next σn according to the prob-
abilities pi and either (a) setting xn = wσn(xn−1) or (b) sampling
from the distribution with density β̄. Then update the appropriate
Sjn .

At the nth stage, the approximation to f on Bk yielded by the algo-
rithm above is given by

favg(Bk) ≈
1

n

(
Sk

λ(Bk)

)( ∑
i βi|si|

1−
∑

i αi|si|

)
. (6.6)

Proposition 6.4. The approximation given in (6.6) converges to the
average value of f̄ over the set Bk as n → ∞.

Proof. By Proposition 6 in [23], we have Sk/n → μ(Bk), where μ is
the invariant measure of the IFSP with condensation defined in (6.5).
We write the IFSP Markov operator as

Mν(B) = Aν(B) + p0θ(B),

where A is the linear part of M . Thus,

μ =
∑
n

An(θ).

This shows that μ is absolutely continuous with respect to the Lebesgue
measure since each term An(θ) is absolutely continuous and the se-
ries converges absolutely. Since μ is invariant with respect to M , its
Radon-Nikodym derivative (i.e., its density) must also be invariant
with respect to M . By scaling, we obtain the desired result. ��

Again, with a sequence of partitions Pn that converge in the ap-
propriate sense (condition 6.2) is satisfied), we again obtain that f is
the limit of the sequence of approximations. The proof of the following
result is the same as that of Proposition 6.2, so we leave it out.

Proposition 6.5. Let Pn be a nested sequence of finite partitions of
X into Borel sets with the condition (6.2) satisfied. Let f̄n be the μ-
average value function of f associated with Pn. Then f̄n converges
pointwise μ almost everywhere to f .
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The connection between the IFSM and the IFSP with condensation
is only possible because the IFSM operator is affine. It is possible to
generalize a little bit, however.

First, the terms βi in the maps φi can be made to be functions of
x. This will make the function β(x) more complicated than piecewise
constant. It is only necessary for β ∈ L1(X), so it can be thought of as
the density of a measure θ. The nonnegativity condition can also be
relaxed.

Suppose that β ∈ L1(X) but is bounded below on X. Let γ ∈ L1(X)
be a nonnegative function with β(x)+ γ(x) ≥ 0 for all x (it is possible
simply to choose γ(x) to be a constant). Define the IFSM operator T ′,
where

T ′(g) = A(g) + (β + γ), g ∈ L1(X), (6.7)

where we have A(g) =
∑

i αi|si|g◦w−1
i as before. Then T ′ is contractive

with fixed point f ′ ∈ L1(X) given by

f ′ =
∑
n

An(β + γ) =
∑
n

An(β) +
∑
n

An(γ) = f + h,

where f is as before and h is the fixed point for the IFSM operator
Tγ(g) = A(g) + γ. Therefore, f = f ′ − h. We now run two separate
chaos games (as above), one for T ′ and one for Tγ , since they both have
nonnegative condensation functions. We keep two accumulation sum
variables for each Bi and at the end we can compute f by subtracting
the appropriate scaled version of these sums. Notice that in choosing
the σn we can use the same σn for both of these separate chaos games,
since there is no requirement that the two stochastic sequences be
independent.

Finally, we could also generalize to spaces other than X = [0, 1].
What is necessary is to be able to make the link between the two
quantities ∫

S
g(w−1

i (x)) dη(x)

and ∫
S
g(y) dη(wi(y)).

That is, we need some relationship between dη and d(η◦wi). In the case
above, we see that d(wi(x)) = sidx because of the form of the maps wi

and because we are using the Lebesgue measure. This property is key
in being able to interpret the IFSM operator as an operator acting on
densities of measures and thus inducing an IFSP operator. As in Sect.
3.2.2, two broad classes of examples of this type of link are where either
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μ is the d-dimensional Hausdorff measure and each φλ is a similarity
(in which case dμ(wi(x)) = cdλdμ(x)) or X is the attractor of the IFS
{wλ} and μ is the attractor of the IFSP {wλ, dP (λ)} (in which case
dμ(wλ(x)) ≤ dP (λ)dμ(x)).

6.2 Chaos game for wavelets

In this section, we present chaos game algorithms for wavelets. First we
discuss an algorithm due to M. Berger [21, 22, 23], that will generate
an approximation to the graph of a wavelet function. This algorithm
is similar in spirit to our chaos game for an IFSM presented in the
previous section. After discussing Berger’s algorithm, we present an
algorithm that will “mix” chaos games for several wavelets (all of which
are translations and dilations of a single “mother” wavelet) in order
to generate a chaos game approximation for a generic function in L2.
Finally, we present a version of the chaos game that will compute the
coefficients in a wavelet expansion. The results and discussion of this
section primarily come from [133].

Some basic discussion concerning wavelets was presented in Sect.
3.3.1, so we refer the reader to that section for basic notions and nota-
tion. The one additional fact we will need is that the mother wavelet
function ψ is a finite linear combination of dilated and translated copies
of the scaling function; that is,

ψ(x) =
∑
k

(−1)khN−kφ(2x− k). (6.8)

For the convenience of the reader, we recall that the dilation equation
is given as

φ(x) =
∑
n

hnφ(2x− n). (6.9)

If we assume that the only nonzero coefficients in the dilation equation,
the hi, are h0, h1, . . . , hN , then both φ and ψ are supported on the
interval [0, N ] ⊂ R.

Define the mappings

wi,j(x) =
x

2i
+

j

2i
, i ≥ 0, j ∈ Z. (6.10)

Then we have that the wavelet ψi,j is given by ψi,j(x) = 2i/2ψ ◦ w−1
i,j .

That is, these mappings “map” the mother wavelet onto the various
ψi,j .
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6.2.1 Rendering a compactly supported
scaling function

In general, the scaling function does not have a closed analytic form.
The typical way to obtain values of φ at a point x involves using the
“cascade algorithm” (see Sect. 7.2 in [158]). This recursive algorithm
starts with the values of φ at integer points and then uses the dilation
equation (6.9) to generate the values of φ at the half-integer points,
then the quarter-integer points, and so on. The values of φ at the
integer points are also obtained from the dilation equation.

We present a method for approximating the scaling function φ by
using a chaos game. As mentioned above, this algorithm was conceived
by Berger [21, 22]. The idea is to properly view the dilation equation
as an IFSM.

Let us suppose we have chosen a sequence hn with hn = 0 for n �∈
{0, 1, 2, . . . , N} and such that φ generates a multiresolution analysis on
L2(R). Daubechies and Lagarias [45] and Micchelli and Prautzsch [136]
independently noticed that one could vectorize the dilation equation.

Define Vφ : [0, 1] → RN as

Vφ(x) =

⎛⎜⎜⎜⎝
φ(x)

φ(x+ 1)
...

φ(x+N − 1)

⎞⎟⎟⎟⎠ (6.11)

Define the N×N matrices T0 and T1 by (T0)i,j = h2i−j−1 and (T1)i,j =
h2i−j ; that is,

T0 =

⎛⎜⎜⎜⎝
h0 0 0 · · · 0 0
h2 h1 h0 · · · 0 0
...

...
...
. . .

...
...

0 0 0 · · · hN hN−1

⎞⎟⎟⎟⎠
and

T1 =

⎛⎜⎜⎜⎝
h1 h0 0 · · · 0 0
h3 h2 h1 · · · 0 0
...

...
...
. . .

...
...

0 0 0 · · · 0 hN

⎞⎟⎟⎟⎠.

Let τ : [0, 1] → [0, 1] be defined as τ(x) = 2x mod 1. Then the dilation
equation becomes (assuming that φ is continuous)

Vφ(x) = TωVφ(τx), (6.12)
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where ω is the first digit in the binary expansion of x. Notice that
(6.12) is an example of a vector IFSM.

As an example, we compute the transformation T0 corresponding
to the Daubechies-4 wavelet. In this case, only h0, h1, h2, and h3 are
nonzero, so φ is supported on the interval [0, 3]. Thus

Vφ(x) =

⎛⎝ φ(x)
φ(x+ 1)
φ(x+ 2)

⎞⎠.

From the dilation equation, we have the equations

φ(x) = h0φ(2x) + h1φ(2x− 1) + h2φ(2x− 2) + h3φ(2x− 3),
φ(x+ 1) = h0φ(2x+ 2) + h1φ(2x+ 1) + h2φ(2x) + h3φ(2x− 1),
φ(x+ 2) = h0φ(2x+ 4) + h1φ(2x+ 3) + h2φ(2x+ 2) + h3φ(2x+ 1).

After rejecting the contributions from outside the support of φ, it
follows that (for 0 < x < 1/2)⎛⎝ φ(x)

φ(x+ 1)
φ(x+ 2)

⎞⎠ =

⎛⎝h0 0 0
h2 h1 h0
0 h3 h2

⎞⎠⎛⎝ φ(2x)
φ(2x+ 1)
φ(2x+ 2)

⎞⎠.

Clearly the matrix is T0. The computations for x > 1/2 are similar.
In the papers [21, 22], Berger first noticed that this IFS approach

to the dilation equation naturally leads to the following chaos game,
which approximates the graph of the scaling function φ:

1. Initialize x = 0 and the vector Vφ(x) to be the fixed point of T0.
2. Pick α ∈ {0, 1} with equal probability.
3. x �→ x/2 + α/2.
4. Vφ(x) �→ TαVφ(x).
5. Plot the points (x, φ(x)), (x + 1, φ(x + 1)), . . . , (x + N − 1, φ(x +

N − 1)).
6. If the number of iterations is less than maximum, go to step 2.

The basic reason that this simple algorithm works is that the vec-
torized IFS is nonoverlapping; that is, λ(w0([0, 1])

⋂
w1([0, 1])) = 0.

Also notice that this algorithm treats φ as a geometric set in that it
generates an image of the graph of φ. This is substantially different
from our chaos game for IFSM, which generates an averaged version
of the attractor of the IFSM.
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6.2.2 Modified chaos game algorithm for
wavelet generation

We now present a slight modification to the algorithm in the previous
section in order to generate the wavelet ψ. However, the algorithm
in this section is more in the spirit of the algorithm from Sect. 6.1.1,
where we generate a piecewise constant approximation to ψ.

Let {Bi} be a partition of [0, N ] = X into Borel sets and {Si} be a
set of accumulation variables. Initialize x0 = 0, and let y ∈ RN be the
normalized fixed point of T0 (eigenvector for eigenvalue 1). Initialize
all the Si to be zero.

1. Choose α ∈ {0, 1} with equal probability.
2. x �→ x/2 + α/2.
3. y �→ Tα(y).
4. for each k = 0, 1, . . . , 2N − 1,

• if x/2 + k/2 ∈ Bm, then update

Sm+=

min(N,k)∑
i=max(0,k−N+1)

(−1)ihN−iyk−i.

5. If the number of iterations is less than some maximum, go to step
1.

The approximation to ψ on Bm is

Sm

2× λ(Bm)× n
. (6.13)

The basic idea of the algorithm is to use a slight modification of
the previous chaos game (for ψ) and take the appropriate dilation and
linear combinations (from equation (6.8)) in order to form ψ. The extra
factor of 2 in the denominator of (6.13) is there because ψ is defined
in terms of φ(2x− i) rather than ψ(x).

Another way to view step 4 of the algorithm is as follows. We have
the values yj = φ(x+ j) for j = 0, 1, . . . , N − 1 and the coefficients hi
for i = 0, 1, . . . , N . For z = (x+ i+ j)/2, we know that ψ(z) depends
on the term (−1)ihN−iyj . So, for each i, j such that (x+i+j)/2 ∈ Bm,
we update

Sm+= (−1)ihN−iyj .

In our algorithm in step 4, we simply group all those i, j so that i+j =
k and loop through k.
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Proposition 6.6. For each m,

Sm

2× n× λ(Bm)
→ 1

λ(Bm)

∫
Bm

ψ(x) dx as n → ∞.

Proof. The process is a nonoverlapping vector-valued IFSM on [0, 1].
We map the vector-valued function g : [0, 1] → RN to the function
ĝ : [0, N ] → R by

ĝ(x) =
N∑
i=1

χ[i−1,i]g(x)i.

Through this mapping, the process is equivalent to a nonoverlapping
IFSM on [0, N ]. Now, at each stage, y represents

(φ(x), φ(x+ 1), . . . , φ(x+N − 1)).

To make the notation simpler, we just set φ(x + i) = 0 if i < 0 or
i > N − 1 in the formulas below. So, letting xn be the orbit generated
by the chaos game, we have

Sm

n× 2
=

1

2× n

∑
n

2N−1∑
k=0

N∑
i=0

(−1)ihN−iφ(xn + k − i)χBm ((xn + k)/2)

−→ 1/2

∫ 1

0

2N−1∑
k=0

N∑
i=0

(−1)ihN−iφ(x+ k − i)χBm ((x+ k)/2) dx

=
2N−1∑
k=0

∫ (k+1)/2

k/2

N∑
i=0

hN−iφ(2y − i)χBm(y) dy

=

∫ N

0

∑
i

hN−iφ(2y − i)χBm(y) dy

=

∫
Bm

ψ(y) dy.

Thus, we have the desired result. ��

As we saw previously in Propositions 6.2 and 6.5, we obtain conver-
gence if we have a sequence of partitions that refines in an appropriate
way. The following result is similar.

Proposition 6.7. Let Pn be a sequence of Borel partitions of [0, N ]
that satisfy condition (6.2). Let ψ̄n be the average value functions of
ψ associated with Pn. Then ψ̄n converges to ψ pointwise almost every-
where.
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If instead of ψ we want to generate the wavelet ψi,j , the only change
necessary to the algorithm above is to replace step 4 with

• if wi,j(x/2 + k/2) ∈ Bm, then update

Sm+= 2i/2
min(N,k)∑

l=max(0,k−N+1)

(−1)lhN−lyk−l,

and then the approximation to ψi,j on Bm is

Sm

2× n× λ(w−1
i,j (Bm))

=
Sm

n× λ(Bm)× 2i+1
.

The scaling factor 2i/2 is necessary since ψi,j(x) = 2i/2ψ(2ix− j).
With the modified step 4, we have

Sm

2× n× λ(w−1
i,j (Bm))

→ 1/λ(Bm)

∫
Bm

ψi,j(x) dx

since

1/λ(Bm)

∫
Bm

ψi,j(x) dx =
1

2iλ(Bm)

∫
w−1

i,j (Bm)
2i/2ψ(x) dx.

6.2.3 Chaos game for wavelet analysis

Given an f in L2, we can represent

f =
∑

ci,jψi,j

since the wavelets ψi,j form an orthonormal basis. This is the wavelet
analysis of f .

Suppose we modify the algorithm of the previous section by replac-
ing step 4 with

Sm+= f(x/2 + k/2)×
min(N,k)∑

i=max(0,k−N+1)

(−1)ihN−iyk−i.

Then, by arguments similar to those in the proof of Proposition 6.6,
we would have that

Sm

2× n× λ(Bj)
→ 1

λ(Bj)

∫
Bj

f(x)ψ(x) dx as n → ∞. (6.14)
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Now, in wavelet analysis, we wish to compute integrals of the form

ci,j =

∫
f(x)ψi,j(x) dx.

We can also modify the algorithm of the previous section in such a
way as to do this in parallel for many different pairs (i, j). We use as
motivation (6.14).

Suppose that we want to calculate ci,j for (i, j) ∈ Λ, some collection
of coefficients. For each σ = (i, j) ∈ Λ, let Sσ be an accumulation
variable, initialized to zero, and define scale(σ) = i.

Our modified algorithm is as follows:

1. Initialize x = 0 and y ∈ RN to be the fixed point of T0.
2. Choose α ∈ {0, 1} with equal probability.
3. x �→ x/2 + α/2.
4. y �→ Tα(y).
5. For each σ ∈ Λ, we do

• for each k = 0, 1, . . . 2N − 1, update

Sσ += f(wσ(x/2 + k/2))×
min(N,k)∑

i=max(0,k−N+1)

(−1)ihN−iyk−i.

6. If the number of iterations is less than maximum, go to step 2.

The approximation to cσ is

Sσ

2× 2scale(σ) × n
. (6.15)

Proposition 6.8. For each σ ∈ Λ,

Sσ

2× 2scale(σ) × n
→
∫

f(x)ψσ(x) dx as n → ∞.

Proof. The proof is similar to the proof of Proposition 6.6. In this case,
we are evaluating the function g(x) = ψσ(x)f(x) along the trajectory.
Thus,

Sσ

2× 2scale(σ) × n
→
∫

ψσ(x)f(x) dx,

which is what we wished to show. ��
What if we do not have the true function f but only some approx-

imation to f? The typical case would be where we have a piecewise
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constant approximation to f (as in the case of a function that we only
sample at certain values or a function that is the result of a chaos
game approximation). Call this approximation f̂ . Then what we can
compute is

ĉi,j =

∫
f̂(x)ψi,j(x) dx.

As long as we know that f̂ is close to f , then we know that ĉi,j is close
to ci,j .

A special case of potential interest is when the function f is also the
attractor for a related IFS. In this case, we can run two chaos games
simultaneously to obtain a wavelet decomposition of f .

6.2.4 Chaos game for wavelet synthesis

Let
f =

∑
i,j

ci,jψi,j

be the decomposition of a function in a wavelet basis. We wish to
recover the function f from the coefficients ci,j . For the moment, we
assume that there are only finitely many nonzero coefficients and let
Λ = {(i, j)|ci,j �= 0}.

Since Λ is finite, the support of f is compact, say the interval [A,B].
Let E =

∑
i,j |ci,j | and pi,j = |ci,j |/E. Using the notation from

previous sections, we have the following algorithm.
Initialize x = 0 and y ∈ RN to be the fixed point of T0. Let Bj

be a partition of [A,B] into Borel sets with associated accumulation
variables Sj initialized to be 0.

1. Choose α ∈ {0, 1} with equal probability.
2. x �→ x/2 + α/2.
3. y �→ Tα(y).
4. Choose (i, j) ∈ Λ with probability pi,j .
5. For k = 0, 1, . . . , 2N − 1,

• if wi,j(x/2 + k/2) ∈ Bm, then update

Sm+= SGN(ci,j)
2i/2

2i

⎛⎝ min(N,k)∑
l=max(0,k−N+1)

(−1)lhN−lyk−l

⎞⎠.

6. If the number of iterations is less than maximum, go to step 1.
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The approximation to f on Bm is

E × Sm

2× λ(Bm)× n
. (6.16)

Proposition 6.9. For each m

Sm

2× n× λ(Bm)
→ 1

E × λ(Bm)

∫
Bm

f(x) dx as n → ∞.

Proof. For each σ ∈ Λ, let Sσ
m be an accumulation variable correspond-

ing to Bm. Suppose we modify the algorithm above so that when we
are in state σ, we update only Sσ

m. Then, by Proposition 6.6, we know
that

Sσ
m

2× n× λ(Bm)
→ SGN(ci,j)pσ/λ(Bm)

∫
Bm

ψσ(x) dx.

Now,

Sm =
∑
σ∈Λ

Sσ
m,

so

Sm

2× n× λ(Bm)
=
∑
σ∈Λ

(Sσ
m2× n× λ(Bm))

−→
∑
σ∈Λ

SGN(ci,j)pσ/λ(Bm)

∫
Bm

ψσ(x) dx

and∑
σ∈Λ

SGN(ci,j)pσ/λ(Bm)

∫
Bm

ψσ(x) dx =
1

λ(Bm)× E

∫
Bm

f(x) dx,

and thus we have completed the proof. ��

As in the case of the chaos game for ψ, we have that if we refine
the partition Bm, we get a refined estimate of ψ. For completeness, we
record this fact in the next proposition.

Proposition 6.10. Let Pn be a nested sequence of Borel partitions of
[A,B] whose “sizes” go to zero as n → ∞. Let f̄n be the average value
function of f associated with Pn. Then f̄n converges to f pointwise
almost everywhere.
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6.2.5 Some extensions

6.2.5.1 Arbitrary function in L2(R)

Extending the wavelet synthesis algorithm to generate approximations
to arbitrary functions f ∈ L2(R) is simple. The idea is that there is
some finite subset F of wavelet coefficients such that the truncation of
f to these basis elements, ftr, satisfies ‖f − ftr‖2 < ε. Notice that ftr
is compactly supported since ψ is compactly supported and ftr is also
a finite linear combination of ψi,j for (i, j) ∈ F . Now, if we choose a
sufficiently fine partition, P, we can make the average value function
f̄ associated with it satisfy ‖ftr − f̄‖2 < ε. Finally, by choosing a
sufficiently large number of iterations, we can make the chaos game
approximation fcg to ftr satisfy ‖fcg − f̄‖2 < ε.

In this way, we can use a chaos game to approximate any L2(R)
function to any degree of accuracy.

Proposition 6.11. Let f ∈ L2(R) and ε > 0. Then there exists a
chaos game defined by the algorithm in Sect. 6.2.4 that produces a
function fcg that almost surely satisfies

‖f − fcg‖L2 < ε.

6.2.5.2 General dilations and higher dimensions

The results can be extended to more general dilation equations and
more general wavelets.

For dilation factorN (instead of 2), we simply get maps T0, . . . , TN−1

corresponding to the N -map vector IFSM

T (f) =

N−1∑
i=0

Tif(Nx− i),

with f being the vectorized version of the scaling function as usual.
Then the chaos game for the scaling function is a simple modification
of our chaos game from Sect. 6.2.1. Once we have a chaos game for
the scaling function, the chaos games for the wavelet and for wavelet
analysis and wavelet synthesis follow.

In order to extend our results to multidimensional scaling functions
(that is, φ : Rn → R), wavelets, and wavelet expansions, we need a
formulation of the vector IFS in this more general context.
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We briefly indicate the theory here. For a more complete discussion
see the references [24, 34, 35, 113, 169].

Given a dilation matrix A ∈ Mn(Z) and a set of coefficients cn, we
have the dilation equation

φ(x) =
∑
n∈X

cnφ(Ax− n), (6.17)

where X ⊂ Zn is a finite set. The scaling function will be the solution
to this equation.

For Ω ⊂ Zn, we let KΩ be the attractor of the IFS WΩ = {A−1x+
A−1d : d ∈ Ω}. Then, if φ is a compactly supported solution to
(6.17), the support of φ is a subset of KX .

In one dimension, the vectorized function Vφ is based covering the
support of the scaling function with copies of [0, 1]. In Rn, we need to
base the vectorized function on a self-affine tiling of Rn. Under certain
conditions (see [169]), there is a digit set D ⊂ Zn (necessarily a set
of complete representatives of Zn/AZn) such that KD is a tile for Rn

(i.e. that Zn +KD tiles Rn).
So, we convert the dilation equation (6.17) into the vectorized equa-

tion
Vφ(x) = TαVφ(τx). (6.18)

Here Vφ : KD → RS , where S ⊂ Zn is a “covering set” (see [113], p.
85), and for each α ∈ D we have that Tα is an |S| × |S| matrix defined
by (Tα)m,n = cα+Am−n for m,n ∈ S and τ : KD → KD is the shift
map (see [113], p. 83).

This gives a nonoverlapping vector IFS, so we can use the chaos
game to generate its attractor. The following algorithm will accomplish
this (assuming that the dilation equation has a solution).

Given cn : n ∈ X ⊂ Zn, the dilation matrix A, D ⊂ Zn a digit
set for a tiling based on A, and S ⊂ Zn a covering set, let Bn be a
partition of compact sets such that KX ⊂

⋃
Bi. For each Bi, let Si be

an accumulation variable initialized to zero.

1. Choose d ∈ D, and initialize x as the fixed point of the map x →
A−1x+A−1d. Initialize y ∈ RS as the fixed point of Td.

2. Choose α ∈ D randomly (with equal probability).
3. Update y = Tαy and x = A−1x+A−1α.
4. For each m ∈ S, if x+m ∈ Bi, update

Si += ym.

5. If the number of iterations is less than the maximum, go to step 2.
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The approximation to φ on Bi is

Si

λ(Bi)× n,
(6.19)

and the proof of the convergence to the average value of φ on Bi is the
same as in the one-dimensional case.

It is relatively straightforward to modify this basic algorithm to
obtain a chaos game algorithm for generating the mother wavelet,
doing wavelet analysis, or doing wavelet synthesis.

6.3 Chaos game for multifunctions and multimeasures

We now turn to a more abstract framework, where we consider set-
valued IFS operators. Furthermore, our viewpoint has changed in that
we are interested in using the random iteration to compute integrals in
the classical sense of the ergodic theorem. We first start with a slight
extension of the classical chaos game result.

6.3.1 Chaos game for fractal measures with
fractal densities

In this section, we consider a chaos game for a measure of the form

ν(B) =

∫
B
ψ(x) dμ(x),

where μ is the attractor of the IFS with probabilities {wi, pi} on the
compact space X and ψ is the attractor of the IFS on maps {wi, φi}.
We assume that wi(X)∩wj(X) = ∅ for i �= j and that each φi : R → R

is contractive. Thus there is some M > 0 such that |ψ(x)| ≤ M for all
x ∈ X.

Recall that the probabilities pi induce the product measure, P , on
the code space Σ = {1, 2, . . . , N}N.

Theorem 6.12. Suppose that f : X → R is bounded and continuous,
x0 ∈ X, and y0 ∈ R. Let σn ∈ {1, 2, . . . , N} be iid and chosen according
to the probabilities {pi}. Let xn+1 = wσn(xn) and yn+1 = φσn(yn).
Then, for all x0 and P a.e. σ, we have that
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lim
n

1/n
∑
i≤n

yif(xi) =

∫
X

f(x)dν(x) =

∫
X

f(x)ψ(x)dμ(x).

Proof. Let κ < 1 be the maximum of the contraction factors of the φi.
Then, for any y0, z0 ∈ R and any σ ∈ Σ∞, we have

|φσ̂n(y0)− φσ̂n(z0)| ≤ κn |y0 − z0| → 0.

Thus, we may assume that y0 = ψ(x0) with no loss of generality. Notice
that then

yn+1 = φσn(yn) = φσn(ψ(xn)) = ψ(xn+1).

Let Ω = X × R with the metric d((x1, y1), (x2, y2)) = d(x1, x2) +
|y1 − y2| and Fi : Ω → Ω be defined as Fi(x, y) = (wi(x), φi(y)). Then
each Fi is a contraction on the compact space Ω. Let g : Ω → R be
defined as

g(x, y) =

⎧⎪⎨⎪⎩
yf(x) if |y| ≤ 2M,

−2Mf(x) if y < −2M,

2Mf(x) if y > 2M.

Finally, let z0 = (x0, y0) ∈ Ω and zn+1 = Fσn(zn) = (xn+1, yn+1).
If we denote by A ⊂ X the attractor of the IFS {wi}, it is easy to

check that the attractor of the IFS {Fi} on Ω is the set

Δ = {(x, ψ(x)) : x ∈ A}

and that the invariant measure θ of the IFS with probabilities {Fi, pi}
is supported on Δ and projects onto the measure μ on X. Notice that
g(x, y) = yf(x) for any (x, y) ∈ Δ.

Thus, by Theorem 3 (iv) in [54],

1/n
∑
i≤n

yif(xi) = 1/n
∑
i≤n

g(xi, yi) = 1/n
∑
i≤n

g(zn)

→
∫
X

g(z) dθ(z) =

∫
X

f(x)ψ(x) dμ(x),

as was desired. ��

The advantage of having a fractal density can be seen from the fact
that one need not know the value of the density at any point – the
IFSM maps φi will compute these automatically. However, if one has
a (finite) measure ν of the form

ν(B) =

∫
B
θ(x) dμ(x),
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where θ is any bounded function in L1(μ), it is simple to see that

1

n

∑
i≤n

f(xi)θ(xi) →
∫
X

f(x)θ(x) dμ(x) =

∫
X

f(x) dν(x)

for all bounded continuous f .

6.3.2 Chaos game for multifunctions

Now we turn to the situation of an ergodic theorem for integrals of the
form ∫

X

F (x) dμ,

where F : X ⇒ Rd is a set-valued function and μ is the invariant
measure of an IFSP. Appendix C has the basic background information
on notions from set-valued analysis, but we repeat some of them here
for the convenience of the reader.

We will require the multifunction F to be continuous. We say that
F is continuous at x ∈ X if for every ε > 0 there is a δ > 0 such that
whenever d(x, y) < δ we have dH(F (x), F (y)) < ε, where dH is the
Hausdorff distance. We say that F is bounded if there is a compact set
K ⊂ Rd such that F (x) ⊂ K for all x ∈ X.

Of primary importance is the support function of a compact and
convex set K: the function supp (·,K) : Rd → R defined by

supp (q,K) = sup
k∈K

q · k.

The support function is clearly defined by its values on S1 = {y ∈ Rd :
‖y‖ = 1} since supp (λq,K) = λ supp (q,K) for λ ≥ 0.

The set K may be recovered from its support function as

K =
⋂
q∈S1

{z ∈ Rd : z · q ≤ z · supp (q,K)}.

Recall that we denote by K(Rd) the collection of nonempty compact
and convex subsets of Rd. The norm of a set K ∈ K(Rd) is defined as
‖K‖ = sup{|x| : x ∈ K}.

Proposition 6.13. Suppose that F is a bounded continuous multifunc-
tion, x0 ∈ X and xn+1 = wσn(xn), with σn ∈ {1, 2, . . . , N} being iid



6.3 Chaos game for multifunctions and multimeasures 235

and chosen according to {pi}. Fix q ∈ Rd. Then, for all x0 and P a.e.
σ, we have that

lim
n

supp

⎛⎝q, (1/n)
∑
i≤n

F (xi)

⎞⎠→ supp

(
q,

∫
X

F (x) dμ(x)

)
.

Proof. First, we note that by properties of the support function
supp (q,K) of a compact and convex set K we have

supp

⎛⎝q, 1/n
∑
i≤n

F (xi)

⎞⎠ = 1/n
∑
i≤n

supp (q, F (xi))

and

supp

(
q,

∫
X

F (x) dμ(x)

)
=

∫
X

supp (q, F (x)) dμ(x).

Furthermore, since F (x) is continuous and bounded, so is x �→
supp (p, F (x)) for all p. Thus, by Elton’s ergodic theorem for IFSP
[53], we have

lim
n

supp

⎛⎝q, 1/n
∑
i≤n

F (xi)

⎞⎠ = lim
n

1/n
∑
i≤n

supp (q, F (xi))

=

∫
X

supp (q, F (x)) dμ(x)

= supp

(
q,

∫
X

F (x) dμ(x)

)
for P a.e. σ, as desired. ��

We would like to infer from this that the sequence of compact and
convex sets 1/n

∑
i≤n F (xi) converges to the compact and convex set∫

X
F (x) dμ(x). The issue is that for each q we have convergence only

for σ ∈ Aq ⊂ Σ∞, where P (Aq) = 1. But then it is conceivable that
P (
⋂

q Aq) < 1. We prove next that this cannot happen.

Theorem 6.14. Suppose that F is a bounded continuous multifunc-
tion, x0 ∈ X and xn+1 = wσn(xn), with σn ∈ {1, 2, . . . , N} being iid
and chosen according to {pi}. Then, for all x0 and P a.e. σ, we have
that

lim
n

supp

⎛⎝q, (1/n)
∑
i≤n

F (xi)

⎞⎠→ supp

(
q,

∫
X

F (x) dμ(x)

)
uniformly over all q ∈ S1.
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Proof. Let {qm} ⊂ S1 be a countable dense subset. Then, for each qm,
we have a subset Am ⊂ Σ∞ with P (Am) = 1 and such that for all
σ ∈ Am

lim
n

supp

⎛⎝qm, (1/n)
∑
i≤n

F (xi)

⎞⎠→ supp

(
qm,

∫
X

F (x) dμ(x)

)
.

Let A =
⋂

mAm. Then P (A) = 1 with the same convergence for all
σ ∈ A and all qm.

We assumed that there is some compact and convex K ⊂ Rd with
F (x) ⊂ K for all x. Let M > 0 be such that supp (q,K) ≤ M for all
q ∈ S1. Since K is convex, we have

1/n
∑
i≤n

F (xi) ⊂ K

for all n and thus ∣∣∣∣∣∣supp
⎛⎝q, 1/n

∑
i≤n

F (xi)

⎞⎠∣∣∣∣∣∣ ≤ M

for all n as well. Similarly, we have∫
X

F (x) dμ(x) ⊂ K and

∣∣∣∣supp (q, ∫
X

F (x) dμ(x)

)∣∣∣∣ ≤ M.

But then, for all q and all n, the functions

q �→ supp

⎛⎝q, 1/n
∑
i≤n

F (xi)

⎞⎠
and

q �→ supp

(
q,

∫
X

F (x) dμ(x)

)
are Lipschitz with factor at most M (these functions are convex and
bounded by M ; see [146]).

Let ε > 0 be given and δ = ε/(3M), and choose qm1 , qm2 , . . . , qml

to form a δ-cover of the compact set S1. Furthermore, choose N large
enough that n ≥ N implies that∣∣∣∣∣∣supp

⎛⎝qmi , 1/n
∑
i≤n

F (xi)

⎞⎠− supp

(
qmi ,

∫
X

F (x) dμ(x)

)∣∣∣∣∣∣ < ε/3
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for i = 1, 2, . . . , l. Then, for any n ≥ N and any q ∈ S1, we have that∣∣∣∣∣∣supp
⎛⎝q, 1/n

∑
i≤n

F (xi)

⎞⎠− supp

(
q,

∫
X

F (x) dμ(x)

)∣∣∣∣∣∣ ≤∣∣∣∣∣∣supp
⎛⎝q, 1/n

∑
i≤n

F (xi)

⎞⎠− supp

⎛⎝qmi , 1/n
∑
i≤n

F (xi)

⎞⎠∣∣∣∣∣∣+∣∣∣∣∣∣supp
⎛⎝qmi , 1/n

∑
i≤n

F (xi)

⎞⎠− supp

(
qmi ,

∫
X

F (x) dμ(x)

)∣∣∣∣∣∣+∣∣∣∣supp (qmi ,

∫
X

F (x) dμ(x)

)
− supp

(
q,

∫
X

F (x) dμ(x)

)∣∣∣∣
< M

ε

3M
+

ε

3
+M

ε

3M
= ε,

as desired. ��

Corollary 6.15. Under the conditions of the theorem, we have that

1/n
∑
i≤n

F (xi) →
∫
X

F (x) dμ(x)

in the Hausdorff metric.

Proof. Just use the fact that for two compact and convex sets A,B ⊂
Rd we have

dH(A,B) = sup
q∈S1

|supp (q, A)− supp (q,B)|.

��

The ideas used in the proof of Theorems 6.12 and 6.14 and Propo-
sition 6.13 can be combined to produce a chaos game for integrals of
the form

φ(B) =

∫
B
f(x)Ψ(x) dμ(x), (6.20)

where f : X → R is continuous, Ψ : X ⇒ Rd is the multifunction
attractor of the IFS {wi, Φi}, and μ is the invariant probability measure
for the IFSP {wi, pi}. We assume that there is some compact set K ∈
K(Rd) such that Ψ(x) ⊂ K for all x ∈ X (this will always be the case if
each Φi : K(Rd) → K(Rd) is a contraction). With no loss of generality,
we assume that K = BR(0) for some R > 0.
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The algorithm starts with x0 ∈ X and S0 ∈ K(Rd). We choose σn
as before and let xn+1 = wσn(xn) and Sn+1 = Φσn(Sn). We show that

1/n
∑
i≤n

f(xi)Si →
∫
X

f(x)Ψ(x) dμ(x).

We first prove convergence for a continuous and bounded function
f : X → [0,∞).

Proposition 6.16. Suppose that f : X → [0,∞) is bounded and con-
tinuous, x0 ∈ X and S0 ∈ K(Rd). Let σn ∈ {1, 2, . . . , N} be iid and
chosen according to the probabilities {pi}. Let xn+1 = wσn(xn) and
Sn+1 = Φσn(Sn). Then, for all x0 and P a.e. σ, we have that

lim
n

1/n
∑
i≤n

Sif(xi) =

∫
X

f(x)Ψ(x)dμ(x),

with convergence in the Hausdorff metric.

Proof. We let Ω = X× K(Rd) with the metric d((x1, D1), (x2, D2)) =
d(x1, x2) + d(D1, D2), so that Ω is a compact space. We define the
contractions Λi : Ω → Ω by Λi(x,D) = (wi(x), Φi(D)). Letting A ⊂ X

be the attractor of the IFS {wi}, the attractor of the IFS {Λi} on Ω
is the set

Δ = {(x, Ψ(x)) : x ∈ A}
with invariant measure θ of the IFSP {Λi, pi} supported on Δ and
projecting onto the measure μ on X. For each q ∈ S1, we define the
continuous and bounded function gq : Ω → R by

gq(x,D) =

{
f(x) · supp (q,D) if D ⊂ 2K,

2f(x) · supp (q,K) otherwise.

Notice that for any (x,D) ∈ Δ, gq(x,D) = f(x) · supp (q,D) since
D ⊂ K.

Then, as before, we get

supp

⎛⎝q, 1/n
∑
i≤n

f(xi)Si

⎞⎠ = 1/n
∑
i≤n

f(xi)supp (q, Si)

= 1/n
∑
i≤n

f(xi)supp (q, Ψ(xi)) = 1/n
∑
i≤n

gq(xi, Ψ(xi))

→
∫
Ω
gq(ω) dθ(ω) =

∫
X

f(x) · supp (q, Ψ(x)) dμ(x)
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= supp

(
q,

∫
X

f(x) · Ψ(x) dμ(x)
)
.

Using the same argument as in the proof of Theorem 6.14, we get that

1/n
∑
i≤n

f(xi)Si →
∫
X

f(x) · Ψ(x) dμ(x)

with convergence in the Hausdorff metric. ��

Theorem 6.17. Suppose that f : X → R is bounded and continuous,
x0 ∈ X, and S0 ∈ K(Rd). Let σn ∈ {1, 2, . . . , N} be iid and chosen
according to the probabilities {pi}. Let xn+1 = wσn(xn) and Sn+1 =
Φσn(Sn). Then, for all x0 and P a.e. σ, we have that

lim
n

1/n
∑
i≤n

Sif(xi) =

∫
X

f+(x)Ψ(x)dμ(x)−
∫
X

f−(x)Ψ(x)dμ(x),

with convergence in the Hausdorff metric.

Proof. We simply modify the preceding proof, separating the sum into
the two parts corresponding to when f(xi) < 0 and when f(xi) ≥ 0.

��

6.3.3 Chaos game for multimeasures

The chaos game will always yield an integral of some function with
respect to the invariant measure of some underlying IFSP. Thus, in
order to construct a chaos game for more general measures Φ (such as
vector-valued or set-valued measures, see [76, 135]), it is necessary to
express Φ as some density F times an underlying probability measure
μ that is the invariant measure of the IFSP. Now, clearly a generic
multimeasure will not have this form. So, in this section we will de-
scribe an approximation procedure that will allow one, in principle at
least, to use the chaos game to compute integrals with respect to a
very large class of multimeasures.

A multimeasure will be a countably additive set function Φ defined
on the Borel sets of X and such that Φ(B) ∈ K(Rd) for all Borel sets B.
The integral of a real-valued function f with respect to a multimeasure
Φ is defined in a way similar to the integral of a multifunction (see [9]
for details). The variation ‖Φ‖ of Φ is defined by
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‖Φ‖(A) = sup
∑
i

‖Φ(Ai)‖,

where the supremum is over all finite measurable partitions {Ai} of A.
The set function ‖Φ‖ is a positive measure.

We start with a rather standard result in IFS theory, with a sketch
of the proof.

Lemma 6.18. Let ν be an arbitrary probability measure on X. Then
there is a sequence of probability measures μn with μn ⇒ ν weakly and
such that each μn is the invariant measure of an IFSP on X.

Proof. (We give only a sketch of the proof.) For each n, choose a com-
pact set Kn such that ν(Kn) > 1−1/n. Then choose a 1/n-net {xni } of
Kn (that is, each point ofKn is within 1/n of some xni ). For this partic-
ular n, choose an IFS such that the ith map is of the form wn

i (z) = xni
and set the probability pni ≈ ν({z : d(z, xni ) < 1/n}) (to be more pre-
cise, form a partition of Kn of sets of diameter less than 1/n). Then
the attractor μn of this IFS has the form

μn =
∑
i

pni δxji

and we have μn ⇒ ν. ��

Lemma 6.19. Let μm be a sequence of probability measures on X that
converge weakly to the probability measure μ. Then, for any continuous
and bounded multifunction F on X, we have∫

X

F (x) dμm(x) →
∫
X

F (x) dμ(x)

with convergence in the Hausdorff metric.

Proof. The same technique used in the proof of Theorem 6.14 will work
here. ��

Take Φ to be a multimeasure of bounded variation. Further assume
that there is some fixed compact and convex setK such that Φ(B) ⊂ K
for all Borel sets B. Then the Radon-Nikodym theorem (see [6, 74])
implies that there is some multifunction F such that

Φ(B) =

∫
B
F (x) dν(x),

where



6.3 Chaos game for multifunctions and multimeasures 241

ν(B) =

(
‖Φ‖

‖Φ‖(X)

)
(B)

is a probability measure. Furthermore, since Φ is bounded, so is F . Let
μm be a sequence of IFSP invariant measures that converge weakly to
ν (as in Lemma 6.18).

Now, choose any continuous bounded f : X → [0,∞). Then, since F
is bounded, it is easy to show that f(x)F (x) is a bounded continuous
multifunction. Thus, by Proposition 6.16, for each m we can construct
a chaos game sequence xmi such that

1

n

∑
i≤n

f(xmi )F (xmi ) →
∫
X

f(x)F (x) dμm(x),

with convergence in the Hausdorff metric as n → ∞. However, then,
by Lemma 6.19, we have∫

X

f(x)F (x) dμm(x) →
∫
X

f(x)F (x)dν(x) =

∫
X

f(x) dΦ(x).

Clearly, the case of a signed measure ν is a special case of the con-
struction above.





Chapter 7

Inverse Problems and Fractal-Based
Methods

In this chapter, we consider an assortment of inverse problems for dif-
ferential and integral equations, all of which can be treated within the
framework of Banach’s fixed point theorem and the collage theorem.
As always, the essence of the method is the approximation of elements
of a complete metric space by fixed points of contractive operators on
that space.

The general inverse problem in applications asks us to use observa-
tional data to estimate parameters in and, perhaps, the functional form
of the governing model of the phenomenon under study. The parame-
ter estimation literature is rich in papers featuring ad hoc methods to
answer these questions by minimizing the approximation error. Many
established methods involve an iterative process of guessing parameter
values, computing a numerical solution, measuring an error, refining
the guess, and then repeating the process. The convergence of such
schemes depends very much on making a good initial guess.

For each of the settings we consider, we introduce an appropriate
complete metric space and the appropriate contractive map so that,
using the collage theorem, we can switch from the minimization of the
true error to the minimization of the associated collage distance. This
minimization is computationally cheap, with the collage distance often
being quadratic in the parameters. Based on the suboptimality theo-
rem, Theorem 2.14, we know that the solution corresponding to the
minimal-collage parameters can lie close to the optimal solution, often
making further optimization unnecessary. In the case where further
optimization is undertaken, the minimal-collage parameters provide a
good initial guess for other methods.

For each of the settings we consider, our approach to establishing an
inverse problem solution framework generally begins with an analysis

H. Kunze et al., Fractal-Based Methods in Analysis,  
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of classical existence-uniqueness theory. The goal is to lift out of this
theory an underlying complete metric space and the contractive map
for the problem at hand.

7.1 Ordinary differential equations

We consider the following inverse problems for ODEs:

Given a target solution curve x(t) (perhaps the interpolation of
data points) for t ∈ I, where I is some interval centered at x0,
and an ε > 0, find a vector field f(x, t) (subject to appropri-
ate conditions) such that the (unique) solution y(t) to the IVP
ẋ(t) = f(x, t), x(t0) = x0 satisfies ‖x− y‖ < ε.

In many cases, differentiation of x(t) followed by some manipulation
will lead to the ODE it satisfies. However, we consider more general
cases for which an exact solution is improbable, such as

1. when x(t) is not given in closed form but rather in the form of data
points (xi, ti) that may then be interpolated by a smooth function,

2. when it is desired to restrict f(x, t) to a specific class of functions
(e.g., polynomial in x and/or t, possibly only of first or second
degree).

These situations occur in real-world applications such as biomathe-
matics (population, disease), chemistry (reaction kinetics), and physics
(damped, forced anharmonic oscillators). Many of the models used in
these areas are formulated in terms of systems of polynomial ODEs.
The reader is referred to [101, 102, 91, 90, 100, 93] for more discussion
and a large number of examples.

We need to review the existence and uniqueness theorem for solu-
tions of ODEs in terms of contraction mappings. For a more detailed
treatment, the reader is referred to [40]. Consider the initial value
problem

dx

dt
= f(x, t), x(t0) = x0, (7.1)

where x : R �→ R is differentiable and, for the moment, f : R×R �→ R

is continuous. The extension to systems of ODEs, where x : R �→ Rn

and f : Rn × R �→ Rn, is straightforward. A solution to this problem
satisfies the equivalent integral equation

x(t) = x0 +

∫ t

t0

f(x(s), s) ds. (7.2)



7.1 Ordinary differential equations 245

The Picard operator T associated with (7.1) is defined as

v(t) = (Tu)(t) = x0 +

∫ t

t0

f(u(s), s) ds. (7.3)

Let I = [t0 − a, t0 + a] for a > 0 and C(I) be the Banach space of
continuous functions x(t) on I with norm ‖x‖∞ = maxt∈I |x(t)|. Then
T : C(I) �→ C(I). Furthermore, a solution x(t) to (7.1) is a fixed point
of T . In what follows, without loss of generality, we let x0 = t0 = 0 so
that I = [−a, a]. Nonzero values may be accommodated by appropriate
shiftings and scalings. Define D = {(x, t) | |x| ≤ b, |t| ≤ a} and
C̄(I) = {u ∈ C(I) | ‖u‖∞ ≤ b}. Also assume that

1. max
(x,t)∈D

|f(x, t)| < b

a
and

2. f(x, t) satisfies the following Lipschitz condition on D

|f(x1, t)− f(x2, t)| ≤ K|x1 − x2|, ∀(xi, t) ∈ D,

such that c = Ka < 1.

Define a metric on C̄(I) in the usual way:

d∞(u, v) = ‖u− v‖∞
= sup

t∈I
|u(t)− v(t)|, ∀u, v ∈ C̄(I). (7.4)

Then (C̄(I), d∞) is a complete metric space. By construction, T maps
C̄(I) to itself and

d∞(Tu, Tv) ≤ cd∞(u, v), ∀u, v ∈ C̄(I). (7.5)

The contractivity of T implies the existence of a unique element x̄ ∈
C̄(I) such that x̄ = T x̄. x̄ is the unique solution to the IVP in (7.1).

Now let S = [−δ, δ] for some 0 < δ � 1, and redefine D as D =
{(x, t) | |x| ≤ b+ δ, |t| ≤ a}. Let F(D) denote the set of all functions
f(x, t) on D that satisfy properties 1 and 2 above and define

‖f1 − f2‖F(D) = max
(x,t)∈D

|f1(x, t)− f2(x, t)|. (7.6)

We let Π(I) denote the set of all Picard operators T : C(I) �→ C(I)
having the form in (7.3) where x0 ∈ S and f ∈ F(D). Equation (7.5)
is satisfied by all T ∈ Π(I). The continuity theorem for fixed points
can be recast in our setting.
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Proposition 7.1. Let T1, T2 ∈ Π(I) as defined above (i.e., for u ∈
C̄(I),

(Tiu)(t) = xi +

∫ t

0
fi(u(s), s) ds, t ∈ I, i = 1, 2

)
. (7.7)

Also let ūi(t) denote the fixed point functions of the Ti. Then

d∞(ū1, ū2) ≤
1

1− c

[
|x1 − x2|+ a‖f1 − f2‖F(D)

]
, (7.8)

where c = Ka < 1.

Intuitively, closeness of the vector fields f1, f2 and initial conditions
x1, x2 ensures closeness of the solutions x̄1(t), x̄2(t) to the correspond-
ing IVPs. Theorem 7.1 can be viewed as a recasting of the classical
results on continuous dependence (see, for example, [40]) in terms of
Picard contractive maps. From a computational point of view, how-
ever, it is not convenient to work with the d∞ metric. It will be more
convenient to work with the L2 metric. Note that

1. C̄(I) ⊂ C(I) ⊂ L2(I) and
2. T : C̄(I) �→ C̄(I).

The following result establishes that the operator T ∈ Π(I) is also
contractive in d2, the L2 metric

Proposition 7.2. Let T ∈ Π(I). Then

d2(Tu, Tv) ≤
c√
2
d2(u, v), ∀u, v ∈ C̄(I), (7.9)

where c = Ka < 1 and d2(u, v) = ‖u− v‖2.

Proof. For u, v ∈ C̄(I) ⊂ L2(I),

‖Tu− Tv‖22 =
∫
I

[∫ t

0
(f(u(s), s)− f(v(s), s)) ds

]2
dt

≤
∫
I

[∫ t

0
|f(u(s), s)− f(v(s), s)| ds

]2
dt

≤ K2

∫
I

[∫ t

0
|u(s)− v(s)| ds

]2
dt. (7.10)

For t > 0, and from the Cauchy-Schwarz inequality,
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0
|u(s)− v(s)| ds ≤

[∫ t

0
ds

] 1
2
[∫ t

0
|u(s)− v(s)|2 ds

] 1
2

≤ t
1
2

[∫ t

0
|u(s)− v(s)|2 ds

] 1
2

.

A similar result follows for t < 0. Note that∫ a

0

[∫ t

0
|u(s)− v(s)| ds

]2
dt ≤

∫ a

0

∫ t

0
t|u(s)− v(s)|2 dsdt

=

∫ a

0

∫ a

s
t|u(s)− v(s)|2 dtds

=
1

2

∫ a

0
(a2 − s2)|u(s)− v(s)|2 ds

≤ a2

2

∫ a

0

|u(s)− v(s)|2 ds.

A similar result is obtained for the integral over [−a, 0]. Substitution
into (7.10) completes the proof. ��

Note that the space C̄(I) is not complete with respect to the L2

metric d2. This is not a problem, however, since the fixed point x̄(t)
of T lies in C̄(I). The Picard operator T ∈ Π(I) is also contractive in
the L1 metric. The following result is obtained by changing the order
of integration as above.

Proposition 7.3. Let T ∈ Π(I). Then

d1(Tu, Tv) ≤ cd1(u, v), ∀u, v ∈ C̄(I) (⊂ L1(I)), (7.11)

where c = Ka < 1 and d1(u, v) = ‖u− v‖1.
Note that we can also work with the “Bielecki norms” [25] defined by

‖x‖∞,λ = sup
t∈I

e−λKt|x(t)|

and

‖x‖2,λ =

(∫
I

(
eλKtx(t)

)2
dt

) 1
2

.

The weighting factor λ allows us to establish an existence result re-
gardless of a using the fact that such a weighted norm is equivalent to
its associated standard norm,

‖x‖·,λ ≤ ‖x‖· ≤ eλKδ‖x‖·,λ. (7.12)
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However, using the weighted L2 norm in practice will in general
lead to computational complications. The most convenient norm to
work with is the standard L2 norm, even though contractivity in this
norm depends on a. From (7.12), we see that if the L2 collage dis-
tance d2(x, Tx) < ε, then the associated weighted collage distance
d2,λ(x, Tx) < ε.

7.1.1 Inverse problem for ODEs

The collage theorem provides a systematic method for solving our in-
verse problem. Find a vector field f(x, t) with associated Picard oper-
ator T such that the collage distance is as small as desired. In practical
applications, we consider the L2 collage distance ‖x−Tx‖2. The min-
imization of the squared L2 collage distance conveniently becomes a
least-squares problem in the parameters that define f and hence T .
In principle, the use of polynomial approximations to vector fields is
sufficient for a formal solution to the following inverse problem for
ODEs.

Theorem 7.4. Suppose that x(t) is a solution to the initial value prob-
lem ẋ = f(x), x(0) = 0, for t ∈ I = [−a, a] and f ∈ F(D). Then,
given an ε > 0, there exists an interval Ī ⊆ I and a Picard operator
Tε ∈ Π(Ī) such that ‖x−Tεx‖∞ < ε, where the norm is computed over
Ī.

Proof. From the Weierstrass approximation theorem, for any η > 0
there exists a polynomial PN (x) such that ‖PN − f(x)‖∞ < η. Define
a subinterval Ī ⊆ I, Ī = [−ā, ā], such that cN = KN ā < 1

2 , whereKN is

the Lipschitz constant of PN on Ī. (The value 1
2 above is chosen without

loss of generality.) Now let TN be the Picard operator associated with
PN (x) and x0 = 0. By construction, TN is contractive on C̄(Ī) with
contraction factor cN . Let x̄N ∈ C(Ī) denote the fixed point of TN .
From Proposition 7.1,

‖x− x̄N‖∞ ≤ āη

1− cN
< 2āη.

Then

‖x− TNx‖∞ ≤ ‖x− x̄N‖∞ + ‖x̄N − TNx‖∞
= ‖x− x̄N‖∞ + ‖TN x̄N − TNx‖∞
≤ (1 + cN )‖x− x̄N‖∞
< 2‖x− x̄N‖∞.
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Since |ā| < |a|, given an ε > 0 there exists an N sufficiently large
that 4āη < ε, yielding the result ‖x − TNx‖∞ < ε. We may simply
rename TN as Tε, acknowledging the dependence of N on ε, to obtain
the desired result. ��

We now have, in terms of the collage theorem, the basis for a system-
atic algorithm to provide polynomial approximations to an unknown
vector field f(x, t) that will admit a solution x(t) as closely as desired.
For the moment, we consider only the one-dimensional case (i.e., a tar-
get solution x(t) ∈ R and autonomous vector fields that are polynomial
in x,

f(x) =
N∑

n=0

λnx
n, (7.13)

for some N > 0). Without loss of generality, we let t0 = 0, but, for
reasons to be made clear below, we leave x0 as a variable. Then

(Tx)(t) = x0 +

∫ t

0

[
N∑
k=0

λk(x(s))
k

]
ds. (7.14)

The squared L2 collage distance is given by

Δ2 =

∫
I
[x(t)− (Tx)(t)]2 dt

=

∫
I

[
x(t)− x0 −

N∑
k=0

λkgk(t)

]2
dt, (7.15)

where

gk(t) =

∫ t

0
(x(s))k ds, k = 0, 1, . . . . (7.16)

(Clearly, g0(t) = t.) Δ2 is a quadratic form in the parameters λk,
0 ≤ k ≤ N , as well as x0.

We now minimize Δ2 with respect to the variational parameters λk,
0 ≤ k ≤ N , and possibly x0 as well. In other words, we may not nec-
essarily impose the condition that x0 = x(0). (One justification is that
there may be errors associated with the data x(t).) The stationarity

conditions ∂Δ2

∂x0
= 0 and ∂Δ2

∂λk
= 0 yield the set of linear equations⎡⎢⎢⎢⎢⎣

1 〈g0〉 〈g1〉 ... 〈gN 〉
〈g0〉 〈g0g0〉 〈g0g1〉 ... 〈g0gN 〉
〈g1〉 〈g1g0〉 〈g1g1〉 ... 〈g1gN 〉
... ... ... ... ...

〈gN 〉 〈gNg0〉 〈gNg1〉 ... 〈gNgN 〉

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
x0
λ0

λ1

...
λN

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
〈x〉

〈xg0〉
〈xg1〉
...

〈xgN 〉

⎤⎥⎥⎥⎥⎦ , (7.17)
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where 〈f〉 =
∫
I f(t) dt. If x0 is not considered a variational parameter,

then the first row and column of the matrix above (as well as the first
element of each column vector) are simply removed. It is not in general
guaranteed that the matrix of this linear system is nonsingular. For
example, if x(t) = C, then gk(t) = Ckt, and for i > 1 the ith column
of the matrix in (7.17) is Ci−2t times the first column; the matrix has
rank two. In such situations, however, the collage distance can trivially
be made equal to zero.

From Theorem 7.4, the collage distance Δ in (7.17) may be made as
small as desired by makingN sufficiently large. These ideas extend nat-
urally to higher dimensions. Let x = (x1, . . . , xn) and f = (f1, . . . , fn).
The ith component of the L2 collage distance is

Δ2
i =

∫
I

[
xi(t)− xi(0)−

∫ t

0
fi(x1(s), . . . , xn(s)) ds

]2
dt.

Presupposing a particular form for the vector field components fi de-
termines the set of variational parameters; xi(0) may be included. Im-
posing the usual stationarity conditions will yield a system of equa-
tions for these parameters. If fi is assumed to be polynomial in xj ,
j = 1, . . . , n, the process yields a linear system similar to (7.17).

7.1.2 Practical Considerations and examples

In practical applications, the target solution x(t) may not be known
in exact or closed form but rather in the form of data points (e.g.
(xi, ti) = x(ti), 1 ≤ i ≤ n in one dimension, (xi, yi) = (x(ti), y(ti)) in
two dimensions). One may perform some kind of smooth interpolation
or optimal fitting of the data points to produce an approximate target
solution, which shall be denoted as x̃(t). Here, we consider approxima-
tions having the form

x̃(t) =

p∑
l=0

alφl(t),

where the {φl} comprise a suitable basis. As we show below, the most
convenient form of approximation is the best L2 or “least-squares”
polynomial approximation (i.e. φl(t) = tl).

Given a target solution x(t), its approximation x̃(t), and a Picard
operator T , the collage distance satisfies the inequality
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‖x− Tx‖ ≤ ‖x− x̃‖+ ‖x̃− T x̃‖+ ‖T x̃− Tx‖
≤ (1 + c)‖x− x̃‖+ ‖x̃− T x̃‖. (7.18)

(The norm and corresponding metric are unspecified for the moment.)
Let us define the following:

1. δ1 = ‖x− x̃‖, the error in approximation of x(t) by x̃;
2. δ2 = ‖x̃− T x̃‖, the collage distance of x̃.

Each of these terms is independent of the other. Once a satisfactory
approximation x̃(t) is constructed, we then apply the algorithm of
Sect. 7.1.1 to it, seeking to find an optimal Picard operator for which
the collage distance δ2 is sufficiently small. The condition (1 + c)δ1 +
δ2 < ε guarantees that the “true” collage distance satisfies ‖x−Tx‖ <
ε.

Also, in practical settings, data will be gathered on [0, τ ], where
τ $ a, the width of the interval on which T is contractive. Thus, our
setup requires that the minimization of Δ2

i be constrained to ensure
that the resulting Picard operator is contractive on the entire interval
[0, τ ]. To avoid this issue, we subdivide the interval

I = [0, τ ] =
r⋃

m=1

Im =
r⋃

m=1

[tm−1, tm], where t0 = 0 and tr = τ.

The Picard operator Tm on Im is contractive if we choose Im small
enough. Now, we note that

r∑
m=1

min
λi,x0

∫
Im

(xi(t)− Tmxi(t))
2 dt ≤ min

λi,x0

∫
I
(xi(t)− Txi(t))

2 dt

(7.19)
and choose to work with the right hand side.

We first apply the collage theorem to cases where the exact solution
x(t) is known in closed form. This permits all integrals in (7.19) to be
calculated exactly.

Example 7.5. Let x(t) = AeBt + C be the target solution, where
A,B,C ∈ R. This is the exact solution of the linear ODE

dx

dt
= −BC +Bx

for which A plays the role of the arbitrary constant. If we choose N = 1
in (7.13 (i.e. a linear vector field), then the solution of the linear system
in (7.17) is given by
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x0 = A+ C, λ0 = −BC, λ1 = B,

which agrees with the ODE above. (This solution is independent of
the choice of the interval I as well as N .)

Example 7.6. Let x(t) = t2 be the target solution on the half-interval
I = [0, 1]. If we choose N = 1 and x0 variable, the solution to the 3×3
system in (7.17) defines the IVP

dx

dt
=

5

12
+

35

18
x, x(0) = − 1

27
,

with corresponding (minimized) collage distance ‖x− Tx‖2 = 0.0124.
The solution to this IVP is

x̄(t) =
67

378
e

35
18

t − 3

14
.

Note that x̄(0) �= x(0). The L2 distance between the two functions is
‖x− x̄‖2 = 0.0123.

If, however, we impose the condition that x0 = x(0) = 0, then the
solution to the 2× 2 system in (7.17) yields the IVP

dx

dt
=

5

12
+

35

16
x, x(0) = 0,

with corresponding collage distance ‖x− Tx‖2 = 0.0186 and solution

x̄(t) =
1

7
e

35
16

t − 1

7
.

As expected, the distance ‖x − x̄‖2 = 0.0463 is larger than in the
previous case where x0 was not constrained.

Setting N = 2 (i.e. allowing f to be quadratic), and solving 7.17)
leads to IVPs with smaller collage distances, as one would expect.
Table 7.1 summarizes some results for this example. As expected, the
error ‖x− x̄‖2 decreases as N increases.

Example 7.7. Consider x(t) = −125
8 t4 + 1225

36 t3 − 625
24 t

2 + 25
3 t, with

I = [0, 1], and repeat the calculations of the previous example. This
quartic has a local maximum at t = 1

3 and t = 4
5 and a local mini-

mum at t = 1
2 . The coefficients were chosen to scale x(t) for graphing

on [0, 1]2. The results are summarized in Table 7.2; in the quadratic
f case, decimal coefficients are presented here to avoid writing the
cumbersome rational expressions.

In this example, the two measures of distance over [0,1], ‖x− Tx‖2
and ‖x − x̄‖2, appear to face impassable lower bounds. Increasing N
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Table 7.1: Inverse problem results for Example 7.6, x(t) = t2.

f x0 ‖x− Tx‖2 ‖x− x̄‖2
f linear, x0 constrained 5

16 + 35
16x 0 0.0186 0.0463

f linear, x0 variable 5
12 + 35

18x − 1
27 0.0124 0.0123

f quadratic, x0 constrained 105
512 + 945

256x− 1155
512 x

2 0 0.0070 0.0300

f quadratic, x0 variable 35
128 + 105

32 x− 231
128x

2 − 1
60 0.0047 0.0049

Table 7.2: Inverse problem results for Example 7.7, x(t) = −125
8

t4 + 1225
36

t3 −
625
24 t

2 + 25
3 t.

f IC ‖x− Tx‖2 ‖x− x̄‖2
f linear, 158165

15844 − 40887
3961 x 0 0.0608 0.0504

x0 constrained

f linear, 192815
18444 − 16632

1537 x − 8425
221328 0.0604 0.0497

x0 variable

f quadratic, 9.5235− 8.6938x− 1.2020x2 0 0.0607 0.0497
x0 constrained

f quadratic, 11.0343− 12.4563x+ 1.0744x2 −0.0518 0.0603 0.0501
x0 variable

(increasing the degree of f) does not shrink either distance to zero,
at least for moderate values of N . Graphically, all four cases look
similar. Figure 7.1 presents two graphs to illustrate the two distance
measures for the case where f is quadratic and x0 is variable. It is the
nonmonotonicity of x(t) that causes difficulty.

Fig. 7.1: Graphical results for Example 7.7, x(t) = −125
8 t4 + 1225

36 t3 − 625
24 t

2 +
25
3 t.
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Given the parametric representation of a curve x = x(t), y = y(t),
t ≥ 0, we look for a two-dimensional system of ODEs of the form

ẋ(t) = f(x, y), x(0) = x0, (7.20)

ẏ(t) = g(x, y), y(0) = y0, (7.21)

with conditions on f and g to be specified below.

Example 7.8. Applying this method to the parabola x(t) = t and
y(t) = t2 with f and g restricted to be linear functions of x and y, we
obtain, as expected, the system

ẋ(t) = 1, x(0) = 0,

ẏ(t) = 2x, y(0) = 0.

When f and g are allowed to be at most quadratic in x and y, we
obtain the system

ẋ(t) = 1 + c1(x
2 − y), x(0) = 0,

ẏ(t) = 2x+ c2(x
2 − y), y(0) = 0,

where c1 and c2 are arbitrary constants.

Example 7.9. For the target solution x(t) = cos(t) and y(t) = sin(t)
(unit circle), with f and g at most quadratic in x and y, we obtain

ẋ(t) = −y + c1(x
2 + y2 − 1), x(0) = 1,

ẏ(t) = x+ c2(x
2 + y2 − 1), y(0) = 0,

where c1 and c2 are arbitrary constants. (These constants disappear
when f and g are constrained to be at most linear in x and y.)

We now consider target solutions that are not known in closed form.
Instead, they exist in the form of data series (xi, yi) from which are
constructed approximate target solutions (x̃(t), ỹ(t)). In the following
two examples, the data series are obtained by numerical integration of
a known two-dimensional system of ODEs.

Example 7.10. We first examine the Lotka-Volterra system

ẋ(t) = x− 2xy, x(0) =
1

3
, (7.22)

ẏ(t) = 2xy − y, y(0) =
1

3
, (7.23)
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the solution of which is a periodic cycle. For x̃(t) and ỹ(t) polynomials
of degree 30, we obtain

‖x(t)− x̃(t)‖2 ≈ 0.00007 and ‖y(t)− ỹ(t)‖2 ≈ 0.0001.

Given such a periodic cycle, there are a number of possibilities that
can be explored, including:

1. Restricting the functional forms of the admissible vector fields
f(x, y) and g(x, y) (e.g., Lotka-Volterra form) versus allowing the
fields to range over a wider class of functions (e.g., quadratic or
higher-degree polynomials). For example, an experimentalist may
wish to find the “best” Lotka-Volterra system for a given data se-
ries.

2. Constraining the initial value (x0, y0) or allowing it to be a variable.

In Table 7.3 are presented numerical results for a few such possibilities
applied to this example. In order to save space, we have defined Ex =
‖x̃−T x̃‖2, Ey = ‖ỹ−T ỹ‖2, Δx = ‖x− x̄‖2 and Δy = ‖y− ȳ‖2, where
(x̄, ȳ) denotes the fixed point of the Picard operator T .

Table 7.3: Inverse problem results for the Lotka-Volterra system in Exam-
ple 7.10.

Form of f and g f and g Initial Collage Actual
conditions distances L2 error

f = λ1x + λ2xy f = 1.0000x− 2.0000xy x0 = 1
3 Ex = 0.0002 Δx = 0.000002

g = λ3y + λ4xy g = −1.0000y + 2.0000xy y0 = 1
3 Ey = 0.0002 Δy = 0.000002

x0 constrained
y0 constrained
f = λ1x + λ2xy f = 1.0000x− 2.0000xy x0 = 0.3333 Ex = 0.0002 Δx = 0.000002
g = λ3y + λ4xy g = −1.0000y + 2.0000xy y0 = 0.3333 Ey = 0.0002 Δy = 0.000002
x0 variable
y0 variable
f quadratic f = −0.0008 + 1.0017x x0 = 1

3 Ex = 0.0002 Δx = 0.000004
g quadratic +0.0016y − 0.0017x2 y0 = 1

3 Ey = 0.0002 Δy = 0.000004
x0 constrained −1.9999xy − 0.0015y2

y0 constrained g = 0.0008− 0.0018x
−1.0018y + 0.0017x2

+2.0000xy + 0.0017y2

f quadratic f = −0.0009 + 1.0020x x0 = 0.3333 Ex = 0.0002 Δx = 0.000004
g quadratic +0.0019y − 0.0019x2 y0 = 0.3333 Ey = 0.0002 Δy = 0.000004
x0 variable −2.0000xy − 0.0018y2

y0 variable g = 0.0008− 0.0017x
−1.0016y + 0.0016x2

+2.0000xy + 0.0015y2

From Table 7.3, it is clear that when the vector fields are constrained
to be of Lotka-Volterra type (first two entries), the algorithm locates
the original system in (7.22) and (7.23) to many digits of accuracy. Re-
laxing the constraint on the initial values (x0, y0) yields no significant
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change in the approximations. In the case where the vector fields are
allowed to be quadratic, the “true” Lotka-Volterra system is located
to two digits accuracy.

As well, as evidenced in the examples, it should come as no surprise
that increasing the accuracy of the basis representation of the target
function(s) leads to a resulting DE (or system) that is closer to the
original. As an example, we present Table 7.4, which shows the effect
of poorer polynomial approximations to x(t) and y(t) in the simplest
case of the earlier Lotka-Volterra example, where we seek an f and g
of the correct form.

Table 7.4: Effect of different quality basis representations for the Lotka-
Volterra example.
Polynomial
basis degree ‖x(t)− x̃(t)‖2 ‖y(t)− ỹ(t)‖2 f g

10 0.0022853 0.0023162 0.998918x− 1.997938xy −0.999749y + 1.999531xy
15 0.0001278 0.0001234 1.000121x− 2.000197xy −0.999974y + 1.999943xy
20 0.0000162 0.0000164 1.000022x− 2.000036xy −0.999996y + 1.999987xy
25 0.0000009 0.0000008 0.999996x− 1.999994xy −0.999998y + 1.999997xy
30 0.0000002 0.0000002 1.000003x− 2.000005xy −0.999999y + 1.999999xy

Note. The target functions x(t) and y(t) can also be approximated
using trigonometric function series. Indeed, for the case of periodic
orbits, one would expect better approximations. This is found numer-
ically – the same accuracy of approximation is achieved with fewer
trigonometric terms. However, there is a dramatic increase in compu-
tational time and memory requirements. This is due to the moment-
type integrals, gk(t), that must be computed in (7.16) because of the
polynomial nature of the vector fields. Our Maple algorithm computes
these integrals using symbolic algebra. Symbolically, it is much eas-
ier to integrate products of polynomials in t than it is to integrate
products of trigonometric series.

Example 7.11. The van der Pol equation

ẋ(t) = y, x(0) = 2, (7.24)

ẏ(t) = −x− 0.8(x2 − 1)y, y(0) = 0, (7.25)

has a periodic cycle as its solution. Using 46th-degree polynomials to
approximate the cycle, we find

‖x(t)− x̃(t)‖2 ≈ 0.0141 and ‖y(t)− ỹ(t)‖2 ≈ 0.0894.

The results for this example are given in Table 7.5.
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Table 7.5: Inverse problem results for the van der Pol system in Example 7.11.

Form of f and g f and g Initial Collage Actual
conditions distances L2 error

f = λ1y f = 1.0001y x0 = 2 Ex = 0.0110 Δx = 0.0011
g = λ2x + λ3y + λ4x

2y g = −1.0007x + 0.8003y y0 = 0 Ey = 0.0546 Δy = 0.0016
x0 constrained −0.8012x2y
y0 constrained
f = λ1y f = 1.0000y x0 = 2.0000 Ex = 0.0002 Δx = 0.0012
g = λ2x + λ3y + λ4x

2y g = −1.0007x + 0.7993y y0 = 0.0023 Ey = 0.0002 Δy = 0.0018
x0 variable −0.7999x2y
y0 variable
f quadratic f = 0.000176− 0.000014x x0 = 2 Ex = 0.00043 Δx = 0.00026
g quadratic+λ1x

2y +1.000002y − 0.000052x2 y0 = 0 Ey = 0.00043 Δy = 0.00239
x0 constrained +0.000038xy − 0.000041y2

y0 constrained g = −0.000968− 0.999941x
+0.799944y + 0.000277x2

−0.000179xy + 0.000220y2

−0.799920x2y
f quadratic f = −0.000004 + 0.000004x x0 = 1.9999 Ex = 0.00046 Δx = 0.00035
g quadratic+λ1x

2y +1.000002y + 0.000007x2 y0 = 0.0003 Ey = 0.00046 Δy = 0.00245
x0 variable +0.000002xy − 0.000003y2

y0 variable g = −0.000591− 0.999979x
+0.799921y + 0.000151x2

−0.000105xy + 0.000142y2

−0.799898x2y

Example 7.12. We examine the inverse problems studied in [125],
wherein the parameter values of certain ecological models are esti-
mated with a Nelder-Mead-type search method. In that paper, “syn-
thetic data” are generated by numerically solving the differential equa-
tions of a proposed model with specified parameters. Gaussian noise
is added to the numerical solution, which is then sampled at a number
of uniformly distributed points. These sample points are fed into the
parameter estimation process outlined in [125] in order to determine
optimal parameter values for differential equations of the proposed
form. We emphasize that, to the best of our understanding, the esti-
mation method in [125] involves the minimization of the fixed-point
approximation error ‖x− x̄‖ as opposed to minimization of the collage
error ‖x− Tx‖.

One particular case studied in [125] is the SML model

dS

dt
= −KsSX, (7.26)

dX

dt
= KcSX −Km

X2

S
, (7.27)

where S(t) andX(t) represent the substrate concentration and biomass
at time t and the parameters Ks, Kc, and Km are all positive. Of
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course, the Nelder-Mead-type search of [125] determines the near-
optimal parameters for system (7.26)-(7.27) to have a solution as close
as possible to the noised numerical solution. Increasing the standard
deviation of the noise distribution decreases the quality of the fit to
the parameters for the system with a zero-noise solution. The Gaus-
sian distribution had zero mean and peak magnitude as large as the
peak value of the variable to which it was added.

We employ collage coding on this problem using the same test
parameters employed in [125]: Kb = 0.0055, Kc = 0.0038, and
Km = 0.00055. The system was solved numerically: 100 sampled data
points (with Gaussian noise of low-amplitude ε added) were fitted to
a 10-degree polynomial, and collage coding was then employed. The
sampled data points for S(t) were also used to fit the function S(t)−1

that appears in (7.27).
We make two comments before presenting the results in Table 7.6:

(i) Nelder-Mead-type searches are typically quite time- and resource-
consuming, while the collage coding method is quite fast, and (ii)
nowhere in [125] is the initial guess at the parameters (i.e. the seed
for the algorithm) specified. This second point is quite important, as
the results of the collage coding method provide an excellent initial
guess for further optimization, which may not even be warranted be-
cause the results are so close.

Table 7.6: Collage coding results for the SML problem of [125].

ε Kb Kc Km

0.00 0.005500000 0.003800000 0.000550000
0.01 0.005520150 0.003739329 0.000531034

0.03 0.005560584 0.003617699 0.000492936
0.05 0.005601198 0.003495669 0.000454616

0.10 0.005703507 0.003188687 0.000357837

As shown in Table 7.4, the accuracy achieved by the method in-
creases with the accuracy to which the target solutions x(t) and y(t)
are approximated in terms of basis expansions. A significant addi-
tional increase in accuracy may be achieved if the inverse problem is
partitioned in the time domain so that the target solutions are better
approximated over smaller time intervals. We may also choose to parti-
tion the spatial domain and seek a piecewise-defined vector field, each
piece of which minimizes the corresponding collage distance. Such an
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exploration appears in [101], and some related ideas will be discussed
in Sect. 7.2.

7.1.3 Multiple, partial, and noisy data sets

In practical applications, it is most probable that not one but a number
of (experimental) data curves or sets will be available, all of which are
to be considered as solution curves of a single ODE or system of ODEs.
It is relatively straightforward to accommodate multiple data sets in
our inverse problem algorithm of Sect. 7.1.1.

For each target function (each possibly a basis representation of
some numerical data), we can calculate the squared collage distance
of (7.15). Each integral involves the polynomial coefficients λk of f
since we assume that the data correspond to different solutions to the
same DE. We then minimize the sum of the squared collage distances
with respect to the variational parameters λk, 0 ≤ k ≤ N . Notice
that x0 can no longer be treated as a parameter since the different
solutions will correspond to different x0 values. (It is also possible to
minimize weighted sums of the squared collage distances if some of the
solutions are presumed to be more or less accurate or perhaps more or
less important.)

Minimizing the sum of the squared L2 collage distances is much eas-
ier to perform computationally than minimizing the sum of the collage
distances. Certainly, from a theoretical perspective, the sum of the
squared collage distances is not a metric. Nevertheless, squeezing this
sum toward zero guarantees a squeezing of the individual collage dis-
tances, which is sufficient for applications. This situation is discussed
in greater detail in [100].

Example 7.13. Consider the anharmonic oscillator system

ẋ(t) = y(t), (7.28)

ẏ(t) = −x(t)− 0.1x3(t). (7.29)

The period of the resulting cycle depends on the initial conditions
that are imposed. In what follows, we consider the solutions that cor-
respond to the two sets of initial conditions {x(0) = 1, y(0) = 0} and
{x(0) = 2, y(0) = 0}. Solving each system numerically and fitting each
component of the numerical solution with a polynomial gives us our
input data. The results of minimizing the combined collage distances
for various polynomial basis degrees are given in Table 7.7.
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Table 7.7: Results for the anharmonic oscillator problem in Example 7.13
with two data sets.

Polynomial
basis degree f g

5 0.99894640y −1.02120674x− 0.09696297x3

10 0.99962727y −1.00059610x− 0.09976199x3

15 1.00001325y −0.99999964x− 0.10000014x3

20 0.99999417y −0.99999985x− 0.10000008x3

25 1.00000322y −1.00000006x− 0.09999995x3

30 1.00000322y −1.00000006x− 0.09999997x3

It is also conceivable that only “partial data sets” are available; for
example, only a portion of a solution curve (x(t), y(t)) that is suspected
to be a periodic orbit of a two-dimensional system of ODEs. In this
situation, we simply apply our algorithm to the available data.

Example 7.14. We again solve the Lotka-Volterra system of Exam-
ple 7.10 numerically. This time, however, we only find a polynomial
representation for a portion of the solution cycle and seek a system
of ODEs that has this curve as a solution. Table 7.8 presents the re-
sults for both degree 10 and degree 30 polynomial fits and variously
sized partial data sets when Lotka-Volterra type systems are sought.
Table 7.9 presents similar results in the case of quadratic systems of
ODEs. All coefficients and initial conditions are presented to six dec-
imal places. At first glance, the tables paradoxically seem to suggest
that using less data yields better results. This artifact is actually due to
the improved basis representation of the numerical data as the partial
data set is made smaller. In all cases, the Riemann sum that approx-
imates the L2 distance between the numerical solution and the basis
representation is computed using 80 partitions of the time interval un-
der consideration. Therefore, as the time intervals are made smaller,
the basis approximation is substantially improved. Comparing the re-
sults for degree 10 and degree 30 polynomial bases further confirms
the observation that improved basis representations yield improved re-
sults. Of course, it bears mentioning that any of the earlier techniques
for improving results can be used here. For example, partitioning the
time domain at the turning points of x(t) and y(t) improves the basis
representation and yields a better result, as expected.

The numerical examples in the earlier sections are highly idealized:
the input to our algorithm is a polynomial representation of the ex-
act numerical solution to a DE or system. In a practical application,
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Table 7.8: Results for partial data sets and the Lotka-Volterra system.

Polynomial Percentage Resulting Lotka-Volterra
basis degree of cycle used system IC

10 80 ẋ(t) = 1.000283x− 2.000482xy x0 = 0.333311
ẏ(t) = −1.000078y + 2.000064xy y0 = 0.333540

10 50 ẋ(t) = 0.999999x− 1.999998xy x0 = 0.333333
ẏ(t) = −1.000002y + 2.000004xy y0 = 0.333333

10 20 ẋ(t) = 1.000000x− 2.000000xy x0 = 0.333333
ẏ(t) = −1.000000y + 2.000000xy y0 = 0.333333

30 80 ẋ(t) = 0.999996x− 1.999993xy x0 = 0.333334
ẏ(t) = −1.000001y + 2.000004xy y0 = 0.333332

30 50 ẋ(t) = 0.999998x− 1.999995xy x0 = 0.333333
ẏ(t) = −1.000001y + 2.000003xy y0 = 0.333333

30 20 ẋ(t) = 1.000000x− 2.000000xy x0 = 0.333333
ẏ(t) = −1.000000y + 2.000000xy y0 = 0.333333

it is far more likely that the interpolation of data points leads to a
much rougher representation of the solution to the underlying DE or
system. To simulate this imprecision, we can add Gaussian noise to
our numerical solution before performing the basis fit. More precisely,
the Riemann sum that approximates the L2 distance between our so-
lution and the basis representation is constructed by adding a small
amount of noise to each sample of the solution. We then look for a DE
or system that generates this noisy solution. The earlier partitioning
ideas could also be used here. The effect of noise is in itself a major
subject for inquiry. We limit our discussion to one illustrative example,
discussed in greater detail in [90].

Example 7.15. In [154], the authors consider how one might handle the
additional challenge of chaotic solutions by focusing on a problem for
the Lorenz system [118]

dx

dt
= σ(y − x), x(0) = x0,

dy

dt
= (r − z)x− y, y(0) = y0,

dz

dt
= xy − βz, z(0) = z0.

Parameters are chosen in the chaotic realm, and faux observational
data are manufactured for the x-component with low-amplitude Gaus-
sian noise added. To solve the inverse problem, a particular cost func-
tion is minimized. Such problems have been solved via Bock’s multiple
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Table 7.9: Results for partial data sets and the Lotka-Volterra system.

Polynomial Percentage Resulting quadratic
basis degree of cycle used system

10 80 ẋ(t) = −0.018442 + 1.037874x+ 0.044724y
−0.040676x2 − 1.991041xy − 0.046363y2

ẏ(t) = 0.010396− 0.020771x− 1.027131y
+0.023885x2 + 1.992760xy + 0.029110y2

x0 = 0.333071
y0 = 0.333846

10 50 ẋ(t) = −0.000675 + 1.001050x+ 0.002024y
−0.000937x2 − 2.000340xy − 0.001716y2

ẏ(t) = −0.000070− 0.000121x− 0.999811y
−0.000178x2 + 2.000219xy − 0.000367y2

x0 = 0.333330
y0 = 0.333334

10 20 ẋ(t) = −0.000001 + 1.000002x+ 0.000003y
−0.000003x2 − 1.999996xy − 0.000006y2

ẏ(t) = 0.000001− 0.000001x− 1.000002y
+0.000002x2 + 1.999997xy + 0.000003y2

x0 = 0.333333
y0 = 0.333333

30 80 ẋ(t) = 0.000019 + 0.999963x− 0.000040y
+0.000026x2 − 1.999992xy + 0.000036y2

ẏ(t) = −0.000020 + 0.000042x− 0.999966y
−0.000039x2 + 2.000010xy − 0.000032y2

x0 = 0.333333
y0 = 0.333334

30 50 ẋ(t) = −0.000001 + 1.000001x+ 0.000002y
−0.000003x2 − 1.999994xy − 0.000002y2

ẏ(t) = −0.000001− 0.000000x− 0.999999y
−0.000000x2 + 2.000005xy − 0.000001y2

x0 = 0.333333
y0 = 0.333333

30 20 ẋ(t) = 0.000000 + 1.000000x+ 0.000001y
−0.000001x2 − 2.000000xy − 0.000001y2

ẏ(t) = 0.000000− 0.000001x− 1.000001y
+0.000001x2 + 1.999999xy + 0.000001y2

x0 = 0.333333
y0 = 0.333333

shooting approach [26]. This iterative method requires repeated nu-
merical solving of the system on each subinterval of a chosen partition
followed by the solution of a large-scale constrained optimization prob-



7.1 Ordinary differential equations 263

lem. The researchers comment on the difficulty in and benefit of finding
a good initial guess of the parameters.

As a specific example of an inverse problem for the Lorenz system,
we consider a problem posed by researchers at the Oxford Maths In-
stitute, who provided the data set described below. Let

dx

dt
= 10(y − x), x(0) = x0,

dy

dt
= (r − z)x− y, y(0) = y0,

dz

dt
= xy − 8

3
z, z(0) = z0,

with four parameters: r, x0, y0, and z0. The system is solved numeri-
cally for fixed choices of the parameters, and the data for solution com-
ponent y(t) are sampled on intervals of length 0.1, with low-amplitude
Gaussian noise added in. We are given the earlier system and 8192
noised data values for y(t), and our job is to determine the value of
the parameter r.

Using multiple shooting, one obtains r = 26.6179 ± 0.0114. The
behaviour-based method yields r = 26.6 along with the 90% confidence
interval [26, 27.5]. The agreement of the two results to the first decimal
place is coincidental.

We approach the problem with collage coding in mind. Since the
differential equation for y(t) involves both x(t) and z(t), in order to
construct the collage distance for y we will need values for x(t) and
z(t). We discretize the known DEs for x(t) and z(t), with a time step
of size 0.1, and use the data values for y(t) to manufacture this new
data,

x(ti+1) = x(ti) + 10 (y(ti)− x(ti)) 0.1 = y(ti),

z(ti+1) = z(ti) +

(
x(ti)y(ti)−

8

3
z(ti)

)
0.1,

subject to x(t0) = x(0) = x0 and y(t0) = y(0) = y0. In general, the
values of x(ti) and z(ti), i ≥ 1, will depend on the unknowns x0 and z0,
but a simplification occurs here, as the x-values are merely a shift of
the y-values. Following the treatment in [101], we would next like to fit
polynomials (of some chosen degree) to the data, construct the collage
distance of interest, and minimize it. Unfortunately, the dependence of
the z-data values on the unknown z0 causes some trouble. We proceed
instead by discretizing the squared L2 collage distances, written here
for N data points:
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Δ2
x =

N−1∑
k=0

[
xk − x0 −

k∑
i=0

10(yi − xi)0.1

]2
0.1, (7.30)

Δ2
y =

N−1∑
k=0

[
yk − y0 −

k∑
i=0

(rxi − zixi − yi)0.1

]2
0.1, (7.31)

Δ2
z =

N−1∑
k=0

[
zk − z0 −

k∑
i=0

(
xiyi −

8

3
zi

)
0.1

]2
0.1, (7.32)

where xk = x(tk), yk = y(tk), and zk = z(tk). Now, Δ2
x depends

quadratically on x0, and imposing ∂Δ2
x

∂x0
= 0 determines the minimizing

value, namely

N−1∑
k=0

[
xk − x0 −

k∑
i=0

(yi − xi)

]
= 0

⇒ x0 =
1

N

(
N−1∑
k=0

[
xk −

k∑
i=0

(yi − xi)

])
.

Next, we minimize Δ2
z, which now depends only on z0, imposing ∂Δ2

z
∂z0

=

0 and recalling that each zk depends on z0. Finally, we minimize Δ2
y

by imposing
∂Δ2

y

∂y0
= 0 and

∂Δ2
y

∂r = 0 to find the minimizing y0- and
r-values.

Table 7.10 presents the value of r we obtain when different amounts
of input data are fed into the discrete collage coding machinery de-
scribed above. Notice that our collage coding interval can consist of
any collection of consecutive data points; we can even combine the
collage distances for disconnected sets of data points or multiple runs
of data gathering.

It is perhaps interesting to note that on occasion we obtain a value
of r that lies inside the 90% confidence interval obtained via the be-
haviour method. Otherwise, it lies just to the left of that confidence
interval. Since collage-coding is cheap and fast, we suggest that a
collage-coding pretreatment provides an excellent initial guess for fur-
ther optimization with other algorithms. Using the trapezoid rule to
manufacture the data for x and z leads to similar results.

We can generalize our approach for partial data sets. Our framework
consists of an N -dimensional system, dxi

dt = fi(t, x1, . . . , xN ), xi(0) =
xi0, i = 1, . . . , N , that admits the following partitioning:
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Table 7.10: r-values obtained via collage coding, to three decimal places.

Data points used Minimal-collage r Data points used Minimal-collage r
1–512 23.625 1–512 23.625

513–1024 24.971 1–1024 24.543
1025–1536 24.968 1–1536 25.000

1537–2048 25.345 1–2048 25.178
2049–2560 26.066 1–2560 25.841

2561–3072 25.343 1–3072 26.393
3073–3584 23.596 1–3584 26.640

3585–4096 24.205 1–4096 24.990
4097–4608 25.182 1–4608 24.183

4609–5120 25.608 1–5120 24.022

5121–5632 25.265 1–5632 23.982
5633–6144 23.488 1–6144 23.981

6145–6656 24.538 1–6656 24.017
6657–7168 24.470 1–7168 24.047

7169–7680 23.609 1–7680 24.060
7681–8192 24.829 1–8192 24.083

• data sets are obtainable for the components xi, i = 1, . . . ,M ,
M < N , and

• all unknown coefficients or parameters occur in fi, i = 1, . . . ,M .

In this setting, data can be manufactured for the components xi, i =
M+1, . . . , N ; in general, such data will depend on the initial values xi0,
i = M + 1, . . . , N . The resulting system of discretized squared collage
distances Δ2

xi
, i = M + 1, . . . , N , can be solved for the minimizing

values of these latter initial conditions. The remaining system Δ2
xi
, i =

1, . . . ,M , will then depend only on the first M initial conditions and
the unknown parameters, and the minimizing values can be calculated.

7.2 Two-point boundary value problems

We consider two-point boundary value problems of the form
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d2u

dx2
(x) = f

(
x, u(x),

du

dx
(x)

)
, A < x < B, (7.33)

a1u(A) + a2
du

dx
(A) = α, (7.34)

b1u(B) + b2
du

dx
(B) = β, (7.35)

where u(x) : [A,B] �→ R, a1, a2, b1, b2, α, and β are real, and f :
R3 �→ R is continuous. Boundary value problems of this type arise in
numerous applications; methods of direct solution and requirements
for (7.33)–(7.35) to have a unique solution are well-known. Here we
consider an inverse problem:

Given a function u(x) defined on [A,B], find a two-point bound-
ary value problem (7.33)–(7.35), possibly with the form of f pre-
scribed, that admits u(x) as an approximate solution as closely
as desired.

We will typically suppose that the coefficients in the boundary con-
ditions (namely, a1, a2, b1, b2) are known. The value of α or β may
be known; while the form of f(x, u(x), u′(x)) might be known, it will
contain unknown parameters. The reader will observe that a direct
method of solution to our question is quite unlikely to be successful
since the given u(x), generated from noisy observational data, is in
general not a true solution of any such model. Based on the discussion
in Sect. 7.1, we propose a collage coding process that incorporates a
novel approach to coping with the two boundary conditions in place
of the single initial condition.

In order to treat the boundary value problem, replace the bound-
ary conditions in (7.33)–(7.35) with two possibly undetermined initial
conditions in order to take advantage of the theory of initial value
problems (see [84] for other uses of this idea). Thus, we consider the
initial value problem

d2u

dx2
= f

(
x, u(x),

du

dx
(x)

)
, u(0) = u0,

du

dx
(0) = u′0, (7.36)

where u : R �→ R, f : R3 �→ R is continuous, and without loss of
generality the initial conditions are stated at x = 0. Under suitable
conditions on f , existence and uniqueness of solutions can of course be
established by converting this second-order equation into a first-order
system. Integrating (7.36) with respect to x from 0 to x twice and
interchanging the order of the integrals yields
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u(x) = u0 + u′0x+

∫ x

0
(x− s)f(s, u(s), u′(s))ds.

The one-dimensional Picard operator associated with (7.36), acting on
functions with continuous derivatives, is then defined by

(Tu)(x) = u0 + u′0x+

∫ x

0
(x− s)f

(
s, u(s),

du

dx
(s)

)
ds. (7.37)

In what follows we set u0 = u′0 = 0 without loss of generality since
nonzero values of these parameters can always be accommodated by
the transformation v(x) = (u(x) − u0) − xu′0. Following the setup
in Sect. 7.1, let I = [0, δ], δ > 0, and C(I) (C1[I]) be the space of
continuous (continuously differentiable) functions on I. Define

d∞(u, v) = sup
x∈I

{|u− v|+ |u′ − v′|}, ∀ u, v ∈ C1(I), (7.38)

C̄1(I) = {u ∈ C1(I) | ‖u‖∞ ≤ M},
D = {(x, u, u′) | x ∈ I, ‖u‖∞ ≤ M}, and

d2(u, v) =

(∫ δ

0
(|u− v|+ |u′ − v′|)2dx

) 1
2

, ∀ u, v ∈ C̄1(I). (7.39)

We require that

(i) f satisfy

max
(x,u,u′)∈D

|f(x, u, u′)| ≤ M

(δ + 1)δ
and

(ii) f also satisfy the following Lipschitz condition on D: for
(x, u, u′) and (x, v, v′) in D, real numbers K1,K2 ≥ 0 exist such
that

|f(x, u, u′)− f(x, v, v′)| ≤ K1|u− v|+K2|u′ − v′|. (7.40)

With this setup, T : C̄1(I) �→ C̄1(I). Let Π(I) denote the set of
all Picard operators of the form (7.37) with f satisfying (i) and (ii)
above. A proof similar to that of Theorem 7.2 (see [92]) establishes the
following.

Theorem 7.16. For sufficiently small δ, every Picard operator T ∈
Π(I) is contractive with respect to the sup metric (7.38) and the L2

metric (7.39) on C̄1(I).
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The final result recasts the continuity theorem in this setting. We
define the following norm on D

dD(f1(x, u, u
′), f2(x, u, u′)) = sup

(x,u,u′)∈D
|f1(x, u, u′)− f2(x, u, u

′)|.

Theorem 7.17. Let T1, T2 ∈ Π(I) with

(Tiu)(x) = (u0)i + (u′0)ix+

∫ x

0
(x− s)fi

(
s, u(s),

du

dx
(s)

)
ds

t ∈ I, i = 1, 2, with contraction factors c1 and c2, respectively. Let
ūi(x) ∈ C̄(I) be the fixed point of Ti. Then with c = min(c1, c2)

d∞(ū1, ū2) ≤
1

1− c

[
|(u0)1 − (u0)2|+ δ|(u′0)1 − (u′0)2|+

δ2

2
dD(f1, f2)

]
.

In summary, in terms of the Picard map our inverse problem is:
Given a function u(x) defined on [A,B], find a T ∈ Π(I) such that
ū(x), the fixed point of T , satisfies d2(ū, u) < ε, with ε chosen as small
as desired. Using the collage theorem, we realize that d2(ū, u) < ε can
be satisfied if the collage distance d2(Tu, u) can be made arbitrarily
small. Thus, we seek to minimize this collage distance in some system-
atic way.

7.2.1 Inverse problem for two-point BVPs

Given a target function u(x), which may be the interpolation of exper-
imental data points, it is not obvious how to pick the functional form
of f(t, u, u′) in (7.33) (and hence the Picard operator). We present a
result (similar to Theorem 7.4) that shows that restricting ourselves
to polynomial f still allows us to make the collage distance arbitrarily
small on some subinterval of I. The proof follows a similar path. This
result will be the basis for a partitioning scheme described later.

Theorem 7.18. Pick δ > 0, defining I = [0, δ]. Let u(x) be a solution
to (7.36) with u0 = u′0 = 0. Then, given any ε > 0, there exists an
I1 ⊆ I and an operator T1 ∈ Π(I) such that d∞(u, T1u) < ε on I1.

We work on [A,B], focusing on the initial value problem (7.36)
to start. For ease of computation in this discussion, we look for a
second-order linear differential equation with polynomial coefficients,
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but the algorithm may be applied to other choices. This means that
our inverse boundary value problem is: Given u(x) defined on [A,B],
find a boundary value problem of the form

d2u

dx2
(x) = f(x, u, u′)

= −p(x)u− q(x)u′, A < x < B, (7.41)

a1u(A) + a2u
′(A) = α, and (7.42)

b1u(B) + b2u
′(B) = β, (7.43)

where p(x) =

N∑
i=0

pix
i and q(x) =

N∑
i=0

qix
i. The associated Picard op-

erator is

Tu(x) = uA + u′A −
∫ x

A
(x− s)

(
N∑
i=0

pis
iu′(s)−

N∑
i=0

qis
iu(s)

)
ds,

and the squared L2 collage distance is given by

Δ2 =

∫ B

A

(u(x)− (Tu)(x))2dx.

Notice that Δ2 is quadratic in the parameters uA, u
′
A, pi, qi, 0 ≤

i ≤ N . Minimizing Δ2 with respect to these variational parameters by
imposing that the partial derivative with respect to each of them is
zero yields a linear system.

7.2.2 Practical considerations and examples

The minimization of the squared collage distanceΔ2 determines values
for the parameters in f as well as uA and u′A. Let A = {a1, a2, α} and
B = {b1, b2, β}. There are cases dependent on the form of the boundary
conditions.

Type I. A and B each have at least one unspecified member.
Then, having found u(A) = uA and u′(A) = u′A, (7.42) can be
satisfied with appropriate choices of the unspecified elements in
A. The solution to the initial value problem can then be used
to determine u(B) and u′(B), with the unspecified members of
B then being chosen to satisfy (7.43).
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Type II. Only one of A or B has all of its members specified.
If all of the members of B are specified, depending on whether
a1 = 0, when we minimize Δ2 we do not treat uA or u′A as a
variational parameter. Either the first or second row and col-
umn in the matrix M above is deleted, with the corresponding
entries in y and C deleted. If a1 is nonzero, we solve for u′A and
the parameters in f in terms of uA. The resulting initial value
problem (with u(A) = uA and u′(A) = u′A) is solved in terms of
uA, and then the fully specified boundary condition at x = B is
satisfied as well as possible by a choice of uA. A similar calcula-
tion can be performed when a1 = 0. If all of the members of A
are specified, we perform a similar calculation with our Picard
operator constructed at the point x = B.
Type III. All of the members of A and B are specified. If a1a2 is
nonzero, using (7.42), we eliminate u′(A) = u′A from our Picard
operator and leave uA free during the minimization process, as
in the previous case. We solve the resulting initial value problem
and use (7.43) to determine the best choice for uA. If a1 or a2
is zero, a similar calculation can be performed.

Forcing the solution to the initial value problem to satisfy the omitted
boundary condition may be computationally difficult, particularly in
the case when the solution depends on an unspecified parameter and
numerical methods are inapplicable. On the other hand, it is quite
simple to force the image of the target at the endpoint involved in the
boundary condition, say x = B, to satisfy the boundary condition:
b1(Tu)(B) + b2(Tu)

′(B) = β. In the three cases above, working with
the solution of the initial value problem may be replaced by imposing
such a condition on the map.

If the three equations (7.41), (7.42), and (7.43) are suitably incom-
patible, or the target function cannot be fit well by a solution to a
linear differential equation, the method outlined above will generate a
poor result. The collage theorem assures that finding a Picard oper-
ator with a small contraction factor that induces an extremely small
collage distance is sufficient to guarantee that the actual error in our
approximation (the distance between the target and the solution to
the resulting boundary value problem) is also very small. Two pos-
sible ways of reducing the minimal collage distance achieved by the
algorithm above are (i) increasing the complexity of f and (ii) parti-
tioning the interval [A,B] and performing the algorithm above on each
subinterval.
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Increasing the degree of the polynomial coefficients in a linear f
adds parameters to the problem, which may result in a smaller collage
distance. If the target function is expected to be the solution of a
boundary value problem with f having some particular nonlinear form,
this technique can be used to approximate the coefficients in that form.

If the interval I = [A,B] is partitioned into n subintervals, Ii =
[xi, xi+1], i = 0, . . . , n−1, with x0 = A and xn = B, the algorithm out-
lined earlier may be applied to each subinterval, with minor changes, to
obtain a piecewise-defined operator T = Ti on Ii. A modified algorithm
might begin in any one of the n subintervals and then proceed to neigh-
bouring subintervals until all of them have been treated. We impose
that T is continuous at the partition points: Ti(xi+1) = Ti+1(xi+1).
Note that this means that the n inverse problems are not indepen-
dent. We might choose to impose conditions on the continuity of f as
well. Such continuity conditions determine the values of u0 and u′0 in
the Picard operator on a neighbouring interval. Cases similar to those
listed above have to be considered for the first and final subintervals
(where the boundary conditions apply).

Example 7.19. For the target function u(x) = e−x + e4x on [0, 1], we
wish to find a boundary value problem of the form

w′′(x) = aw(x) + bw′(x), w(0) + w′(0) = 5, w(1) + w′(1) = 5e4.

The fully specified boundary conditions are satisfied by the target func-
tion, so our question amounts to determining optimal values of the
parameters a and b in the linear differential equation. One could, of
course, plug the target function into the differential equation, equate
coefficients of the different exponential terms, and solve the resulting
system. In this case, we obtain the values a = 4 and b = 3. On the
other hand, minimizing the collage distance gives to five decimal places
the linear system

2.46776u0 + 2.01901(5− u0) + 15.76212b+ 4.75925a = 77.31593,

0.78209u0 + 0.62672(5− u0) + 4.75925b+ 1.44122a = 23.48700.

Solving for a and b in terms of u0 gives

a = −4.7303u0 + 13.46622 and b = 1.39979u0 + 0.19869.

Forcing the Picard operator T to satisfy (Tu)(1) + (Tu)′(1) = 5e4

lets us determine that u0 = 2.00167 and hence a = 3.99780 and b =
3.00062.
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Example 7.20. Consider the target functions un(x) = sin(nπx) on
[0, 1], where n = 1, 2, 3, . . .. For each n, we seek a boundary value
problem of the form

w′′
n(x) = anwn(x) + bnw

′
n(x), wn(0) = 0, wn(1) = 0,

that admits un(x) as an approximate solution. The associated collage
distance Δ2

n for the Picard operator Tn depends on an, bn, and (wn)
′
0,

a parameter we introduce and use to satisfy the boundary condition
at x = 1. Imposing the usual stationarity conditions with respect to
an and bn lets us obtain a complicated expression for each coefficient
in terms of (wn)

′
0:

an =
(−nπ + (wn)

′
0)(n

2π2(2(−1)n + 7) + 18((−1)n − 1))

3(nπ(n2π2 + 3 + 12(−1)n))
, (7.44)

bn = nπ
(wn)

′
0n

2π2 + (5nπ − 2(wn)
′
0) + 4(nπ + 2(wn)

′
0)(−1)n

n2π2 + 3 + 12(−1)n
,(7.45)

Additionally imposing that (Tnwn)(1) = 0 allows us to determine that
(wn)

′
0 = nπ. Plugging this value into (7.44) and (7.45) gives an = 0 and

bn = (nπ)2, as we expect. This example highlights a potential use of
this method in the investigation of inverse eigenvalue problems. The
traditional inverse eigenvalue problem for Sturm-Liouville equations
supposes that the coefficients of the differential equation involve an
eigenvalue and some unknown function of x. The inverse problem seeks
to determine the unknown function when a complete set of eigenvalues
is known. For example, see [5].

Example 7.21. The function u(x) = 2(2−x)−1 on [0, 1] does not satisfy
a linear differential equation. We look for the minimal-collage linear
BVP

w′′(x) = aw(x) + bw′(x), w(0) = 1, w(1) = 2,

where the boundary conditions have been chosen to agree with the
target function and a and b are the unknown parameters for which
we seek to find the best values. If we build our operator at x = 0, we
might attempt to satisfy the boundary condition by either (i) making
the Picard operator T satisfy (Tw)(1) = 2 or (ii) making the solution
to the associated initial value problem satisfy the boundary condition
at x = 1. In case (i), to five decimal places, the coefficients obtained
are a = 2.97395 and b = −1.08057, with collage distance 0.44330. The
actual error, the L2 distance between the target and the solution to
the induced boundary value problem, is 0.00377. In case (ii), we get
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to five decimal places a = 2.76652 and b = −0.93830, with a collage
distance of 0.00308. The actual error is 0.00061. Of course, if we look
for differential equations of the form

w′′(x) = aw(x) + bw′(x) + cw(x)w′(x), w(0) = 1, w(1) = 2,

we get a = 0, b = 0, and c = 1, the exact solution.

Example 7.22. The collage method of solving such inverse problems is
reasonably robust. To simulate the interpolation of a set of data points,
we take the curve y(x) = xex and generate 20 uniformly spaced data
points on [0, 1]. Gaussian noise with small amplitude ε is added to the
data point values, and the noised points are fit to a polynomial, u(x).
First, we look for a boundary value problem of the form

w′′(x) = aw(x) + bw′(x), 4w(0)− w′(0) = α, 2w(1)− w′(1) = β,

which exhibits u(x) as an approximate solution. We proceed as in the
earlier examples, this time treating a, b, w0, and w′

0 as our collage
coding variables in the Picard operator. For each run, let T1 be the
minimal-collage Picard operator we obtain, with fixed points ū1.

Next, we instead seek to satisfy with u(x) the BVP

w′′(x) = aw(x) + bw′(x), 4w(0)− w′(0) = −0.5, 2w(1)− w′(1) = 0.5.

Notice that the boundary conditions are not satisfied by our target
function, so we expect this case to struggle. In order to satisfy the
boundary condition at x = 1, we treat only a and b as optimization
parameters, using the boundary condition at x = 0 to express w′

0 in
terms of w0. Minimization of the collage distance in this case yields
expressions for a and b in terms of w0. Demanding that the Picard
operator T satisfy 2(Tw)(1)−(Tw)′(1) = 0.5 determines w0 and hence
a and b. Let the minimal-collage operator thus obtained be T2, with
fixed point ū2.

The results of various cases are presented in Table 7.11. In Fig. 7.2,
the graphs of u(x) and the solution to the generated boundary value
problem for the cubic fit with ε = 0.03 are presented for each of the
two collage coding schemes above.

Let us repeat the process above with the modified target function
y(x) = x2ex. Unlike our xex, observe that this target function is not
in the range of the class of Picard operators we allow. Repeating the
procedure, we arrive at Table 7.12.

Because each row of each table deals with a different approximation
of one of our two target functions, it is difficult to draw sweeping con-
clusions. As we might have expected, the true errors for our second
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Table 7.11: Collage coding results for y(x) = xex in Example 7.22.

Degree ε d2(y, u) d2(u, T1(u)) d2(u, ū1) d2(u, T2(u)) d2(u, ū2)
2 0 0.01962 0.00428 0.08150 0.02927 0.12363

2 0.03 0.02103 0.00465 0.09744 0.02808 0.12968
2 0.07 0.03005 0.00516 0.12134 0.02674 0.13946

2 0.10 0.03921 0.00556 0.14067 0.02589 0.14798
3 0 0.00167 0.00131 0.01279 0.01556 0.21763

3 0.03 0.01771 0.00327 0.06185 0.02009 0.14938
3 0.07 0.04078 0.01132 0.35998 0.06389 0.08046

3 0.10 0.05811 0.01818 0.73042 0.11076 0.11931
4 0 0.00011 0.00010 0.00031 0.01777 0.20602

4 0.03 0.01806 0.01090 0.16009 0.01921 0.07696

4 0.07 0.04217 0.02610 0.51586 0.05195 0.10126
4 0.10 0.06025 0.03771 0.83912 0.17073 0.24650

Fig. 7.2: Graph of u(x) and the solution of the BVP for Example 7.22 with
degree=3 and ε = 0.03.

target function were greater than those for the first target because the
first target is in the range of our Picard operators and, for the second
target function, some collage coding runs with constrained boundary
values did quite poorly. This can be seen as good news! In an ex-
perimental setting, one might propose a model for the phenomenon
under study and then attempt to determine parameters in the model
from observational data, perhaps huge amounts of data from many
experimental runs. Indeed, the collage coding approach can be applied
to multiple data sets by constructing and minimizing the sum of the
squared collage distances for the individual data sets. One can use a
weighted sum to give more credence to more reliable data. Such an
approach can render negligible the impact of a few bad data sets. If
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Table 7.12: Collage coding results for y(x) = x2ex in Example 7.22.

Degree ε d2(y, u) d2(u, T1(u)) d2(u, ū1) d2(u, T2(u)) d2(u, ū2)
2 0 0.05286 0.02977 3.48485 0.04538 1.96423

2 0.03 0.05227 0.03003 3.16067 0.04538 1.60518
2 0.07 0.05508 0.03039 2.79473 0.04537 1.26306

2 0.10 0.05957 0.03065 2.56191 0.04560 1.11703
3 0 0.00611 0.00349 0.11527 0.10519 58.86074

3 0.03 0.01937 0.01136 1.24661 0.08689 21.29959
3 0.07 0.04196 0.02235 2.20382 0.09649 9.97591

3 0.10 0.05917 0.03040 2.54766 0.04477 1.05438
4 0 0.00052 0.00484 0.51538 0.12643 148.19929

4 0.03 0.01801 0.01714 1.65440 0.24462 1652.98125

4 0.07 0.04211 0.03359 2.57270 0.12742 1.89151
4 0.10 0.06019 0.04580 3.02624 0.10414 2.90807

the collage coding results are poor, the suggestion is that the model is
incorrect.

Example 7.23. Consider the target function u(x) = sin
(
2x+ π

4

)
on

[0, 1]. We seek a boundary value problem of the form

w′′(x) = aw(x) + bw′(x), 2w(0)− w′(0) = 0, 4w(1) + w′(1) = −1,

which admits u(x) as an approximate solution. Notice that the bound-
ary condition at x = 1 is not satisfied by the target function. Operating
on [0, 1], our method returns the boundary value problem (coefficients
to five decimal places)

w′′(x) = −3.79565w(x) + 0.79760w′(x), 0 < x < 1,

2w(0)− w′(0) = 0.3,

4w(1) + w′(1) = −1,

with collage distance 0.01102 and actual error 0.01381. Partitioning at
x = 0.5 gives

w′′(x) =
{

−4.00000w(x), 0 < x < 1
2 ,

0.50131w(x) + 2.81711w′(x), 1
2 ≤ x < 1,

2w(0)− w′(0) = 0,

4w(1) + w′(1) = −1,

with collage distance 0.00445 and actual error 0.00910. Partitioning
uniformly into four subintervals gives
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w′′(x) =

⎧⎪⎪⎨⎪⎪⎩
−4.00000w(x), 0 < x < 1

4 ,
−4.00000w(x), 1

4 ≤ x < 1
2 ,

−4.00000w(x), 1
2 ≤ x < 3

4 ,
21.48987w(x) + 9.20272w′(x), 3

4 ≤ x < 1,

2w(0)− w′(0) = 0,

4w(1) + w′(1) = −1,

with collage distance 0.00171 and actual error 0.00463. Figure 7.3 gives
graphs of the target function, the image under the Picard operator, and
the solution to the resulting boundary value problem in each case.

7.3 Quasilinear partial differential equations

Consider the general first-order quasilinear partial differential equa-
tion,

ut(x, t) +B(x, t, u(x, t))ux(x, t) = F (x, t, u(x, t)) (7.46)

u(x, 0) = g(x), (7.47)

where we assume that B, F and g are C1 functions; in our applications,
we will in fact have polynomial B and F . The system (7.46)-(7.47) can
be written as

(1, B, F )) · (ut(x, t), ux(x, t),−1) = 0 (7.48)

u(x, 0) = g(x), (7.49)

whence we employ the method of characteristics. For this problem, the
characteristics satisfy

dt

dr
= 1, t(0) = 0 ⇒ t = r (7.50)

dx

dr
= B(x, t, u(x, t)), x(0) = s (7.51)

du

dr
= F (x, t, u(x, t)), u(0) = g(s), (7.52)

where s parametrizes the initial data curve and r parametrizes the
solution along each resulting characteristic curve.

Having solved (7.50), we replace t by r in the remaining two equa-
tions. The solution to the resulting system in x and u (for each partic-
ular fixed choice of s) exists locally and depends continuously on the
initial data.
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Fig. 7.3: Graph of u(x) and (Tu)(x), as well as u(x) and the solution of the
BVP for Example 7.23.

Now, let x(t) = ψ(t) be the base characteristic satisfying x(0) =
ψ(0) = s; then h(t) = u(ψ(t), t) is the corresponding characteristic on
the solution surface. Thus,

dψ(r)

dr
= B(ψ(r), r, u(ψ(r), r)), (7.53)

dh(r)

dr
= F (ψ(r), r, u(ψ(r), r)). (7.54)

We integrate (7.53) and (7.54) with respect to r from r = 0 to r = t
to obtain
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ψ(t) = s+

∫ t

0
B(ψ(r), r, u(ψ(r), r))dr, (7.55)

h(t) = h(0) +

∫ t

0
F (ψ(r), r, u(ψ(0), r))dr. (7.56)

Thus the solution to (7.46) and (7.47) along the base characteristic
x = ψ(t) is

u(ψ(t), t) = g(ψ(0)) +

∫ t

0
F (ψ(r), r, u(ψ(r), r))dr. (7.57)

We suppose that our initial data lie on the interval x ∈ [a, b]. Let x(t) =
ψright(t) be the rightmost base characteristic (sprouting from x = a)
and x(t) = ψleft(t) be the leftmost base characteristic (sprouting from
x = b). That is, ψleft(0) = a and ψright(0) = b. Let τ > 0 be chosen
small enough that the base characteristics do not cross on [0, τ ] (this
can be done thanks to continuous dependence). Define a compact set
G by

G = {(x, t)|ψleft(t) ≤ x ≤ ψright(t), 0 ≤ t ≤ τ},

and define a map T by

(Tu)(x, t) = g(x) +

∫ t

0
F (x, r, u(x, r))dr. (7.58)

That is, T acts on functions u(x, t) that are continuous on G; we
denote by C(G) the space of all such functions. For continuous g,
‖g‖∞ = supx∈G |g(x)| ≤ Kg. Since F is assumed to be C1, its Jacobian
matrix has a bounded sup norm on G: ‖DF‖∞ ≤ KDF . We can pick
τ smaller if necessary to satisfy τKDF = c < 1. Furthermore, we can
find KF > 0 such that

‖F‖∞ = sup
(x,t)∈G

|F (x, t, u(x, t))| ≤ KF

τ
.

Now, define C̄(G) = {u|u ∈ C(G), ‖u‖∞ ≤ Kg +KF }. Then

T : C(G) �→ C(G)

and
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‖Tu‖∞ = sup
(x,t)∈G

∣∣∣∣g(x) + ∫ t

0
F (x, r, u(x, r))dr

∣∣∣∣
≤ sup

(x,t)∈G
|g(x)|+ sup

(x,t)∈G

∣∣∣∣∫ t

0
F (x, r, u(x, r))dr

∣∣∣∣
≤ Kg +

KF

τ

∣∣∣∣∣ sup
(x,t)∈G

∫ t

0
dr

∣∣∣∣∣
≤ Kg +

KF

τ
τ

= Kg +KF .

We conclude that T : C̄(G) �→ C̄(G). The following theorem states
that T is contractive with respect to the sup norm.

Theorem 7.24. For u and v in C(G), T defined in (7.58) is contrac-
tive in the sup metric; namely,

‖Tu− Tv‖∞ ≤ c‖u− v‖∞,

where c = τKDF < 1.

Proof. We have

‖Tu− Tv‖∞ = sup
(x,t)∈G

∣∣∣∣∫ t

0

(
F (x, r, u(x, r))− F (x, r, v(x, r))

)
dr

∣∣∣∣
Using the mean value theorem, we have that

F (x, r, u(x, r))− F (x, r, v(x, r)) = DF (x, r, ū(x, r)) (u(x, r)− v(x, r)),

where ū lies on the line segment connecting u and v. Hence,

‖Tu− Tv‖∞ = sup
(x,t)∈G

∣∣∣∣∫ t

0
DF (x, r, ū(x, r)) (u(x, r)− v(x, r)) dr

∣∣∣∣
≤ KDF ‖u− v‖∞ sup

(x,t)∈G

∣∣∣∣∫ t

0
dr

∣∣∣∣
≤ c‖u− v‖∞.

��

We can prove that T is in fact contractive with respect to the L2

norm.
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Theorem 7.25. For u and v in C(G), T defined in (7.58) is contrac-
tive in the L2 metric, with

‖Tu− Tv‖2 ≤ c√
2
‖u− v‖2

and c = τKDF < 1.

Proof. Using the Cauchy-Schwarz inequality and the mean value the-
orem, we have

‖Tu− Tv‖22
=

∫∫
G
(Tu− Tv)2dA

=

∫∫
G

(∫ t

0
F (x, r, u(x, r))− F (x, r, v(x, r))dr

)2

dA

=

∫∫
G

(∫ t

0
DF (x, r, ū(x, r))(u(x, r)− v(x, r))dr

)2

dA

≤
∫∫

G

(∫ t

0
DF (x, r, ū(x, r))2dr

)(∫ t

0
(u(x, r)− v(x, r))2dr

)
dA

≤ (KDF )
2
∫∫

G

(∫ t

0
dr

)(∫ t

0
(u− v)2dr

)
dA

≤ (KDF )
2
∫∫

G

(
t

∫ t

0
(u− v)2dr

)
dA.

Define a rectangle R lying in G by

R = {(x, t)|xleft ≤ x ≤ xright, tbottom ≤ t ≤ ttop}.

On R, we have
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R
(Tu− Tv)2dA

≤ (KDF )
2
∫ xright

xleft

∫ ttop

tbottom

∫ t

0
t(u− v)2drdtdx

≤ (KDF )
2
∫ xright

xleft

[∫ tbottom

0

∫ ttop

tbottom

t(u− v)2dtdr

+

∫ ttop

tbottom

∫ ttop

tr

t(u− v)2dtdr

]
dx

≤ (KDF )
2
∫ xright

xleft

[∫ tbottom

0

(ttop − tbottom)2

2
(u− v)2dr

+

∫ ttop

tbottom

(ttop − r)2

2
(u− v)2dr

]
dx

≤ (KDF )
2

(
τ2

2

)∫ xright

xleft

[∫ tbottom

0
(u− v)2dr +

∫ ttop

tbottom

(u− v)2dr

]
dx

≤ c2

2

∫∫
R
(u− v)2dA.

Notice that the inequality holds for a subset of G consisting of the
union of two or more such rectangles. We can approximate G increas-
ingly better by the union of ever smaller rectangles, with the inequality
holding for each such approximation. As the number of rectangles used
to approximate G approaches infinity, the error in the approximation
approaches 0, and in this limit we prove that the inequality holds on
G. We conclude that

‖Tu− Tv‖2 ≤ c√
2
‖u− v‖2.

��

In practice, we work with the L2 collage distance even though C̄(G)
is not complete with respect to it. Since the fixed point of T lies in
C(G), this is not a problem. In addition, the collage coding framework
that we have proved for a single quasilinear PDE readily extends to
systems of first-order quasilinear PDEs.
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7.3.1 Inverse problems for traffic and fluid flow

We model one-dimensional flow in the x direction with the first-order
quasilinear PDE

∂

∂t
ρ(x, t) +

∂

∂x

(
ρ(x, t)v(x, t, ρ(x, t))

)
= 0, ρ(x, 0) = g(x), (7.59)

where ρ(x, t) is the density at position x and time t of the substance
under consideration, and v(x, t, ρ) is the velocity at that place and
time, possibly also dependent upon the density there. g(x) is the ini-
tial density function. This equation is used to model the density of a
pollutant or oxygen suspended in a fluid flowing in one dimension. By
taking a continuum viewpoint, the same equation is used to model the
density of automobile traffic on a straight stretch of road. We focus
here on such flow applications.

Notice that if v = c, a positive constant, then the solution to (7.59)
is ρ(x, t) = g(x− ct), a forward wave. One makes the reasonable sug-
gestion that the velocity function v should pass through two points: (i)
when ρ = 0, we assume that v = c, where c is the maximum velocity
attainable in the medium under study, and (ii) there is a maximum
value of ρ that we call ρmax, where v = 0. We suppose further that
v = v(ρ), and seek a functional form such that the points (v, ρ) = (c, 0)
and (v, ρ) = (0, ρmax) lie on the curve. We consider the family of power
functions

v = c

(
1− ρ

ρmax

)n

, where n > 0,

which is nonnegative for ρ ∈ [0, ρmax]. Plugging into (7.59), our PDE
becomes

∂

∂t
ρ(x, t) + c

(
1− ρ

ρmax

)n−1(
1− n

ρ

ρmax

)
∂

∂x
ρ(x, t) = 0, (7.60)

where ρ(x, 0) = g(x), c > 0 is the maximum velocity, and ρmax > 0 is
the maximum density.

Equation (7.60) is a first-order quasilinear PDE. We can solve it by
using the method of characteristics. In the case n = 1, the solution can
be found in closed form. For other values of n, we might well have to
solve numerically; in fact, finding the base characteristics in such cases
will quite possibly require solving numerically for each individual base
characteristic. In all cases, the base characteristics can cross, leading
to the formation of a shock. We call the first such crossing time the
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blowup time. In our formulation, the set G is chosen so that it does
not include the blowup time.

The inverse problem we consider is as follows. Suppose we set up
cameras at various positions xi, i = 1, . . . , N , on a straight stretch
of road. The cameras take pictures of the road traffic at times tj , j =
1, . . . ,M . Somebody examines the pictures to count the number of cars
at each position at each time, thus producing the observational data
values ρ(xi, tj). From these data, we wish to estimate the physically
meaningful parameters c and ρmax.

We simulate this experiment by first solving (7.60) with chosen val-
ues of c, ρmax, n, and g(x). Next, we gather faux observational data
by sampling the solution at a grid of values, possibly adding low-
amplitude Gaussian noise. We use our collage coding machinery to
find the minimal collage parameter values, which hopefully lie close
to our chosen values. Of course, one would never try to perform such
a process by hand. It turns out that we encountered one particular
difficulty along the way, to which Maple delivered a one-line solution.
Partway through the collage coding process, one needs to solve the
base characteristic ODE

dψ(r)

dr
= B(ψ(r), r, ρ(ψ(r), r)),

where B is a polynomial with unknown coefficients and ρ(ψ(r), r) is a
polynomial that has been fitted to the observational data. Even in the
case where B is linear, the result is a complicated nest of integrals. In
order to calculate our collage distance, we will need an expression for
ψ(r) from which we can easily obtain values in terms of the parameters.
Since we make the first time at which data is gathered t = 0, we expand
ψ(r) as a series at r = t = 0.

Example 7.26. We set n = 1 and g(x) = 1+x. In Table 7.13, we present
some results for our experiment. It is strangely striking that the case
c = 1 and ρmax = 1 struggles so much more to do well compared with
the other cases in the table, but all of the results are quite good and
robust to the presence of noise.

The method works as expected. For example, taking data from a
solution for the case n = 2 and seeking the minimal collage distance
with n = 1 leads to a striking mismatch: the minimal collage parame-
ters do not produce a small collage distance, suggesting that the data
do not fit this model.
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7.4 Urison integral equations

Let I = [a, a + δ], δ > 0, and define (C(I), ‖ · ‖∞) as the complete
metric space of continuous functions on I with sup norm:

for x1, x2 ∈ C(I), ‖x1 − x2‖∞ = sup
t∈I

|x1(t)− x2(t)|.

We consider the Urison integral map [89]

(Tx)(t) = ϕ(t) +

∫ t

a
K(t, s, x(s))ds, (7.61)

where (i) ϕ(t) is continuous for t ∈ I, with ‖ϕ(t)‖∞ ≤ N on I, (ii) we
define D = {(t, s, x) | a ≤ s ≤ t ≤ a + δ, |x| ≤ 2N}, and (iii) on D,
K(t, s, x) is continuous and satisfies the Lipschitz condition

|K(t, s, x1)−K(t, s, x2)| ≤ M |x1 − x2|. (7.62)

We define a norm for continuous functions r on D:

‖r1 − r2‖D = sup
(t,s,x)∈D

|r1(t, s, x)− r2(t, s, x)|.

Let
C̄(I) = {x ∈ C(I) | ‖x‖∞ ≤ 2N},

and choose δ sufficiently small that δM < 1 and ‖K‖D ≤ N
δ . Then

‖Tx‖∞ = sup
t∈I

∣∣∣∣ϕ(t) + ∫ t

a
K(t, s, x(s))ds

∣∣∣∣
≤ ‖ϕ(t)‖∞ + sup

t∈I

(∫ t

a
|K(t, s, x(s))|ds

)
≤ N +

N

δ
δ = 2N,

so T : C̄(I) �→ C̄(I). Let U(I) be the set of all Urison integral operators
(7.61) satisfying the conditions above.

Thinking ahead, the sup norm is not a computationally desirable
metric; we would like to enjoy the pleasures of the L2 norm:

for x1, x2 ∈ L2(I), ‖x1 − x2‖2 =
(∫ a+δ

a
(x1(t)− x2(t))

2dt

) 1
2

.

The metric space (C̄(I), ‖ · ‖2) is not complete but, as we’ll establish
by the contractivity with respect to the sup norm, the fixed point of T
lies in C̄(I). Our first result establishes that a Urison integral operator
is contractive in both the sup and L2 norms.
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Theorem 7.27. T ∈ U(I) is contractive in the sup and L2 norms,

‖Tx1 − Tx2‖ ≤ c‖x1 − x2‖, for all x1, x2 ∈ C̄(I),

where c = δM < 1 and ‖ · ‖ is either the sup norm or the L2 norm.

Proof. Observe that

|(Tx1)(t)− (Tx2)(t)| =
∣∣∣∣∫ t

a
(K(t, s, x1(s))−K(t, s, x2(s))) ds

∣∣∣∣
≤ M

∫ t

a
|x1(s)− x2(s)| ds, (7.63)

from which the result for the sup norm follows quickly. To obtain the
result for the L2 norm, use the Cauchy-Schwarz inequality in (7.63) to
get

|(Tx1)(t)− (Tx2)(t)| ≤ M

∣∣∣∣(∫ t

a
(x1(s)− x2(s))

2ds

)∣∣∣∣
1
2
∣∣∣∣∫ t

a
ds

∣∣∣∣
1
2

≤ δ−1(t− a)d2(x1, x2)

= Mδ
1
2d2(x1, x2). (7.64)

This gives

‖Tx1 − Tx2‖2 =
(∫ t

a
|(Tx1)(t)− (Tx2)(t)|2dt

) 1
2

≤ Mδ
1
2 ‖x1 − x2‖2δ

1
2

= Mδ‖x1 − x2‖2. (7.65)

��
In a framework designed to discuss eigenvalue problems for such

integral operators, [43] in fact showed that Volterra integral operators
have a unique fixed point for any positive choice of δ.

Our next result establishes that the fixed points of two operators in
U(I) depend continuously on the parameters in the maps.

Theorem 7.28. Let T1, T2 ∈ U(I), with

(Tix)(t) = ϕi(t) +

∫ t

a
Ki(t, s, x(s))ds, t ∈ I, i = 1, 2,

with contraction factors c1 and c2, respectively. Let x̄i(t) ∈ C̄(I) be the
fixed point of Ti. Then

‖x̄1 − x̄2‖∞ ≤ 1

1−min(c1, c2)
[‖ϕ1 − ϕ2‖∞ + δ‖K1 −K2‖D].
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7.4.1 Inverse problem for Urison integral equations

The inverse problem of interest is:

Given a continuous target solution x(t) on a closed interval I,
determine functions K(t, s, x) and ϕ(t), restricted to a partic-
ular class of functional forms, such that the induced Urison
integral operator has a solution x̄(t) with ‖x̄− x‖2 < ε for ε as
small as desired.

We solve the problem above by instead finding a map T that yields
a minimal collage distance ‖Tx − x‖2. We would like to be able to
calculate the fixed point x̄ of T in order to calculate ‖x̄ − x‖2, the
actual error in the solution to our inverse problem. Unfortunately, a
general solution to the direct problem (given T , find x̄) is unavailable.
The common iterative scheme of a direct solution for Volterra integral
operators ([174]) sets

x(t) =

∞∑
n=0

xn(t), (7.66)

where

x0(t) = ϕ(t) and xn(t) =

∫ t

a
K1(t, s)xn−1(s)ds, n ≥ 1.

An upper bound for the nth term in the series solution (7.66) is

‖xn‖∞ ≤ Nn+1

n!
, (7.67)

giving us a rough way to check the magnitude of terms in the tail of
the series.

Of course, if our target solution x(t) is the interpolation of some
experimental data points, there will be some error appearing in x.
Denote by x∗ the actual function that models the data, and suppose
that ‖x− x∗‖2 < ε1. Then

‖x∗ − x̄‖2 ≤ ‖x∗ − x‖2 + ‖x− x̄|2 < ε1 + ε.

If ε1 and ε are small, then the fixed point of the operator we find is
close to the actual solution.

For the sake of discussion and ease of presentation, we suppose that
ϕ and K are restricted to be polynomials of some specified degree.
Clearly, if x is a polynomial, then there are simple choices of polyno-
mials ϕ and K for which
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x(t) = ϕ(t) +

∫ t

a
K(t, s, x(s))ds, t ∈ I = [a, a+ δ], (7.68)

admits x as an exact solution; such an exact solution to our inverse
problem may be possible provided ϕ is allowed to be of the required
degree. This case is mentioned again later. In general, we may not
be able to find operators in this class that make the collage distance
arbitrarily small. The following result establishes that, by partition-
ing I, we are able to find a piecewise-defined integral operator with
polynomials ϕ(t) and K(t, s, x) and corresponding collage distance as
small as we like. The collage theorem then implies that the fixed point
of the resulting operator is close to the target solution. Let Up(I) be
the set of all Urison integral operators (7.61) with polynomials ϕ and
K(t, s, x).

Theorem 7.29. Pick a and δ > 0, defining I = [a, a+ δ]. Let x(t) be
a solution to (7.68). Then, given any ε > 0, there exists an I1 ⊆ I and
an operator T1 ∈ Up(I1) such that ‖x− T1x‖∞ < ε on I1.

Proof. δ is chosen and x(t) is given. ε is also given. Let T ∈ U(I)
be the operator with fixed point x(t), defined by functions ϕ(t) and
K(t, s, x), with contraction factor c. Choose a1 and δ1 > 0 such that
I1 = [a1, a1 + δ1] ⊆ I (observe that all smaller choices of δ1 > 0
preserve this relationship), and let D1 = {(t, s, x) | a1 ≤ s ≤ t ≤
a1 + δ1, |x| ≤ 2N}. By the Weierstrass approximation theorem, there
exist polynomials ϕ1(t) and K1(t, s, x) of some degree such that on I1

‖ϕ− ϕ1‖∞ <
ε

8
and ‖K −K1‖D1 <

ε

8δ1N
.

If necessary, pick δ1 > 0 smaller to ensure that c1 = δ1‖K1‖D1 ≤ 1
2 . By

the proof of Theorem 7.27, the associated operator T1 is contractive
in sup norm on C̄(I1) with contraction factor c1. Let x1(t) be its fixed
point. Using Theorem 7.28, on I1,

‖x− T1x‖∞ ≤ ‖x− x1‖∞ + ‖x1 − T1x‖∞
= ‖x− x1‖∞ + ‖T1x1 − T1x‖∞
≤ (1 + c1)‖x− x1‖∞
< 2‖x− x1‖∞
≤ 2

1−min(c, c1)
[‖ϕ1 − ϕ‖∞ + δ1N‖K1 −K‖D1 ]

≤ 4

[
ε

8
+ δ1N

ε

8δ1N

]
= ε.

��
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We let

ϕ(t) =

Nϕ∑
i=0

ait
i, (7.69)

K(t, s, x) =

NK∑
i=0

NK∑
j=0

NK∑
l=0

ci,j,ls
itjxl, (7.70)

for some Nϕ, NK > 0. Then

(Tx)(t) =

Nϕ∑
i=0

ait
i +

NK∑
i=0

NK∑
j=0

NK∑
l=0

ci,j,lt
jgi,l(t)ds, (7.71)

where

gi,l(t) =

∫ t

a
(x(s))lsi, i, l = 0, . . . , NK . (7.72)

The squared L2 collage distance,

Δ2 =

∫
I
[x(t)− (Tx)(t)]2dt, (7.73)

is quadratic in the parameters ai and ci,j,l. One can minimize the
squared collage distance, Δ2, by setting the partial derivatives with
respect to each of these variational parameters to zero to get a linear
system for the unknown parameters.

Increasing the degree of K and/or ϕ increases the number of pa-
rameters in the problem. Although this can decrease the collage dis-
tance and allow a closer approximation of the target, it can also in-
crease the computation time significantly. Consider again the trivial
case mentioned earlier: if the target function x(t) is a polynomial (or
data points fitted by a polynomial) of degree NT with coefficients αi,
i = 1, . . . , NT , then the collage distance can be made to be zero by
either (i) setting Nϕ = NT , ai = αi, and ci,j,l = 0 (that is, ϕ(t) = x(t)
and K(t, s, x) = 0) or (ii) setting NK = NT and matching coefficients
of the same power of t (note that gi,l is a polynomial) in the double
sum and the target. Other functional forms of K and ϕ can also be
used.

If we partition the interval I into n subintervals Ii = [ti, ti+1], i =
0, . . . , n−1, where t0 = a and tn = a+δ, then the earlier algorithm can
be applied to each subinterval. Minimization of the collage distance on
subinterval Ii yields an operator Ti with the overall operator T = Ti
on Ii.
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7.5 Hammerstein integral equations

The Hammerstein integral operator is

(Tu)(x) =

∫ 1

0
K(x, y, u(y))dy + l(x).

In imaging applications, u represents an input signal (or image) and
the kernel K describes how this signal has been blurred. Of course,
the kernel can take on many forms, as an image might be blurred for a
wide variety of reasons ranging from effects of motion capture to focus
problems to diffraction effects of the medium in which a photograph
was taken. The term l(x) represents the contribution of additive noise
to the recorded image. The result of applying the Hammerstein integral
operator, Tu, is a blurred and noised image.

We discuss the inverse problem: given a recorded signal as well as l,
denoise and deblur the image by recovering the parameters in K (and
possibly its functional form). The reader is referred to [94, 95] for more
discussion.

We assume that l : [0, 1] �→ R is a given function andK : R×R×R �→
R satisfies

|K(α1, β, γ)−K(α2, β, γ)| ≤ C1(β, γ)|α1 − α2| (7.74)

and |K(α, β, γ1)−K(α, β, γ2)| ≤ C2(α, β)|γ1 − γ2|. (7.75)

Furthermore, suppose that for u ∈ L2([0, 1]) the function ξ(y) :=
C1(y, u(y)) belongs to L2([0, 1]). These next results are quite sim-
ple, and we mention them for the benefit of the reader. The first re-
sult states the existence and uniqueness of the solution in the space
C([0, 1]).

Theorem 7.30. Let l : [0, 1] �→ R be a continuous function. Then

(i) (Tu)(x) is a continuous function.
(ii) If ‖C2‖∞ := supα,β∈[0,1] |C2(α, β)| < 1, then T : C([0, 1]) �→
C([0, 1]) is a contraction.

Proof. Given a continuous function u ∈ C([0, 1]), we have

|(Tu)(x)− (Tu)(z)|

≤
∫ 1

0
|K(x, y, u(y))−K(z, y, u(y))|dy + |l(x)− l(z)|

≤ |x− z|
∫ 1

0
|C1(y, u(y))|dy + |l(x)− l(z)|
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≤ |x− z|
(∫ 1

0
|C1(y, u(y))|2dy

) 1
2

+ |l(x)− l(z)|, (7.76)

and this shows the continuity of the function (Tu)(x). To prove con-
tractivity, we have

d∞(Tu, Tv) = sup
x∈[0,1]

|(Tu)(x)− (Tv)(x)|

≤ sup
x∈[0,1]

∫ 1

0
|K(x, y, u(y))−K(x, y, v(y))|dy

≤ sup
x∈[0,1]

∫ 1

0
|C2(x, y)||u(y)− v(y)|dy

≤ ‖C2‖∞d∞(u, v).

��
Consider now the operator T on the space L2([0, 1]).

Theorem 7.31. Suppose l ∈ C([0, 1]) and C2 ∈ L2([0, 1]× [0, 1]) with
‖C2‖2 < 1. Then T : L2([0, 1]) �→ L2([0, 1]) is a contraction.

Proof. We first prove that Tu ∈ L2([0, 1]). For each fixed x1, x2 ∈ [0, 1],
we compute

|Tu(x1)− Tu(x2)|

≤
∫ 1

0
|K(x1, y, u(y))−K(x2, y, u(y))|dy + |l(x1)− l(x2)|

≤ |x1 − x2|
∫ 1

0
|C1(y, u(y))|dy + |l(x1)− l(x2)|

≤ |x1 − x2|
(∫ 1

0
|C1(y, u(y))|2dy

) 1
2

+ |l(x1)− l(x2)|,

so the function (Tu)(x) is bounded on [0, 1] and then belongs to
L2([0, 1]). To prove contractivity, we have

‖Tu− Tv‖22

=

∫ 1

0
|(Tu)(x)− (Tv)(x)|2dx

≤
∫ 1

0

∣∣∣∣∫ 1

0
K(x, y, u(y))dy + l(x)−

∫ 1

0
K(x, y, v(y))dy − l(x)

∣∣∣∣2 dx
≤
∫ 1

0

(∫ 1

0
|K(x, y, u(y))−K(x, y, v(y))|dy

)2

dx
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≤
∫ 1

0

(∫ 1

0
|C2(x, y)||u(y)− v(y)|dy

)2

dx

≤
∫ 1

0
‖C2‖22‖u− v‖22dx = ‖C2‖22‖u− v‖22.

��

Corollary 7.32. If C2 ∈ L2([0, 1] × [0, 1]) and ‖C2‖2 < 1, then the
fixed-point equation Tu = u has a unique solution ū belonging to
L2([0, 1]) and for all u0 ∈ L2([0, 1]) the sequence un = Tun−1 con-
verges to ū. If ‖C2‖∞ < 1, then ū is continuous.

7.5.1 Inverse problem for Hammerstein
integral equations

For each fixed u ∈ R, we have K(x, y, ·) ∈ L2([0, 1]× [0, 1]), and then

K(x, y, u) =
∞∑

i,j=1

ai,j(u)φj(x)φi(y), (7.77)

where φi(y) is an orthonormal basis in L2([0, 1]). For u ∈ C([0, 1]), we
suppose that the functions ai,j(u) satisfy

(i) ai,j(u) ∈ L2([umin, umax]), where umin = min
0≤x≤1

u(x) and umax =

max
0≤x≤1

u(x), so that

ai,j(u) =
∞∑
k=1

ai,j,kψk(u),

where ψk(u) is a basis for L2([umin, umax]).

(ii) Let |ai,j(u)−ai,j(v)| =
∣∣∣∣∣
∞∑
k=1

ai,j,k(ψk(u)− ψk(v))

∣∣∣∣∣ ≤ bi,j |u−v|. Then

|K(x, y, u)−K(x, y, v)| =

∣∣∣∣∣∣
∑
i,j

(ai,j(u)− ai,j(v))φj(x)φi(y)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∑
i,j

bi,jφj(x)φi(y)

∣∣∣∣∣∣ |u− v|,
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so C2(x, y) =

∣∣∣∣∣∣
∑
i,j

bi,jφj(x)φi(y)

∣∣∣∣∣∣ in (7.75).

We truncate each sum at upper limit n. Given a target solution u ∈
C([0, 1]) and the function l(x), the inverse problem consists of finding
coefficients ai,j,k in the expansion of K such that u is approximately
admitted as the fixed point of the corresponding Hammerstein integral
operator. Our collage distance is

‖u− Tu‖22

=

∫ 1

0

∣∣∣∣u(x)− ∫ 1

0
K(x, y, u(y))dy − l(x)

∣∣∣∣2 dx
=

∫ 1

0

∣∣∣∣∣∣−
n∑

j=1

ujφj(x) +

n∑
j=1

ljφj(x)

+

∫ 1

0

n∑
i,j,k=1

ai,j,kψk(u(y))φi(y)φj(x)dy

∣∣∣∣∣∣
2

dx

=

∫ 1

0

∣∣∣∣∣∣
n∑

j=1

φj(x)

⎛⎝−uj + lj +
n∑

i,k=1

∫ 1

0
ai,j,k

n∑
l=1

ck,lφl(y)φi(y)dy

⎞⎠∣∣∣∣∣∣
2

dx

=

∫ 1

0

∣∣∣∣∣∣
n∑

j=1

φj(x)

⎛⎝−uj + lj +

n∑
i,k,l=1

ai,j,kck,l

⎞⎠∣∣∣∣∣∣
2

dx

≤
∫ 1

0

⎡⎣ n∑
j=1

φ2
j (x)

⎤⎦⎡⎣ n∑
j=1

⎛⎝−uj + lj +
n∑

i,k,l=1

ai,j,kck,l

⎞⎠2⎤⎦ dx
=

⎡⎣∫ 1

0

n∑
j=1

φ2
j (x)dx

⎤⎦⎡⎣ n∑
j=1

⎛⎝−uj + lj +

n∑
i,k,l=1

ai,j,kck,l

⎞⎠2⎤⎦
= n

n∑
j=1

⎛⎝−uj + lj +
n∑

i,k,l=1

ai,j,kck,l

⎞⎠2

,

where ck,l = ck,l(u1, . . . , un) have known values since ψk are chosen
and u = u(y) is our known target function. Regarding the constraints,
we have that
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0

∫ 1

0
(C2(x, y))

2dxdy

=

∫ 1

0

∫ 1

0

⎛⎝∑
i,j

bi,jφj(x)φi(y)

⎞⎠2

dxdy

=

∫ 1

0

∫ 1

0

∑
i,j

(bi,jφj(x)φi(y))
2 dxdy

+2

∫ 1

0

∫ 1

0

∑
i,j,h,k

φj(x)φi(y)φh(x)φk(y)dxdy

=
∑
i,j

b2i,j + 2
∑
i,j,h,k

∫ 1

0
φj(x)φh(x)dx

∫ 1

0
φi(y)φk(y)dy

=
∑
i,j

b2i,j ,

so now the inverse problem becomes

min
A

‖u− Tu‖2, (7.78)

where A =
{∑

i,j b
2
i,j ≤ CA < 1

}
.

Example 7.33. We set l(x) = x and set Ktrue(x, y, u) = ktrue(x, y)u. In
this case, ai,j(u) = ai,ju, so that

Ktrue(x, y, u) =
∞∑

i,j=1

ai,jφj(x)φi(y),

‖u− Tu‖22 ≤
n∑

i=1

(
−uj + lj +

n∑
i=0

ai,juj

)2

,

and bi,j = ai,j . We define

ktrue(x, y) =

⎧⎪⎪⎨⎪⎪⎩
π(−1− x+ y), x− y < −1

2 ,

π(x− y), −1
2 ≤ x− y ≤ 1

2 ,

π(1− x+ y), 1
2 < x− y.

Let
φ(·) ∈ {φs(·), φc(·)} =

{√
2 sin(π·),

√
2 cos(π·)

}
. (7.79)

In this rather limited finite basis, the representation of ktrue(x, y) is
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kbasis(x, y) =
2

π
φs(x)φc(y)−

2

π
φc(x)φs(y) =

4

π
sin(π(x− y)).

We build the Hammerstein integral operator

(Ttrueu) (x) =

∫ 1

0
ktrue(x, y)u(y) dy + l(x)

and construct an approximation of its fixed point ūtrue(x) by iter-
ating the map 20 times on the initial function u0(x) = 0. We set
utarget(x) = T 20u0(x); see Fig. 7.4. Thus, our example inverse problem

Fig. 7.4: (left to right) The graphs of z = ktrue(x, y), z = kbasis(x, y), and
y = utarget(x).

is: Given utarget(x) and l(x), find a representation of the kernel k(x, y)
in our finite basis such that the corresponding Hammerstein integral
operator admits utarget(x) as an approximate solution. Following our
development, we minimize the constrained squared L2 collage distance

Δ2 = ‖u− Tu‖22 + λ

⎛⎝∑
i,j

a2i,j − CA

⎞⎠,
where CA ∈ (0, 1) is a chosen fixed value. We denote the kernel that
minimizes Δ2 by kcollage(x, y), and we observe that the desired result
is kcollage(x, y) = kbasis(x, y). To achieve this result, we would have to
set

CA = 2

(
2

π

)2

≈ 0.81057.

Instead, we systematically set CA = i
10 , i = 1, 2, . . . , 9, and minimize

each corresponding Δ2. Perhaps one might anticipate that the min-
imum of the nine minimal collage distances we find will occur when
CA = 0.8.
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In Table 7.14, we present the results obtained when we restrict our
basis further so that it consists of precisely the two functions ψ1(x, y) =
2 sin(πx) cos(πy) and ψ2(x, y) = 2 cos(πx) sin(πy), which appear in
ktrue(x, y). The pleasing result is that the minimum of the minimal
collage distances occurs when CA = 0.8. Indeed,

a1 and − a2 ≈ 2

π
≈ 0.63661,

the true best result.
Note that when we minimize Δ2, treating CA as an additional vari-

able, we obtain λ = 0, a linear system in the coefficients a1 and a2,
and a constraint equation, as opposed to an inequality. Still, on solving
the linear system for a1 and a2, we can check whether these minimiz-
ing values lead to a value of CA < 1. For this example, we obtain
a1 = 0.63644 and a2 = 0.63675, giving CA = 0.81051.

When we add the basis function φs(2x)φs(y) with coefficient a3,
we obtain a1 = 0.63675, a2 = −0.55321, and a3 = 0.04580, with
CA = 0.71359. The quality of the approximation diminishes in part
because in this example ‖C2‖2 = 0.90690, meaning the operator is not
very contractive.

If we modify κtrue, replacing each π by π
8 , then the new value of

‖C2‖2 is the smaller 0.113362. We obtain a1 = 0.07957, a2 = −0.07495,
and a3 = 0.00722, compared with the desired values a1 = −a2 =

1
4π ≈

0.07958 and a3 = 0.

7.6 Random fixed-point equations

For notational convenience, we consider the case of scalar random inte-
gral equations, but analogous results can be proved in similar ways for
the vector-valued case. The reader is referred to [97, 98]. Let (Ω,F , P )
be a given probability space. Let φ : Ω × Z × Z �→ Z satisfy the
conditions

1. |φ(ω, t, z1)− φ(ω, t, z2)| ≤ Kφ(ω)|z1 − z2|,
2. sup

t∈[t0,t0+δ]

|φ(ω, t, 0)| = K̃φ(ω),

a.e. ω ∈ Ω, where Kφ and K̃φ are random variables with known dis-
tributions. Given α ∈ [0, 1], let Kα be defined such that

Ωα =
{
w ∈ Ω : Kφ(w), K̃φ(w), x0(w) ∈ [−Kα,Kα]

}
,
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so that P (Ωα) ≥ α. Let M > Kα, and consider now the space X =
{x ∈ C([t0, t0 + δ]) : ‖x‖∞ ≤ M} endowed with the usual d∞ metric.

Proposition 7.34. For a.e. ω ∈ Ωα, let (Tωx)(t) =
∫ t
t0
φ(ω, s, x(s))ds+

x0(ω), t ∈ [t0, t0 + δ]. If δ is small enough, then Tω : X �→ X.

Consider now the operator T̃ : Y �→ Y , where Y = {x : Ωα �→
X,x is measurable} and[

(T̃ x)(ω)
]
(t) =

∫ t

t0

φ(ω, s, [x(ω)](s))ds+ x0(ω) (7.80)

for a.e. ω ∈ Ωα. We use the notation [x(ω)] to emphasize that for
a.e. ω ∈ Ωα [x(ω)] is an element of X. We have the following result.

Proposition 7.35. Let Eα(Kφ) =
∫
Ωα

Kφ(ω)dP (ω). If δEα(Kφ) < 1,

then T̃ is a contraction on Y . In particular, if δE(Kφ) < 1, then T̃ is
a contraction on Y .

By Banach’s theorem we have the existence and uniqueness of the
solution of the equation T̃ x = x. For a.e. (ω, t) ∈ Ωα × [t0, t0 + δ], we
have

x(ω, t) =

∫ t

t0

φ(ω, s, x(ω, s))ds+ x0(ω). (7.81)

7.6.1 Inverse problem for random DEs

We can solve inverse problems for specific classes of random differential
equations by reducing the problem to inverse problems for ordinary
differential equations. Let us consider the system of random equations⎧⎨⎩

d

dt
Xt = AXt +Bt,

x(0) = x0,
(7.82)

where X : R × Ω �→ Rn, A is a (deterministic) matrix of coefficients,
and Bt is a classical vector Brownian motion. As above, an inverse
problem for this kind of equation can be formulated as: Given an i.d.
sample of observations of X(t, ω), say X(t, ω1), . . . , X(t, ωn), get an
estimation of the matrix A. For this purpose, let us take the integral
over Ω of both sides of the previous equation and suppose that X(t, ω)
is sufficiently regular; recalling that Bt ∼ N (0, t), we have
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Ω

dx

dt
dP (ω) =

d

dt
E(X(t, ·)) = AE(X(t, ·)). (7.83)

This is a deterministic differential equation in E(X(t, ·)). From the
sample of observations of X(t, ω), we can then get an estimation of
E(X(t, ·)) and then use of approach developed for deterministic differ-
ential equations to solve the inverse problem for A.

Example 7.36. Consider the first-order system

d

dt
xt = a1xt + a2yt + bt,

d

dt
yt = b1xt + b2yt + ct.

Setting a1 = 0.8, a2 = −0.7, b1 = 0.9, b2 = 0.6, x0 = 1.2, and y0 = 1,
we construct observational data values for xt and yt for ti =

i
N , 1 ≤

i ≤ N , for various values of N . For each of M data sets, different pairs
of Brownian motion are simulated for bt and ct. Figure 7.5 presents
several plots of bt and ct for N = 100. In Fig. 7.6, we present some

Fig. 7.5: Example plots of bt and ct for N = 100.

plots of our generated xt and yt, as well as phase portraits for xt versus
yt. For each sample time, we construct the mean of the observed data
values, x∗ti and x∗ti , 1 ≤ i ≤ N . We minimize the squared collage
distances

Δ2
x =

1

N

N∑
i=1

⎛⎝x∗ti − x0 − 1

N

i∑
j=1

(
a1x

∗
tj + a2y

∗
tj

)⎞⎠2
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Fig. 7.6: Example plots of xt, yt, and xt versus yt for N = 100.

and

Δ2
y =

1

N

N∑
i=1

⎛⎝y∗ti − y0 − 1

N

i∑
j=1

(
b1x

∗
tj + b2y

∗
tj

)⎞⎠2

to determine the minimal collage parameters a1, a2, b1, and b2. The
results of the process are summarized in Table 7.15.

In what follows, we suppose that φ(ω, t, z) has the following polynomial
form in t and z:

φ(ω, t, z) = a0(ω) + a1(ω)t+ a2(ω)z + a3(ω)t
2 + a4(ω)tz

+a5(ω)z
2 + · · · . (7.84)

Suppose that x0 and each ai are random variables defined on the same
probability space (Ω,F , P ). Let μ and σ2 be the unknown mean and
variance of x0 and νi and σ2

i be the unknown mean and variance of
ai. Given data from independent realizations x(ωj , t), j = 1, . . . , N , of
the random variable x, the fixed point of T , we wish to recover the
means. Each realization x(ωj , t), j = 1, . . . , N , of the random variable
is the solution of a fixed-point equation

x(ωj , t) = x0(ωj) +

∫ t

0
φ(ωj , s, x(ωj , s))ds

= x0(ωj) +

∫ t

0

[
a0(ωj) + a1(ωj)s+ a2(ωj)x(ωj, s) + a3(ωj)s

2

+a4(ωj)sx(ωj, s) + a5(ωj)(x(ωj, s))
2 + · · ·

]
ds. (7.85)

Thus, for each target function x(ωj , t), we can find samples of realiza-
tions for x0(ωj) and ai(ωj) via the collage coding method for polyno-
mial deterministic integral equations. Upon treating each realization,
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we will have determined x0(ωj) and ai(ωj), i = 1, . . . ,M , j = 1, . . . , N .
We then construct the approximations

μ ≈ μN =
1

N

N∑
j=1

x0(ωj) and νi ≈ (νi)N =
1

N

N∑
j=1

ai(ωj), (7.86)

where we note that results obtained from collage coding each realiza-
tion are independent. Using our approximations of the means, we can
also calculate that

σ2 ≈ σ2
N =

1

N − 1

N∑
j=1

(x0(ωj)− μN )2,

σ2
i ≈ (σi)

2
N =

1

N − 1

N∑
j=1

(ai(ωj)− (νi)N )2.

Example 7.37. We consider the linear case φ(ω, t, z) = a0(ω)+a1(ω)t+
a2(ω)z. The realizations are calculated by numerically solving the re-
lated differential equation, sampling the solution at ten uniformly dis-
tributed points, and fitting a sixth-degree polynomial x(ωj , t) to the
data. Figure 7.7 illustrates some of the realizations. Table 7.16 lists
the distributions from which the parameters that generate each re-
alization are selected. The results of the preceding approach to the
inverse problem are presented in Table 7.17.

We include an example where the parameters are selected from χ2

distributions. This example shows that we can avoid the technical de-
tails that define the maximal allowed value of δ by instead just choosing
δ very small. In this example, we pick δ = 0.1.

Fig. 7.7: Graphs for Example 7.37, with linear φ. left to right: ten realizations
and 100 realizations.
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Example 7.38. We suppose that φ(ω, t, z) is quadratic z, namely

φ(ω, s, z) = a0(ω) + a1(ω)z + a5(ω)z
2.

The realizations are calculated by numerically solving the related dif-
ferential equation, sampling the solution at ten uniformly distributed
points, and fitting a polynomial x(ωj, t) to the data. Figure 7.8 presents
some of the realizations. Table 7.18 lists the distributions used for the
parameters, and the collage coding results are presented in Table 7.19.
Although the theoretical presentation of the sections above deals with
a single equation, the results extend naturally to systems. In the fol-
lowing final example, we return to the damped oscillator problem from
Example 7.37.

Fig. 7.8: Graphs for Example Example 7.38, with quadratic φ. left to right:
ten realizations and 100 realizations.

Example 7.39. We consider the damped harmonic oscillator system

dx1
dt

= x2, x1(0) = x10, (7.87)

dx2
dt

= −bx2 − kx1, x2(0) = x20, (7.88)

where the coefficients b and k and the initial conditions x10 and x20 are
random variables. In order to generate realizations, we choose the dis-
tributions N (0.2, 0.02), N (0.5, 0.02), N ( 13 , 0.01), and N (13 , 0.01), re-
spectively. We generate N realizations and fit a polynomial target
to uniformly sampled data points. Next, we collage code each target
and calculate the mean parameter values and corresponding mean op-
erator’s fixed point. Results are presented in Table 7.20. Figure 7.9
presents some visual results. In Fig. 7.9, the left pictures show graphs



7.6 Random fixed-point equations 301

in phase space of both the realizations and the fitted polynomials;
these orbits are coincident at the resolution of the picture, but there
are in fact slight errors. The graphs on the right show the target poly-
nomials along with the fixed points calculated via collage coding for
deterministic integral equations; once again, at the resolution of the
picture, the orbits appear to be coincident. The thicker orbit in each
graph on the right is the fixed point of the operator defined by mean
parameter values.

Fig. 7.9: Graphs for Example 7.39. Top left: ten realizations and targets. Top
right: targets, collage coding fixed points, and fixed point of the operator
defined by the mean parameter values (thicker curve). Bottom: similar results
for 30 realizations.

Note that we can formulate collage coding frameworks for random
analogues of the other deterministic inverse problems considered in
this chapter.
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7.7 Stochastic differential equations

Let (Ω,F , P ) be a probability space, {Ft}t≥0 be a filtration, {Bt}t≥0 be
a classical Rd Brownian motion, X0 be a F0 −Rd-measurable random
vector, and g : Rd × Rd �→ Rd. We look at the solution of the SDE:⎧⎨⎩dXt =

∫
Rd

g(Xt, y)dμt(y)dt+ dBt,

Xt=0 = X0,
(7.89)

where μt = PXt is the law of Xt. Given T > 0, consider the
complete metric space (C([0, T ]), d∞) and the space M(C([0, T ])) of
probability measures on C([0, T ]). It is well-known that associated
with each process Xt one can define a random variable from Ω to
C([0, T ]). This then induces a probability measure on M(C([0, T ])).
Let Φ : M(C([0, T ])) �→ M(C([0, T ])), the function that associates to
each element m ∈ M(C([0, T ])) the law of the process

X0 +Bt +

∫ t

0

∫
C([0,T ])

g(Xs, ws)dm(ws)ds. (7.90)

If Xt is a solution of (7.91) then its law on C([0, T ]) is a fixed point
of Φ, and vice versa. We have the following theorem that states an
existence and uniqueness result for (7.91).

Theorem 7.40. [161] Let (Ω,F , P ) be a probability space, {Ft}t≥0

be a filtration, {Bt}t≥0 be a classical Rd Brownian motion, X0 be a
F0−Rd-measurable random vector, and g : Rd×Rd �→ Rd be a bounded
Lipschitz function. Consider the following stochastic differential equa-
tion: ⎧⎨⎩dXt =

∫
Rd

g(Xt, y)dμt(y)dt+ dBt,

Xt=0 = X0.
(7.91)

We have that

(i) for t ≤ T , m1,m2 ∈ M(C([0, T ])),

Dt(Φ(m1), Φ2(m2)) ≤ cT

∫ t

0
Ds(m1,m2) ds

where cT is a constant and Ds is the distance between the images
of m1, m2 on C([0, s]);
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(ii) Φ is eventually contractive since there is a k > 0 so that

DT (Φ
k(m1), Φ

k(m2)) ≤
ckTT

k

k!
DT (m1,m2) = cT,kDT (m1,m2)

with cT,k < 1.

7.7.1 Inverse problem for SDEs

The aim of the inverse problem consists of finding an estimation of
g starting from a sample of observations of Xt. Let (X1

t , X
2
t , . . . X

n
t ),

t ∈ [0, T ], be an independent sample (i.d.) and μn the estimated law
of the process. We have the following trivial corollary of the collage
theorem.

Corollary 7.41. Let μn ∈ M(C[0, T ]) be the estimated law of the pro-
cess. If μ is the law of the process Xt of (7.91), then there exists a
constant C such that the following estimate holds:

DT (μ, μn) ≤ CDT (Φ(μn), μn). (7.92)

The inverse problem is then reduced to the minimization of the collage
distanceDT (Φ(μn), μn), which is a function of the unknown coefficients
of g.

7.8 Applications

Many models in biology and economics can be formulated in terms
of deterministic and random differential equations. We now present
how to solve inverse problems for some dynamical models by using the
collage method described above.

7.8.1 Population dynamics

The importance of population dynamics in mathematical biology is
well known and has a long history that goes back to the exponen-
tial law of Malthus and the Malthusian growth model. Many au-
thors in the literature (see, for instance, [32, 104] and the references
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therein) have highlighted the impact of population size on economic
growth; it can affect the production function GDP as well as modify
aggregate labor supply and savings, and so on. Links between demo-
graphic indicators and economic growth have been studied by many
authors in the literature; according to up-to-date demographic fore-
casts (United Nations webpage, http://www.un.org), the world pop-
ulation annual growth rate is expected to fall gradually from 1.8%
(1950–2000) to 0.9% (2000–2050) before reaching a value of 0.2% be-
tween the years 2050 and 2100. Following Lotka [119], population dy-
namics can be described through a nonautonomous differential equa-
tion as ˙L(t) = L(t)g(L(t)) (if L(t) = 0, then there is no popula-
tion growth). We are interested in the estimation of the function g
through the solution of a parameter identification problem. In many
papers in the literature, g is supposed to be constant (which leads
to exponential population growth) or be equal to n − dL(t) (which
implies logistic behavior), with n, d > 0. Here we wish to solve an in-
verse problem for this kind of differential equation using the collage
method above and real data available at the Angus Maddison web-
page (http://www.ggdc.net/MADDISON/oriindex.htm). We suppose
now that L(t) is driven by the differential equation

dL(t)

dt
= L(t)g(L(t)). (7.93)

We use data from six continents (Africa, Asia, Australia, Europe,
South America, and North America) over the period 1870–2008 and
look for a polynomial solution of the form

g(u) =

m∑
i=0

giu
i, (7.94)

where the gi are constant coefficients. This leads to

dL(t)

dt
=

m+1∑
i=1

giL
i(t). (7.95)

The results to eight decimal digits (using third-order polynomials) are
provided in Table 7.21. We now provide empirical evidence to model
population size by using higher-order polynomials (which include the
logistic process) and real data. To do this, we estimate the unknown
parameters through the solution of an inverse problem. The solution
of the inverse problem suggests that a good fitting curve for Australia,
Europe, and North America for these data is the logistic one (see

http://www.ggdc.net/MADDISON/oriindex.htm
http://www.un.org
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Fig. 7.10), while South America shows exponential behavior (g0, g1 >
0). Africa and Asia show a negative coefficient g0, which can be justified
by migration effects.

Fig. 7.10: (left to right, top to bottom) Population dynamics in Africa, Asia,
Australia, Europe, South America, and North America. The origin corre-
sponds to the year 1870.

7.8.2 mRNA and protein concentration

We consider a two-stage model of mRNA x(t) and protein concen-
tration y(t) [156]. The system of ODEs modeling the concentrations
features an environmental input that is assumed to be a Markov pro-
cess switching between two states,

dx

dt
+ μrx = R(t), (7.96)

dy

dt
+ μpy = rpx, (7.97)

where μr and μp are the decay rates of mRNA and protein, respectively,
rp is the environment independent rate at which protein is translated
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from active mRNA, and R(t) is the continuous-time two-state Markov
process modeling the switching environmental conditions. That is, R(t)
is assumed to switch between two states, r0 and r1. The two-state
model corresponds to a system where the gene’s enhancer sites can be
bound to by different transcription factors or cofactors. Once bound,
transcription occurs at a constant rate, and the mRNA product breaks
down at a constant rate μr. On the other hand, the protein production
depends on the concentration of mRNA. The model gives rise to a joint
stochastic process for the levels of mRNA and protein.

Given observations of numerous realizations of the stochastic vari-
ables, the goal of the inverse problem is to recover the two decay rates
and the mRNA-to-protein translation rate. As the system (7.98) be-
low shows – thanks to linearity – this can be done by taking the
expectations of both sides and then estimating the expected values by
using a finite set of observations.

As an experiment, we set α2 = 0.125, μr = 0.2, μp = 0.1, and
rp = 0.3. Furthermore, we set r0 = 0.2 and r1 = 0.1 and define the
Markov process to select state r0 with probability 0.25. For each of 100
realizations, we generate 50 data values one time unit apart. The values
of five realizations as well as the mean values of the 100 realizations
are plotted in Fig. 7.11. The expected values of x and y satisfy the

Fig. 7.11: Realizations (left) and mean values (right) for the mRNA (cross)
and protein (diamond) systems.

system
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dE(x)

dt
+ μrE(x) = p0r0 + (1− p0)r1, (7.98)

dE(y)

dt
+ μpE(y) = rpE(x). (7.99)

Hence we seek the parameters α1, α2, β1, and β2 of the system

dx

dt
+ α1x = α2, (7.100)

dy

dt
+ β1y = β2x, (7.101)

that minimize the corresponding squared L2 collage distances

Δ2
x =

∫ 50

0

(
x(t)−

∫ t

0
(α2 − α1x(s)) ds

)2

dt, (7.102)

Δ2
y =

∫ 50

0

(
y(t)−

∫ t

0
(β2x(s)− β1y(s)) ds

)2

dt. (7.103)

We solve a penalized version of this model that provides the following
results

α1 = 0.200, α2 = 0.127, β1 = 0.100, α2 = 0.300. (7.104)

Increasing the number of realizations moves us even closer to this value.

7.8.3 Bacteria and amoeba interaction

In [70], the authors develop a model for the pathogenesis mechanism
of the opportunistic human pathogen Pseudomonas aeruginosa in co-
culture with Dictyostelium amoebae. With u(t) and v(t) being the
number of bacteria and amoeba cells, respectively, at time t, the model
takes the form

du

dt
= r
(
1− u

K

)
u− auv, (7.105)

dv

dt
= −mv + duv − buv

1 + bTv
. (7.106)

In the absence of the amoeba, the bacteria undergo logistic growth
with intrinsic growth rate r and carrying capacity K. In the absence
of bacteria, the amoeboid population undergoes an exponential growth
decay with death rate m, as the bacteria are assumed to be the unique
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food source for the amoeba. The amoeba cells feed on bacteria through
a mass-action mechanism with attack rate a. The amoeba growth rate
is proportional to the uptake of bacteria, with proportionality constant
d. Finally, bacteria attack and kill amoeba cells according to a Holling-
type function with handling time T and attack rate b.

We consider the inverse problem of recovering all of the constant
rates in the model equations from observations of the bacteria and
amoeba populations.

For a simulation, we set r = 0.6,K = 10, a = 0.6,m = 0.52, d = 0.6,
b = 0.44, and T = 3.25. The system admits the stable equilibrium point
(1.286, 0.871) to three decimal places. The solution trajectories with
u(0) = 8 and v(0) = 6 are illustrated in Fig. 7.12. We simulate the

Fig. 7.12: Plots of the number of bacteria u and the number of amoeba cells
v for our simulation.

gathering of observational data ui = u(ti), vi = v(ti) times ti = 0.1i,
0 ≤ 1 ≤ 400, in order to capture the behaviour of the two “spikes.”
Given these two sets of data, we seek to recover the parameters αj ,
j = 1, 2, 3, and βj , j = 1, 2, 3, 4, so that the system

du

dt
= α1 (1 + α2u)u+ α3uv, (7.107)

dv

dt
= β1v + β2uv +

β3uv

1 + β3β4v
. (7.108)

admits the data sets as an approximate solution. The associated
squared L2 collage distances are

Δ2
u =

∫ 40

0

(
u(t)−u(0)−

∫ t

0
(α1 (1 + α2u(s))u(s) + α3u(s)v(s)) ds

) 2

dt

Δ2
v =

∫ 40

0

(
v(t)−v(0)−

∫ t

0

(
β1v(s) + β2u(s)v(s) +

β3u(s)v(s)

1 + β4v(s)

)
ds

)2
dt.
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A penalization method allows inclusion of the constraints in the objec-
tive function; we discretize the problem in accordance with the obser-
vational data interval and seek to find the parameters that minimize
the objective function. For Δ2

u, the method yields, to four decimal
places, α1 = 0.6012, α2 = −0.0603, and α3 = −0.5940. The squared
collage distance Δ2

v is a more complicated function of its parameters,
so we use particle swarm ant colony optimization to minimize it. We
obtain β1 = −0.5182, β2 = 0.5795, β3 = −0.5131, and β4 = 2.5274.
The values for the αi, β1, and β2 agree well with the known values.
The values for β3 and β4 are further away from the expected values of
−0.44 and 1.43.

7.8.4 Tumor growth

At each time t, we suppose that a tumor occupies the region u(t). The
tumor grows or shrinks due to cell proliferation or death according to
the level of a diffusing nutrient concentration. In [68], the problem is
cast as a free-boundary problem in three spatial dimensions, with the
assumption that the tumor is always spherical. Here, we assume that
the tumor always occupies a convex region that encloses the origin, and
we work in two spatial dimensions for convenience: the ideas extend
to three dimensions. Given observational data, we wish to recover a
model in the differential form

u(t+ dt) = u(t) + [(Au)(t) + b]dt, (7.109)

where, for each fixed t, we have that u(t) ∈ Hc is a compact and convex
subset of R2 and the sum is understood in the Minkowski sense. The
convexity assumption means that we can codify this model in terms of
an infinite-dimensional operator A and an infinite-dimensional vector
b that capture the growth rate information in every direction. The
real-world problem is: Given observational data in N < ∞ directions,
recover an N -dimensional model

duN
dt

= ANuN + bN (7.110)

that approximates well the evolution of the tumor. As an example,
we construct an always-convex region by considering the intersection
of several rotated, time-varying ellipses. Three of the frames in the
region’s evolution are given in Fig. 7.13. To simulate the data gathering
process, we calculate the position of the frontier of the tumor along
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Fig. 7.13: Snapshots in the evolution of our simulated tumor.

N uniformly distributed rays through the origin. This corresponds to
an N -dimensional model of (7.110), with dimension i corresponding to
the growth along ray i. In Fig. 7.14, we present visual results for the
case N = 40; for the same three times illustrated in Fig. 7.13, we plot
the data points produced by the model we have recovered, connecting
them with straight line segments. Denoting by A(t) the area of the

Fig. 7.14: Snapshots produced by our recovered model with N = 40.

tumor at time t, we can use the model to calculate and forecast the

relative growth rate of the area of the tumor, A′(t)
A(t) . In Table 7.22, we

present some results for different values of N . In this case, the models
show that the relative growth rate of the tumor is decreasing.
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Table 7.13: Collage coding results. For each row, we use the given values of c
and ρmax and set the initial condition to g(x) = 1 + x. In all cases, we seek
the minimal collage parameters for linear v(ρ) and g.

Target solution Noise Minimal collage parameters

c ρmax g(x) from data? ε c ρmax g(x)

1 1 yes 0 1.18075 1.11353 1.00022+1.00043x

1 1 no 0 1.31521 1.18766 1.02101+0.97752x

1 1 yes 0.05 1.24822 1.16554 1.00970+0.99809x

1 1 no 0.05 1.34192 1.20133 1.02243+0.97576x

1 1 yes 0.1 1.31449 1.21543 1.01919+0.99574x

1 1 no 0.1 1.36120 1.20900 1.02286+0.97432x

1 4 yes 0 1.00001 4.00000 1.00000+1.00000x

1 4 no 0 1.00001 4.00000 1.00000+1.00000x

1 4 yes 0.05 1.07105 4.17463 1.00948+0.99765x

1 4 no 0.05 1.02710 4.07272 1.00311+0.99925x

1 4 yes 0.1 1.14214 4.34042 1.01897+0.99531x

1 4 no 0.1 1.05385 4.14351 1.00617+0.99851x

3 4 yes 0 3.01990 4.00247 1.00000+1.00000x

3 4 no 0 3.03402 4.00475 1.00190+0.99865x

3 4 yes 0.05 3.08765 4.04955 1.00943+0.99771x

3 4 no 0.05 3.06499 4.01672 1.00490+0.99735x

3 4 yes 0.1 3.15563 4.09561 1.01891+0.99537x

3 4 no 0.1 3.09551 4.02805 1.00782+0.99607x
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Table 7.14: Collage coding results with kcollage(x, y) = a1φ1(x, y)+a2φ2(x, y)
and a21 + a22 = CA.

CA Minimal Δ2 a1 a2
0.1 0.17153 0.29898 −0.10301
0.2 0.12759 0.40955 −0.17964

0.3 0.09614 0.48283 −0.25860
0.4 0.07136 0.53421 −0.33856

0.5 0.05088 0.57113 −0.41690
0.6 0.03356 0.59838 −0.49187

0.7 0.01929 0.61908 −0.56280
0.8 0.01120 0.63526 −0.62964

0.9 0.01613 0.64823 −0.69267

Table 7.15: Minimal collage distance parameters for different N and M .

N M a1 a2 b1 b2
10 10 0.6893 −0.4456 0.8753 0.3813

10 100 0.8617 −0.6617 0.7834 0.6269
100 10 0.8499 −0.5981 0.9055 0.5757

100 100 0.6842 −0.6163 0.9319 0.5823

Table 7.16: Distributions used in the inverse problem of Example 7.37.

True values

Label a0 a1 a2 x0

1 N (1, 0.04) N (0.7, 0.04) N (0.3, 0.04) N (0.4, 0.09)
2 N (2, 0.09) N (0.5, 0.09) N (0.4, 0.09) N (0.5, 0.04)
3 χ2(6) χ2(5) χ2(6) χ2(4)
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Table 7.17: Results for the inverse problem of Example 7.37. The first column
indicates the distributions used from Table 7.16. N is the number of realiza-
tions, and the final four columns give in parentheses the mean and variance
obtained via collage coding for each parameter.

Minimal collage values

Label N a0 a1 a2 x0

1 10 (0.983, 0.066) (0.680, 0.028) (0.307, 0.029) (0.379, 0.020)
1 100 (0.974, 0.045) (0.691, 0.032) (0.345, 0.034) (0.411, 0.084)
1 1000 (0.998, 0.037) (0.698, 0.038) (0.296, 0.041) (0.389, 0.090)

2 10 (1.974, 0.147) (0.470, 0.062) (0.411, 0.065) (0.486, 0.009)
2 100 (1.962, 0.101) (0.487, 0.073) (0.468, 0.076) (0.507, 0.037)
2 1000 (1.997, 0.083) (0.497, 0.086) (0.394, 0.092) (0.493, 0.040)
3 10 (6.133, 9.801) (5.895, 10.902) (3.488, 3.446) (3.415, 6.002)
3 100 (5.987, 11.467) (5.025, 9.232) (5.615, 10.340) (4.551, 9.910)
3 1000 (6.153, 12.397) (4.711, 8.290) (5.966, 11.051) (3.934, 7.830)

Table 7.18: Distributions used in the inverse problem of Example 7.38.

True values

Label a0 a1 a5 x0

1 N (1, 0.04) N (0.7, 0.04) N (0.3, 0.04) N (0.4, 0.09)
2 N (2, 0.09) N (0.5, 0.09) N (0.4, 0.09) N (0.5, 0.04)

Table 7.19: Results for the inverse problem of Example 7.38. The first col-
umn indicates the distribution from Table 7.18 from which realizations are
generated. N is the number of realizations, and the final four columns give
in parentheses the mean and variance obtained via collage coding for each
parameter.

Minimal collage values

Label N a0 a1 a5 x0

1 10 (0.992, 0.067) (0.671, 0.027) (0.310, 0.030) (0.379, 0.020)
1 100 (0.978, 0.045) (0.688, 0.032) (0.346, 0.034) (0.411, 0.084)
1 1000 (1.000, 0.037) (0.696, 0.038) (0.296, 0.041) (0.389, 0.089)
2 10 (1.975, 0.147) (0.470, 0.062) (0.411, 0.064) (0.486, 0.009)
2 100 (1.962, 0.101) (0.487, 0.073) (0.468, 0.076) (0.507, 0.037)
2 1000 (1.997, 0.084) (0.498, 0.088) (0.393, 0.093) (0.493, 0.040)



314 7 Inverse Problems and Fractal-Based Methods

Table 7.20: Results for the random damped oscillator inverse problem of
Example 7.39. The results for the random variables are given in parentheses
as mean and variance.

Minimal collage values

N b k x10 x20

10 (0.281, 0.021) (0.592, 0.023) (0.333, 0.005) (0.414, 0.004)
30 (0.224, 0.021) (0.518, 0.023) (0.300, 0.013) (0.372, 0.007)
100 (0.215, 0.023) (0.506, 0.021) (0.344, 0.009) (0.328, 0.012)

Table 7.21: Minimal collage distance parameters

g0 g1 g2 g3
Africa −0.00763537 0.00000018 −0.00000000 0.00000000

Asia −0.02926752 0.00000005 −0.00000000 0.00000000
Australia 0.03003342 −0.00000383 0.00000000 −0.00000000

Europe 0.12968633 −0.00000070 0.00000000 −0.00000000
South America 0.00203530 0.00000025 −0.00000000 0.00000000

North America 0.03432962 −0.00000030 0.00000000 −0.00000000

Table 7.22: Model calculations for the relative growth rate A′(t)
A(t) of the tumor.

Time t N = 20 N = 40 N = 60
0.2 0.0434 0.0453 0.0458
0.4 0.0411 0.0430 0.0434
0.6 0.0390 0.0408 0.0411
0.8 0.0370 0.0387 0.0390
1.0 0.0352 0.0368 0.0352
2.0 0.0291 0.0304 0.0304
3.0 0.0236 0.0244 0.0243
4.0 0.0196 0.0201 0.0198
5.0 0.0168 0.0170 0.0166



Chapter 8

Further Developments and Extensions

8.1 Generalized collage theorems for PDEs

In this section, we formulate collage theorems to treat inverse problems
for elliptic, parabolic, and hyperbolic partial differential equations. Such
problems have understandably received a great deal of attention over
the years in the study of distributed systems (see, for example, [142]).

The structure of the framework can be outlined by considering the
guiding example of linear steady-state heat or fluid flow,

∇ · (κ(x)∇u(x)) = f(x), x ∈ Ω ⊂ Rn, (8.1)

with appropriate boundary conditions, where κ(x) represents the dif-
fusivity and f(x) the source term. When f = 0, (8.1) is the well-known
conductivity equation. The inverse problem is to determine κ(x) from
a sufficient set of observations of u(x) [69, 173, 85, 77, 78, 79]. (There is,
of course, the important question of sufficient conditions for the exis-
tence and uniqueness of solutions to (8.1) —see, for example, [144, 59].
We assume that these conditions are satisfied.)

We consider a variational form of (8.1) that is obtained by inte-
grating both sides with respect to elements of a suitable set of basis
functions (for example, the finite element “hat” functions). With (8.1)
in mind, this produces a linear system of equations involving the known
values uk associated with unknown values κk over a set of grid points.
The “solution” of this system is often accomplished by minimizing
an appropriate least-squares functional, possibly with the inclusion
of additional penalty functions for the purpose of regularization. This
procedure is described nicely in the recent monograph by Vogel [165].

Suppose that we step back a bit from these traditional practical
approaches and view the inverse problem for this linear boundary value

H. Kunze et al., Fractal-Based Methods in Analysis,  
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problem in terms of the Lax-Milgram representation theorem. Very
briefly, we recall that in the forward problem it is a standard procedure
to multiply both sides of a linear PDE such as (8.1) with an element
v ∈ H, where H is a suitable Hilbert space of functions (i.e., H1

0 (Ω)),
and integrate over Ω to obtain the equation

a(u, v) = φ(v), v ∈ H. (8.2)

Here φ(v) =
∫
Ω fv dx and a(u, v) is a bilinear form on H ×H.

The inverse problem may now be viewed as follows. Suppose that
we have an observed solution u and a given (restricted) family of bi-
linear functionals aλ(u, v), λ ∈ Rn. (In (8.1), for example, the λk could
correspond to the unknown diffusivity values on grid points or the
unknown coefficients of a multinomial expansion assumed for κ(x).)
We now seek to find “optimal” values of λ, for example, those that
minimize the function

F (λ) = sup
v∈H,‖v‖=1

|aλ(u, v)− φ(v)|. (8.3)

Now suppose that
λ∗ = argmin F (λ). (8.4)

Then, by the Lax-Milgram theorem, there exists a unique function uλ∗

such that
aλ∗(uλ∗ , v) = φ(v) for all v ∈ H. (8.5)

As we shall show in this chapter, the error in the approximation of our
given solution u with uλ∗ is given by

‖ u− uλ∗ ‖ ≤ 1

mλ∗
F (λ∗), (8.6)

where the constant mλ characterizes the expansivity of the bilinear
form aλ.

Following our earlier studies (given in Chapter 7) on the inverse
problems using fixed points of contraction mappings, we shall refer
to the minimization of the functional F (λ) in (8.3) as a generalized
collage method. We view (8.6) and the collage theorem as variations on
a theme. We emphasize that this framework provides a rigorous basis
for most practical methods of solving inverse problems in boundary
value problems.
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Definition 8.1. A linear functional on a real Hilbert space H is a lin-
ear map from H to R. A linear functional φ is bounded, or continuous,
if there exists a constant M such that

|φ(x)| ≤ M‖x‖ (8.7)

for all x ∈ H.

By the linearity of φ, it is trivial to prove that we may choose

M = max
x∈H,‖x‖=1

φ(x). (8.8)

Theorem 8.2. (Riesz representation) Let H be a Hilbert space and φ
be a bounded linear functional. Then there is a unique vector x ∈ H
such that φ(y) =< x, y > for all y ∈ H, where < ·, · > denotes an
inner product in H.

Theorem 8.3. (Lax-Milgram representation) Let H be a Hilbert space
and φ be a bounded linear nonzero functional. Suppose that a(u, v) is
a bilinear form on H ×H that satisfies the following:

• there exists a constant M > 0 such that |a(u, v)| ≤ M‖u‖‖v‖ for
all u, v ∈ H,

• there exists a constant m > 0 such that a(u, u) ≥ m‖u‖2 for all
u ∈ H.

Then there is a unique vector u∗ ∈ H such that φ(v) = a(u∗, v) for all
v ∈ H.

Example 8.4. Consider the following second-order ordinary differential
equation in u(x):⎧⎨⎩− d

dx

(
k(x)dudx

)
= f(x), x ∈ (0, 1),

u(0) = u(1) = 0.
(8.9)

It is well-known that on the Hilbert space H1
0 ([0, 1]) built with all

L2 functions that have a weak derivative in L2, this problem can be
reformulated in a variational form as∫ 1

0
k(x)u′(x)v′(x)dx =

∫ 1

0
f(x)v(x)dx (8.10)

for all v ∈ H1
0 ([0, 1]). In terms of the notation used above, this equation

can be rewritten in the form

aλ(u, v) = φ(v). (8.11)

By the Lax-Milgram theorem, we have the well-known result that this
problem has a unique solution in H1

0 [0, 1].
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8.1.1 Elliptic PDEs

Suppose that we have a given Hilbert space H, a “target” element u ∈
H and a family of bilinear functionals aλ. Then, by the Lax-Milgram
theorem, there exists a unique vector uλ such that φ(v) = aλ(uλ, v)
for all v ∈ H. We would like to determine if there exists a value of the
parameter λ such that uλ = u or, more realistically, such that ‖uλ−u‖
is small enough. The following theorem will be useful for the solution
of this problem.

Theorem 8.5. (Generalized collage theorem) Suppose that aλ(u, v) :
Λ × H × H → R is a family of bilinear forms for all λ ∈ Λ and
φ : H → R is a given linear functional. Let uλ denote the solution
of the equation aλ(u, v) = φ(v) for all v ∈ H, as guaranteed by the
Lax-Milgram theorem. Given a target element u ∈ H, then

‖u− uλ‖ ≤ 1

mλ
F (λ), (8.12)

where
F (λ) = sup

v∈H, ‖v‖=1
|aλ(u, v)− φ(v)|. (8.13)

Proof. For each λ, we know by the Lax-Milgram theorem that there
exists a unique uλ ∈ H such that aλ(v, uλ) = φ(v) for all v ∈ H. From
Theorem 8.3, we then have

mλ‖u− uλ‖2 ≤ |aλ(u− uλ, u− uλ)|
= |aλ(u− uλ, u)− aλ(u− uλ, uλ)|
= |aλ(u− uλ, u)− φ(u− uλ)|

such that

‖u− uλ‖ ≤
(

1

mλ

)
sup

v∈H, ‖v‖=1
|aλ(u, v)− φ(v)|. (8.14)

��

Example 8.6. Consider (8.10). Let

φ(v) =

∫ 1

0
f(x)v(x)dx (8.15)

and



8.1 Generalized collage theorems for PDEs 319

aλ(u, v) =

∫ 1

0
k(x)u′(x)v′(x)dx, (8.16)

where k : R �→ R is a parameter function. Given a function u ∈
H1

0 ([0, 1]) and using the generalized collage theorem, Theorem 8.5,
the inverse problem can then be formulated as

inf
λ∈Λ

1

mλ
F (λ), (8.17)

where F (λ) is defined in (8.13).

In order to ensure that the approximation uλ is close to a target
element u ∈ H, we can, by the generalized collage theorem, try to
make the term F (λ)/mλ in (8.17) as close to zero as possible. The
appearance of the mλ factor complicates the procedure, as does the
factor 1/(1−c) in the standard collage theorem. As such, we shall follow
the usual practice and ignore the mλ factor, assuming, of course, that
all allowable values are bounded away from zero. So, if infλ∈Λmλ ≥
m > 0, then the inverse problem can be reduced to the minimization
of the function F (λ) on the space Λ; that is,

inf
λ∈Λ

F (λ). (8.18)

Now let 〈ei〉 ⊂ H be a basis of the Hilbert space H, not necessarily
orthogonal, such that each element v ∈ H can be written as v =∑

i αiei. Computing, we have, for all v ∈ H,

|aλ(u, v)− φ(v)|2 =
∣∣∣∣∣aλ
(
u,
∑
i

αiei

)
− φ

(∑
i

αiei

)∣∣∣∣∣
2

≤
(∑

i

αi|aλ(u, ei)− φ(ei)|
)2

≤
[∑

i

α2
i

][∑
i

|aλ(u, ei)− φ(ei)|2
]
,

Inequality (8.14) can be rewritten as

inf
λ∈Λ

‖u− uλ‖

≤ inf
λ∈Λ

(
1

mλ

)(
sup

v∈H, ‖v‖=1

[∑
i

α2
i

])[∑
i

|aλ(u, ei)− φ(ei)|2
]

=
1

m
sup

v∈H, ‖v‖=1

[∑
i

α2
i

]
inf
λ∈Λ

[∑
i

|aλ(u, ei)− φ(ei)|2
]
.
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8.1.1.1 Approximating the problem

Let Vn =< e1, e2, . . . , en > be the finite-dimensional vector space gen-
erated by ei, Vn ⊂ H. Given a target u ∈ H, letΠVnu be the projection
of u on the space Vn and consider the following problem: Find uλ ∈ Vn

such that ‖ΠVnu − uλ‖ is as small as possible. Following the same
analysis that led to (8.1.1), we have

‖ΠVnu− uλ‖ ≤
(

1

mλ

)
max

v∈Vn, ‖v‖=1
|aλ(ΠVnu, v)− φ(v)|

≤ 1

mλ
max

v=
∑n

i=1 αiei∈Vh,‖v‖=1

[
n∑

i=1

α2
i

][∑
i

|aλ(u, ei)− φ(ei)|2
]

=
M

m

[∑
i

|aλ(u, ei)− φ(ei)|2
]
,

where M = maxv=
∑n

i=1 αiei∈Vh,‖v‖=1

∑n
i=1 α

2
i , so we have reduced the

problem to the minimization of the function

inf
λ∈Λ

‖ΠVnu− uλ‖ ≤ M

m
inf
λ∈Λ

n∑
i=1

|aλ(u, ei)− φ(ei)|2

=
M

m
(Fn(λ))

2. (8.19)

8.1.1.2 One-dimensional steady-state diffusion

As an application of the preceding method, we consider the one-
dimensional steady-state diffusion equation

− d

dx

(
κ(x)

du

dx

)
= f(x), 0 < x < 1, (8.20)

u(0) = uleft, (8.21)

u(1) = uright, (8.22)

where the diffusivity κ(x) varies in x. The inverse problem of interest
is: Given u(x), possibly in the form of an interpolation of data points,
and f(x) on [0, 1], determine an approximation of κ(x). In [165], this
problem is studied and solved via a regularized least-squares minimiza-
tion problem. It is important to stress that the approach in [165] seeks
to directly minimize the error between the given u(x) and the solutions
v(x) Eq. (8.20). The collage coding approach allows us to perform a
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different minimization to solve the inverse problem. A natural goal
is to recover κ(x) from observations of the response u(x) to a point
source f(x) = δ(x− xs), a Dirac delta function at xs ∈ (0, 1).

In what follows, we consider uleft = uright = 0, although the ap-
proach can be modified to treat nonzero values. We multiply (8.20)
by a test function ξi(x) ∈ H1

0 ([0, 1]) and integrate by parts to obtain
a(u, ξi) = φ(ξi), where

a(u, ξi) =

∫ 1

0
κ(x)u′(x)ξ′i(x) dx− ξi(x)κ(x)u

′(x)
∣∣∣∣1
0

(8.23)

=

∫ 1

0
κ(x)u′(x)ξ′i(x) dx, and (8.24)

φ(ξi) =

∫ 1

0
f(x)ξi(x) dx. (8.25)

For a fixed choice of n, introduce the partition of [0, 1]

xi =
i

n+ 1
, i = 0, . . . , n+ 1,

with n interior points, and define for j = 0, 1, 2, . . .

V r
n = {v ∈ C[0, 1] : v(0) = v(1) = 0 and v is a polynomial

of degree r on [xi−1, xi] , i = 1, . . . , n+ 1} .

Denote a basis for V r
n by {ξ1, . . . , ξn}. When r = 1, our basis consists

of the hat functions

ξi(x) =

⎧⎪⎪⎨⎪⎪⎩
(n+ 1) (x− xi−1) , xi−1 ≤ x ≤ xi,

−(n+ 1) (x− xi+1) , xi ≤ x ≤ xi+1,

0, otherwise,

, i = 1, . . . , n,

and when r = 2, our hats are replaced by parabolas with

ξi(x) =

{
(n+ 1)2 (x− xi−1) (x− xi+1) , xi−1 ≤ x ≤ xi+1, i = 1, . . . , n,

0, otherwise.

Suppose that κ(x) > 0 for all x ∈ [0, 1]. Then the mλ in our formu-
lation, which we denote by mκ, can be chosen equal to inf

x∈[0,1]
κ(x). In

fact, we have

a(u, u) =

∫ 1

0
κ(x)u′(x)u′(x) dx
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≥ inf
x∈[0,1]

κ(x)

∫ 1

0

(
u′(x)

)2
dx

= mκ‖u‖2H1
0
,

where the norm on H1
0 is defined by the final equality. As a result,

because we divide by mκ, we expect our results will be good when
κ(x) is bounded away from 0 on [0, 1].

We shall consider two different scenarios: (i) a continuous frame-
work and (ii) a discretized framework. In a final discussion (iii), we
consider the case of f(x) being a point source in each of the two frame-
works. Finally, we discuss the incorporation of multiple data sets by
our method.

8.1.1.3 Continuous framework

Assume that we are given data points ui measured at various x-values
having no relation to our partition points xi. These data points are in-
terpolated to produce a continuous target function u(x), a polynomial,
say. Let us now assume a polynomial representation of the diffusivity,

κ(x) =

N∑
j=0

λjx
j . (8.26)

In essence, this introduces a regularization into our method of solving
the inverse problem. Working on V r

n , we have

aλ(u, ξi) =
N∑
j=0

λjAij , with Aij =

∫ xi+1

xi−1

xju′(x)ξ′i(x) dx. (8.27)

Letting

bi =

∫ 1

0
f(x)ξi(x) dx =

∫ xi+1

xi−1

f(x)ξi(x) dx, i = 1, . . . , n, (8.28)

we now minimize

(Fn(λ))
2 =

n∑
i=1

⎡⎣ N∑
j=0

λjAij − bi

⎤⎦2 . (8.29)

Various minimization techniques can be used; in this work we used the
quadratic-program solving package in Maplesoft’s Maple.
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As a specific experiment, consider f(x) = 8x and κtrue(x) = 2x+1,
in which case the solution to the steady-state diffusion equation is
utrue(x) = x − x2. We shall sample this solution at ten data points,
add Gaussian noise of small amplitude ε to these values and then fit a
polynomial of degree 2 to the data points, to be denoted as utarget(x).
Given utarget(x) and f(x), we seek a degree 10 polynomial κ(x) with
coefficients λi such that the steady-state diffusion equation admits
utarget(x) as an approximate solution. We now construct F30(λ) and
minimize it with respect to the λi. Table 8.1 presents the results. In
all cases, the recovered coefficients for all terms of degree 2 and higher
are zero to five decimal places, so we do not report them in the table.
Furthermore, d2 denotes the standard L2 metric on [0, 1].

Table 8.1: Collage coding results when f(x) = 8x, κtrue(x) = 1 + 2x, data
points = 10, number of basis functions = 30, and degree of κcollage = 10. In
the first four rows, we work on V 1

30; in the last four rows, we work on V 2
30. In

each case, F30(λ) is equal to zero to ten decimal places.

Noise ε d2(utrue, utarget) κcollage d2(κcollage, κtrue)

0.00 0.00000 1.00000 + 2.00000x 0.00000

0.01 0.00353 1.03050 + 2.05978x 0.06281

0.05 0.01770 1.17365 + 2.33952x 0.35712

0.10 0.03539 1.42023 + 2.81788x 0.86213

0.00 0.00000 1.00000 + 2.00000x 0.00000

0.01 0.00353 1.00832 + 2.03967x 0.03040

0.05 0.01770 1.03981 + 2.21545x 0.16011

0.10 0.03539 1.07090 + 2.48292x 0.34301

8.1.1.4 Discretized framework

In a practical example, we generally obtain discrete data values for u.
If we are given values ui at the partition points xi, i = 1, . . . , n, and
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set u0 = uleft = 0 and un+1 = uright = 0, then, working on V r
n , we

write

u(x) =
n∑

l=1

ulξl(x).

Then (8.27) becomes

Aij =
n∑

l=1

ul

∫ xi+1

xi−1

xjξ′l(x)ξ
′
i(x) dx.

Notice that we face a problem regardless of our approach. In the earlier
approach, we interpolate the points to obtain a target u(x) to use
in the formulas above; it is quite possible that small errors in that
interpolation can lead to large errors in the derivative u′(x) that we
need to calculate the Aij. Here as well, small errors in our data values
ui can be amplified. If, in addition, we are given values of f(xi) = fi,
i = 0, . . . , n + 1, then we extend our basis of V r

n by adding the two
“half-hat” functions at the end-points. Namely, when r = 1, we add
the functions

ξ0(x) =

{−(n+ 1) (x− x1) , x0 ≤ x ≤ x1,

0, otherwise,

ξn+1(x) =

{
(n+ 1) (x− xn) , xn ≤ x ≤ xn+1,

0, otherwise,

and when r = 2, we add

ξ0(x) =

⎧⎨⎩ (n+ 1)2
(
x+ 1

n+1

)
(x− x1) , x0 ≤ x ≤ x1,

0, otherwise,

ξn+1(x) =

⎧⎨⎩ (n+ 1)2 (x− xn)
(
x− n+2

n+1

)
, xn ≤ x ≤ xn+1,

0, otherwise.

We represent f(x) in this extended basis, writing

f(x) =
n+1∑
l=0

flξl(x)

to approximate bi and, thereafter, ci.
In Table 8.2, we repeat the same experiment as in framework (i), this

time without interpolating the data points and instead approximating
the Aij as discussed above.



8.1 Generalized collage theorems for PDEs 325

Table 8.2: Collage coding results when f(x) = 8x, κtrue(x) = 1 + 2x, data
points = 100, number of basis functions = 40, and degree of κcollage = 4,
working on V 1

40.

Noise ε κcollage

0.00000 1.00000 + 2.00000x+ 0.00000x2 + 0.00000x3 + 0.00000x4

0.00001 1.00001 + 2.00058x− 0.05191x2 + 0.10443x3 − 0.05928x4

0.0001 1.00004 + 2.05768x− 0.52113x2 + 1.04778x3 − 0.59470x4

8.1.1.5 Point sources

Finally, we consider the case where f(x) is a point source at one of our
partition points,

f(x) = δ (x− xs) , where s ∈ {1, 2, . . . , n} .

Working on V r
n , (8.28) becomes

bi = φ(ξi) =

∫ 1

0

f(x)ξi(x) dx =

{
1, if i = s,
0, otherwise.

In framework (i), we can use (8.29) to solve our inverse problem, where
the right-hand side of the equation now simplifies to Ask. A similar
change occurs in framework (ii).

But suppose that we seek an expansion of κ(x) in the extended ξi
basis,

κ(x) =

n+1∑
j=0

λjξj(x). (8.30)

Plugging in (8.30) and the basis expansion for u(x), we get

Aij =
n∑

k=1

uk

∫ 1

0
ξj(x)ξ

′
k(x)ξ

′
i(x) dx.

Clearly, Aij = 0 if |i−j| > 1; the corresponding matrix A is tridiagonal.
The problem is once again to minimize (Fn(λ))

2, as given in (8.19).
And again, a number of techniques can be used. (Note, however, that

if we impose the stationarity condition d(Fn(λ))
2

dλk
= 0, we obtain the

linear system presented by Vogel in [165].)
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As an example, we set f(x) = δ
(
x− 3

10

)
and pick n such that

3
10 is a partition point. We choose κtrue(x), solve the boundary value
problem, sample the data at the xi, and possibly add noise to produce
our observed data. The goal is now to recover κtrue(x).

Table 8.3 presents some results in the case where we seek a polyno-
mial representation of κcollage(x). Figure 8.1 shows the exact solution
and the data points in the cases we consider.

Fig. 8.1: The solution to our test problem and the nine data points used to
generate the results of Table 8.3. Right to left): no noise added and Gaussian
noise with amplitude 0.001 added.

On the other hand, we might seek a representation of κcollage(x)
in terms of the extended ξi basis. When we choose κtrue(x) = 1 and
n = 9, we determine that κcollage(x) = 1. Figure 8.2 shows the results
when we choose κtrue(x) = 1 + 2x and work with r = 1.

In this case, the number of data points must be increased to achieve
very good results. The results are similarly good when very low-
amplitude noise is added to the observed data values. However, even
with low amplitude noise, when the visual agreement between the data
and true solution seems strong and the L2 error between the two seems
small, the algorithm may encounter difficulty for low values of n.

As a final experiment, we consider the case where

κtrue(x) =

{
1, x ≤ 1

3 ,
2, x > 1

3 ,
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Table 8.3: Collage coding results when f(x) = δ
(
x− 3

10

)
, κtrue(x) = 1 + 2x,

data points = 10, and number of basis functions = 10. The form of κcollage

indicates which method of discussion (iii) has been used.

noise ε space κcollage

0.00 V 1
9 0.996829 + 2.00363x

0.00 V 1
9 0.99669 + 2.00572x− 0.00617x2 + 0.00266x3

0.001 V 1
9 1.20541 + 1.61207x

0.001 V 1
9 0.959467 + 5.70939x− 12.9070x2 + 8.08981x3

Fig. 8.2: κtrue(x) = 1+2x (dashed) and κcollage(x) (solid) for different cases:
(left to right) n = 9, n = 39, and n = 69. A point source is placed at xs =

3
10
,

and no noise is added to the observed data.

simulating a scenario where two rods with different constant diffusivi-
ties are melded at x = 1

3 . We solve several instances of our boundary
value problem, each with a single point source at a distinct location,
and then produce observational data by sampling the solution and pos-
sibly adding low-amplitude Gaussian noise. As one can see in Fig. 8.3,
collage coding with 40 uniformly placed unnoised data values taken
from the solution with a point source at xs =

3
10 produces a κcollage(x)

in fine agreement with our κtrue(x). However, when low-amplitude
noise is added to data points, the result worsens quite dramatically, as
we see in the rightmost plot of the figure.
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Fig. 8.3: κtrue(x) (dashed) and κcollage(x) (solid) for 40 data points with no
noise added (left) and low amplitude Gaussian noise added (right). In each
case, the data were generated from the solution with a single point source at
xs = 3

10
. The center plot shows the solution and the 40 noisy data points.

The L2 error is 0.0006.

8.1.1.6 Multiple data sets

It is most likely that several experiments would be performed in or-
der to determine the conductivity κ(x) – for example, measuring the
steady-state responses to point sources located at several positions xi,
i = 1, 2, · · · ,M , on the rod. These results could be combined into one
determination by considering the minimization of a linear combination
of squared collage errors of the form (8.29),

(Gn(λ))
2 =

M∑
k=1

μk(F
(k)
n (λ))2

=
M∑
k=1

μk

⎛⎝ n∑
i=1

⎡⎣ N∑
j=0

λjA
(k)
ij − b

(k)
i

⎤⎦2⎞⎠ , (8.31)

where the kth set of elements A
(k)
ij and b

(k)
i , k = 1, 2, · · · ,M , is ob-

tained from the response to the source at xk. The nonnegative μk are
weighting factors.

In the almost certain case of noisy data sets, it is possible that such
a combination of data may improve the estimates of κ(x) obtained
by minimizing (8.31). This is indeed demonstrated by the plots in
Fig. 8.4, where a number of equally noisy sets of observed data have
been combined. (Here μk = 1.)
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Fig. 8.4: κtrue(x) (dashed) and κcollage(x) (solid) using multiple noised data
sets, each produced from the solution with one point source. Point sources
are placed at: 3

10 and 7
10 (left); the tenths, excluding 0 and 1 (center); and

the twentieths, excluding 0 and 1 (right).

8.1.1.7 Two-dimensional steady-state diffusion

We extend our work to an inverse problem for the two-dimensional
steady-state diffusion equation. With D = {0 < x, y < 1},

−∇ · (κ(x, y)∇u(x, y)) + q(x, y)u(x, y) = f(x, y), (x, y) ∈ D, (8.32)

u(x, y) = 0, (x, y) ∈ ∂D, (8.33)

where the diffusivity κ(x, y) and radiativity q(x, y) vary in both x
and y. Given u(x, y), q(x, y), and f(x, y) on [0, 1]2, we wish to find
an approximation of κ(x, y). We multiply (8.32) by a test function
ξij(x, y) ∈ H1

0 ([0, 1]
2) and then integrate over D to get, suppressing

the dependence on x and y,∫∫
D
fξij dA = −

∫∫
D
∇ · (κ∇u) ξij dA+

∫∫
D
quξij dA

= −
∫∫

D
(∇κ · ∇u)ξij , dA−

∫∫
D
κξij∇2u, dA

+

∫∫
D
quξij dA. (8.34)

Upon application of Green’s first identity, with n̂ denoting the outward
unit normal to ∂D, (8.34) becomes
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D
fξij dA = −

∫∫
D
(∇κ · ∇u)ξij dA−

(∫
∂D

κξij(∇u · n̂) ds

−
∫∫

D
∇(κξij) · ∇u dA

)
+

∫∫
D
quξij dA

=

∫∫
D
κ∇ξij · ∇u dA−

∫
∂D

κξij(∇u · n̂) ds

+

∫∫
D
quξij dA. (8.35)

Equation (8.35) can be written as a(u, ξij) = φ(ξij), with

a(u, ξij) =

∫∫
D
κ∇ξij · ∇u dA−

∫
∂D

κξij(∇u · n̂) ds

+

∫∫
D
quξij dA, (8.36)

φ(ξij) =

∫∫
D
fξij dA. (8.37)

For N and M fixed natural numbers, we define hx = 1
N and hy = 1

M ,
as well as the (N + 1)(M + 1) nodes in [0, 1]2:

(xi, yj) = (ihx, jhy), 0 ≤ i ≤ N, 0 ≤ j ≤ M.

The corresponding finite-element basis functions ξij(x, y) are pyramids
with hexagonal bases, such that ξij(xi, yj) = 1 and ξij(xk, yl) = 0 for
k �= i, l �= j. If i or j is 0, the basis function restricted to D is only a
portion of such a pyramid.

Now, if we expand κ(x, y) in this basis, writing

κ(x, y) =

N∑
k=0

M∑
l=0

λklξkl(x, y),

then

a(u, ξij) =

N∑
k=0

M∑
l=0

[
λkl

(∫∫
D
ξkl∇ξij · ∇u dA

−
∫
∂D

ξklξij(∇u · n̂) ds
)
+

∫∫
D
quξij dA

]
.

Defining

Aklij =

∫∫
D
ξkl∇ξij · ∇u dA−

∫
∂D

ξklξij(∇u · n̂) ds
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and

bij =

∫∫
D
fξij dA−

∫∫
D
quξij dA

means that we must minimize

(FNM (λ))2 =
N∑
i=0

M∑
j=0

[
N∑

k=0

M∑
l=0

λklAklij − bij

]2
. (8.38)

Example 8.7. We set u(x, y) = sin(πx) sin(πy), q(x, y) = 0 and use the
function κ(x, y) = 1+6x2y(1−y) to determine f(x, y) via (8.32). Now,
given the functions u(x, y), f(x, y), and q(x, y), we seek to approximate
κ(x, y). This inverse problem is treated as Example 3 in [85] using a
modified Uzawa algorithm. We plug our known functions into (8.38)
and find the minimizing values of λkl using Maple’s quadratic program
solver. In Fig. 8.5, we present graphs of our actual κ(x, y) as well as
the results obtained by minimizing (8.38) with N = M = 3, 4, 5.

Fig. 8.5: (left to right, top to bottom) For two-dimensional Example 1, the
graphs of our actual κ(x, y) and the collage-coded approximations of κ with
N = M = 3 through N = M = 9.

Next, we perturb the target function u(x, y), leaving f(x, y) and
q(x, y) exact. Table 8.4 presents the L2 error ‖u−unoisy‖ between the
true solution u and the noised target unoisy and the resulting error
‖κ−κcollage‖ between the true κ and the collage-coded approximation
κcollage for numerous cases of N and M . Note that ‖κ‖2 = 1.38082 and
‖u‖2 = 0.5.



332 8 Further Developments and Extensions

Table 8.4: Numerical results for the inverse problem with different levels of
noise.

‖κ− κcollage‖

N = M unoisy = u ‖u− unoisy‖ = 0.025 ‖u− unoisy‖ = 0.05

3 0.06306 0.09993 0.17050
4 0.03480 0.07924 0.15561
5 0.02246 0.07275 0.15128
6 0.01564 0.07118 0.15065
7 0.01160 0.07051 0.15039
8 0.00902 0.07008 0.15014
9 0.00733 0.06981 0.14996

Example 2. We set u(x, y) = sin(πx) sin(πy), q(x, y) = 4+ cos(πxy),
and κ(x, y) = (1 + x2 + xy)/1000. With these choices, we determine
the function f(x, y). The inverse problem is to estimate κ(x, y) when
given u(x, y), f(x, y), and q(x, y). In Fig. 8.6, we present graphs of
the results obtained by minimizing (8.38) with N = M = 3 through
N = M = 5.

Fig. 8.6: (left to right) For two-dimensional Example 2, the graphs of our
actual κ(x, y) and the collage-coded approximations of κ with N = M =
3, 4, 5.

8.1.2 Parabolic PDEs

Suppose that we have a given Hilbert space H, and let us consider the
abstract formulation of a parabolic equation,
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d
dtu, v

〉
= ψ(v) + a(u, v),

u(0) = f,
(8.39)

where ψ : H → R is a linear functional, a : H × H → R is a bilinear
form, and f ∈ H is an initial condition. The aim of the inverse problem
for the system of equations above consists of getting an approximation
of the coefficients and parameters starting from a sample of observa-
tions of a target u ∈ H. To do this, let us consider a family of bilinear
functionals aλ and let uλ be the solution to{〈

d
dtuλ, v

〉
= ψ(v) + aλ(uλ, v),

u0 = f.
(8.40)

We would like to determine if there exists a value of the parameter λ
such that uλ = u or, more realistically, such that ‖uλ − u‖ is small
enough. To this end, Theorem 8.8 states that the distance between
the target solution u and the solution uλ of (8.40) can be reduced by
minimizing a functional that depends on parameters.

Theorem 8.8. Let u : [0, T ] → L2(D) be the target solution that sat-
isfies the initial condition in (8.39), and suppose that d

dtu exists and
belongs to H. Suppose that aλ(u, v) : Λ × H × H → R is a family of
bilinear forms for all λ ∈ Λ. We have the result∫ T

0
‖u− uλ‖Hdt ≤ 1

m2
λ

∫ T

0

(
sup
‖v‖=1

〈
d

dt
u, v

〉
− ψ(v)− aλ(u, v)

)2

dt,

where uλ is the solution of (8.40) s.t. uλ(0) = u(0) and uλ(T ) = u(T ).

Proof. Computing, we have

mλ‖u− (uλ)‖2H ≤ a(u− uλ, u− uλ)

= a(u, u− uλ)−
〈

d

dt
(uλ − u), u− uλ

〉
+ ψ(u− uλ)−

〈
d

dt
u, u− uλ

〉
and, by simple calculations, we get

mλ‖u− uλ‖2H − 1

2

d

dt
‖u− uλ‖2H

≤ a(u, u− uλ) + ψ(u− uλ)−
〈

d

dt
u, u− uλ

〉
.
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Integrating both sides with respect to t and recalling that u(0) = uλ(0)
and u(T ) = uλ(T ), we have

mλ

∫ T

0
‖u− uλ‖2H dt

≤
∫ T

0
‖u− uλ‖H

{
sup
‖v‖=1

a(u, v) + ψ(v)−
〈

d

dt
u, v

〉}
dt

≤
(∫ T

0
‖u− uλ‖2Hdt

) 1
2

⎛⎝∫ T

0

(
sup
‖v‖=1

a(u, v) + ψ(v)−
〈

d

dt
u, v

〉)2

dt

⎞⎠1
2

,

and now the result follows. ��

Whenever infλ∈Λmλ ≥ m > 0, then the previous result states that
in order to solve the inverse problem for the parabolic equation (8.39)
one can minimize the functional∫ T

0

(
sup
‖v‖=1

〈u, v〉 − ψ(v)− aλ(u, v)

)2

dt (8.41)

over all λ ∈ Λ.

Example 8.9. Let us consider the equation

ut = (k(x)ux)x + g(x, t), 0 < x < 1,

u0 = 0,

u1 = 0,

where g(x, t) = tx(1−x), subject to u(x, 0) = 10 sin(πx) and u(0, t) =
u(1, t) = 0. We set k(x) = 1+3x+2x2, solve for u(x, t), and sample the
solution at N2 uniformly positioned grid points for (x, t) ∈ [0, 1]2 to
generate a collection of targets. Given these data and g(x, t), we then
seek an estimation of k(x) in the form k(x) = k0 + k1x + k2x

2. The
results we obtain through the generalized collage method are summa-
rized in Table 8.5.

8.1.3 Hyperbolic PDEs

Let us now consider the weakly formulated hyperbolic equation
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Table 8.5: Collage coding results for the parabolic equation in Example 8.9.

ε N k0 k1 k2
0 10 0.87168 2.90700 0.21353

0 20 0.93457 2.97239 1.49201
0 30 0.94479 2.98304 1.76421

0 40 0.94347 2.97346 1.85572
0.01 10 0.87573 2.82810 0.33923

0.01 20 0.92931 2.91536 1.32864
0.01 30 0.92895 2.84553 0.59199

0.10 10 0.90537 1.97162 0.59043
0.10 20 0.77752 0.92051 -0.77746

0.10 30 0.60504 -0.12677 -0.14565

⎧⎪⎨⎪⎩
〈

d2

dt2
u, v
〉
= ψ(v) + a(u, v),

u(0) = f,
d
dtu(0) = g,

(8.42)

where ψ : H → R is a linear functional, a : H × H → R is a bi-
linear form, and f, g ∈ H are the initial conditions. As in previous
sections, the aim of the inverse problem for the system of equations
above, consists of reconstructing the coefficients starting from a sam-
ple of observations of a target u ∈ H. We consider a family of bilinear
functionals aλ and let uλ be the solution to⎧⎨⎩

〈
d
dtuλ, v

〉
= ψ(v) + aλ(uλ, v),

u0 = f,
d
dtu(0) = g,

(8.43)

We would like to determine if there exists a value of the parameter λ
such that uλ = u or, more realistically, such that ‖uλ − u‖ is small
enough. Theorem 8.10 states that the distance between the target so-
lution u and the solution uλ of (8.43) can be reduced by minimizing a
functional that depends on parameters.

Theorem 8.10. Let u : [0, T ] → L2(D) be the target solution that

satisfies the initial condition in (8.42), and suppose that d2

dt2
u exists

and belongs to H. Suppose that there exists a family of mλ > 0 such
that aλ(v, v) ≥ mλ‖v‖2 for all v ∈ H. We have the result∫ T

0
‖u− uλ‖2dt ≤

1

m2
λ

∫ T

0

(
sup
‖v‖=1

〈
d2

dt2
u, v

〉
− ψ(v)− a(u, v)

)2

dt,
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where uλ is the solution of (8.43) s.t. u(0) = uλ(0) and u(T ) = uλ(T ).

The proof of the theorem follows the same path as that of Theorem 8.8.

Proof. Computing, we have

mλ‖u− uλ‖2 ≤ a(u− uλ, u− uλ)

= a(u, u− uλ)−
〈

d2

dt2
(u− uλ), u− uλ

〉
+ ψ(u− uλ)−

〈
d2

dt2
u, u− uλ

〉
.

Continuing, we get

mλ‖u− uλ‖2 −
〈

d2

dt2
(uλ − u), u− uλ

〉
≤ a(u, u− uλ) + ψ(u− uλ)−

〈
d2

dt2
u, u− uλ

〉
≤ ‖u− uλ‖

(
sup
‖v‖=1

a(u, v) + ψ(v)−
〈

d2

dt2
u, v

〉)
.

Integrating both sides with respect to t, using integration by parts,
and recalling that u(0) = uλ(0) and u(T ) = uλ(T ), we have

mλ

∫ T

0
‖u− uλ‖2ds+

∫ T

0

∥∥∥∥ d

ds
(u− uλ)

∥∥∥∥2 ds
≤
(∫ T

0
‖u− uλ‖2 dt

) 1
2

⎛⎝∫ T

0

(
sup
‖v‖=1

a(u, v) + ψ(v)−
〈

d2

dt2
u, v

〉)2

dt

⎞⎠1
2

and the result follows. ��

Example 8.11. We adjust Example 8.9, considering

utt − (k(x)ux)x = g(x, t), (8.44)

where g(x, t) = tx(1−x), subject to u(x, 0) = sin(πx) and ut(x, 0) = 0
and u(0, t) = u(1, t) = 0. We set k(x) = 1 + 3x + 2x2 and construct
target data as in Example 8.9 and then seek to recover k(x) = k0 +
k1x + k2x

2 given these data and g(x, t). The results we obtain from
the generalized collage method are summarized in Table 8.6.
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Table 8.6: Collage coding results for the hyperbolic equation in Example 8.11

ε N k0 k1 k2
0 10 0.87168 2.90700 0.21353

0 20 0.93457 2.97239 1.49201
0 30 0.94479 2.98304 1.76421

0 40 0.94347 2.97346 1.85572
0.01 10 0.87573 2.82810 0.33923

0.01 20 0.92931 2.91536 1.32864
0.01 30 0.92895 2.84553 0.59199

0.10 10 0.90537 1.97162 0.59043
0.10 20 0.77752 0.92051 -0.77746

0.10 30 0.60504 -0.12677 -0.14565

8.1.4 An application: A vibrating string driven by a
stochastic process

Before stating and solving two inverse problems, we begin by giving
the details of and motivations for the specific model we are interested
in studying. We consider the following system of coupled differential
equations. The first one is a stochastic differential equation and the
second one is a hyperbolic partial differential equation. On a domain
D ⊂ Rd, we have the equations{

dXt =
[∫

D g(u(t, y))dμt(y)
]
Xtdt+XtdBt,

Xt=0 = X0,
(8.45)

⎧⎪⎪⎨⎪⎪⎩
d2

dt2
u(t, y) +∇y(κ1(y)∇yu(t, y)) = κ2(y)δXt(y),

(t, y) ∈ [0, T ]×D,
u(0, y) = φ1(y),
∂u
∂n(t, y) = φ2(t, y), (t, y) ∈ [0, T ]× ∂D,

(8.46)

where μt is the law of Xt and δXt is the Dirac delta “function” at the
point Xt.

For instance, imagine we have a flexible string directed along the
x-axis, with the string kept stretched by a constant horizontal tension
and forced to vibrate perpendicularly to the x-axis under random force
F (x, t). If u is the displacement of a point x at time t, it is well-known
that u satisfies the equation

∂

∂t2
u− ∂

∂x2
u = F (x, t), (8.47)
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where x ∈ D and t > 0. In our model, we suppose that F (y, t) =
κ2(y)δXt(y), where Xt is a stochastic process that is a solution of the
stochastic differential equation (8.45). In other words, the hyperbolic
equation has a forcing term that is driven by this stochastic process.
The random vibration on an infinite string has received recent atten-
tion (see [33] and [138]). Figure 8.7 presents some snapshots of the
displacement for the related finite string problem. In the following sec-
tions, we present a method for solving two different parameter identi-
fication problems for this system of coupled differential equations: one
for κ1 and one for g. Both of these methods are based on the numerical
schemes that were presented in previous sections.

Before we begin the analysis, a few words about (8.46) are in or-
der since this equation contains the generalized function δXt . That is,
δXt(y) has a meaning only when it is integrated with respect to a test
function θ(y). Thus, the meaning of (8.46) is that for each θ ∈ H1(D)
we have ∫

D
θ(y)

(
d2

dt2
u(t, y) +∇y(κ1(y)∇yu(t, y))

)
dy

=

∫
D
θ(y)κ2(y)δXt(y)dy = θ(Xt)κ2(Xt).

Fig. 8.7: Snapshots of a randomly forced vibrating string, with time increasing
from left to right and top to bottom.
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8.1.4.1 A parameter identification model for κ1

For this parameter identification problem, we seek to estimate κ1 given
κ2, g, and the observations ofXt. From the data, we recover the density
fXt of the process Xt. Averaging (8.46) allows one to get a simpler
model for the parameter identification problem (see [38]). This replaces
the quantity δXt by its expectation E(δXt(y)). Since Xt is absolutely
continuous then it is known that E(δXt(y)) = fXt(y), the density of the
distribution of Xt, the previous model can be rewritten in an averaged
form as{

dXt =
[∫

D g(ũ(t, y))fXt(y)dy
]
Xtdt+XtdBt,

Xt=0 = X0,
(8.48)

coupled with the deterministic PDE⎧⎪⎪⎨⎪⎪⎩
d2

dt2
ũ(t, y) +∇(κ1(y)∇yũ(t, y)) = κ2(y)fXt(y),

(t, y) ∈ [0, T ]×D,
ũ(0, y) = φ1(y),
∂ũ
∂n(t, y) = φ2(t, y), (t, y) ∈ [0, T ]× ∂D.

(8.49)

Note that the averaged equation (8.49) has solutions in the usual sense.
For this particular case, we have that E(u(t, y)) = ũ(t, y). To see this,

just notice that the operator d2

dt2
−Δy is linear, so

E

(
d2

dt2
u+∇y(κ1(y)∇yu)

)
=

d2

dt2
E(u) +∇y(κ1(y)∇yEu).

Furthermore,

E

(∫
D
θ(y)κ2(y)δXt(y) dy

)
=

∫
D
θ(y)κ2(y)fXt(y) dy

since κ1 and κ2 are deterministic functions. Thus, E(u) is the solution
to the deterministic PDE⎧⎨⎩

d2

dt2
E(u(t, y))− κ1(y)ΔyE(u(t, y)) = κ2(y)fXt(y), (t, y) ∈ [0, T ]×D,

E(u(0, y)) = φ1(y),
∂E(u)
∂n (t, y) = φ2(t, y), (t, y) ∈ [0, T ]× ∂D.

However, clearly this is the same PDE for which ũ is the solution. Thus
we must have that E(u) = ũ. This inverse problem can be solved using
the techniques illustrated in section 8.1.3 on hyperbolic differential
equations.
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8.1.4.2 A parameter identification problem for g

For this parameter identification problem, we assume that κ1 and κ2
are known. The aim of the inverse problem consists of recovering the
functional form of g and the density fXt of the process Xt starting
from a sample of observations of the random process u(t, y, ω), say
(u(t, y, ω1), . . . , u(t, y, ωn)). Let ũ = E(u(t, y, ·)). We do this in several
steps. The first step is to use u(t, y) and (8.46) to obtain an estimate
of the distribution of Xt. Let us consider the averaged equation{

dXt =
[∫

D g(ũ(t, y))fXt(y)dy
]
Xtdt+XtdBt

Xt=0 = X0,
(8.50)

coupled with the deterministic PDE⎧⎪⎪⎨⎪⎪⎩
d2

dt2
ũ(t, y)− κ1(y)Δyũ(t, y) = κ2(y)fXt(y),

(t, y) ∈ [0, T ]×D,
ũ(0, y) = φ1(y),
∂ũ
∂n(t, y) = φ2(t, y), (t, y) ∈ [0, T ]× ∂D.

(8.51)

So now, putting ũ in the previous hyperbolic equation and dividing by
κ2, we get fXt . Let us go back to the stochastic differential equation,
and let us take the expectation of both sides, getting{

dE(Xt) =
[∫

D g(ũ(t, y))fXt(y)dy
]
E(Xt)dt,

E(Xt=0) = E(X0).
(8.52)

We remember that the following relationship holds between the expec-
tation of a random variable and its density:

E(Xt) =

∫
Rd

yfXt(y)dy. (8.53)

Thus, we can obtain E(Xt), which now can be used for solving the
inverse problem as we did in Sect. 8.1.4.1. We recover the function

Φt =

∫
D
g(ũ(t, y))fXt(y)dy. (8.54)

The last step involves the analysis of (8.54). The only unknown in this
model is g. Taking the L2 expansions of Φ and g with respect to the
same L2 orthonormal basis {φi}, we then get∑

biφi =
∑

ai

∫
D
φi(ũ(t, y))fXt(y)dy (8.55)
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and then

bj =
∑

ai

∫
R

[∫
D
φ(ũ(s, y))fXs(y)dy

]
φj(s)ds (8.56)

for j = 0, . . ., a linear system in ai, the solution of which is our final
step.

8.2 Self-similar objects in cone metric spaces

In the classical case of iterated function systems (IFSs), the existence of
self-similar objects relies on a straightforward application of Banach’s
theorem on contractions. Fundamental ingredients of this theory are
the use of complete metric spaces and the notion of contractivity, both
of which strictly depend on the definition of distance. In the last sev-
eral years, a great deal of attention has been devoted to the extension
of the notion of metric space and, in particular, to the definition of
cone metric space. In this context, the distance between two elements
of the space is no longer a positive number but an element of a Banach
space that has been equipped with an ordering cone. Many times it’s
a bit too simplistic to describe the distance between two objects us-
ing a positive number, as there are situations in which several aspects
of the problem, that cannot be combined in a unique index have to
be considered. Using a cone metric allows a better description of the
complexity of the problem; of course, this implies that many results
of classical theory of metric spaces need to be adapted. One relevant
application of cone metric spaces can be found in the theory of im-
age processing, in particular when studying the structural similarity
of images. In this context, the difference between two images is calcu-
lated using several different criteria, which leads in a natural way to
considering vector-valued distances.

8.2.1 Cone metric space

In the following, we will use B to denote a Banach space and P ⊂ B

will be a pointed cone in B. That is, P satisfies

1. 0 ∈ P ,
2. α, β ∈ R with α, β ≥ 0 and x, y ∈ P implies αx+ βy ∈ P ,
3. P ∩ −P = {0}.
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The cone P induces an order in B in the usual way; that is, x ≤ y if
y−x ∈ P or, said another way, there is some p ∈ P such that x+p = y.
The elements of P are said to be positive and the elements of the
interior of P are strictly positive. We assume that P is closed and will
also usually assume that int(P ) �= ∅. Notice that p + int(P ) ⊆ int(P )
for every p ∈ P . We say that x � y if y− x ∈ int(P ), so 0 � x means
x ∈ int(P ). A pointed wedge satisfies properties 1 and 2, so every cone
is a wedge but not conversely. A cone metric on a set X is a function
d : X× X → P such that

1. d(x, y) = 0 iff x = y,
2. d(x, y) = d(y, x), and
3. d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X.

The idea for defining a cone metric seems to have first appeared in [152]
and again, independently, in [115]. The recent interest in this concept
was triggered by the paper [117], which also investigated fixed-point
results in these spaces. Since [117] there have been a large number of
other papers on cone metric spaces, extending various standard results
and fixed-point theorems to cone metric spaces. As we show in the next
section (and as others have also shown), the topology of a cone metric
space is given by a regular metric and thus the real novelty of cone
metric spaces is not in the convergence structure. For us, the novelty
is more in using cone metric spaces as a framework for thinking about
multiobjective optimization problems.

We say that a sequence (xn) in X converges to x in the cone metric
d if for any c ∈ int(P ) there is some N ∈ N such that for any n ≥ N
we have d(xn, x) � c. Notice the special use of points of the interior
of P in this definition. However, by Proposition 8.12, it is enough to
ask that d(xn, x) ≤ c rather than d(xn, x) � c.

Proposition 8.12. The sequence xn → x in the cone metric d iff
for every c ∈ int(P ) there is some N such that n ≥ N implies that
d(xn, x) ≤ c.

Proof. One direction is obvious as a � b implies a ≤ b.
For the other direction, we first notice that if a � b ≤ c then

b − a ∈ int(P ) and c − b ∈ P so c − a = (c − b) + (b − a) ∈ int(P )
and thus a � c. So take c ∈ int(P ). Then we choose some c′ ∈ int(P )
with c′ � c (simply select c′ ∈ Bδ(c) ⊂ P such that c − c′ ∈ int(P )).
However, then by assumption there is some N such that n ≥ N implies
d(xn, x) ≤ c′ � c and thus d(xn, x) � c. ��
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8.2.2 Scalarizations of cone metrics

In this section, we investigate some properties of scalarizations of a
cone metric. In particular, we show that each scalarization is a pseu-
dometric (in the usual sense) and that the topology (notion of conver-
gence) generated by a cone metric is equivalent to that of a standard
metric. This vastly simplifies the considerations of topological ques-
tions in cone metric space. In particular, it also shows that, from the
stand point of topology, the class of cone metric spaces is not new.
However, this does not mean that there is no reason to consider cone
metric spaces, as we discuss in Sect. 8.2.4.

Our results were discovered independently, but several others have
established similar results [49, 4, 37, 7]. In particular, the results in [4]
use the same approach as we take leading up to Corollary 8.21. The
paper [49] has a very nice approach to the problem in a general Haus-
dorff locally convex topological vector space that uses the “nonlinear
scalarization function” associated with the cone, defined as

ξe(y) = inf{r : y ∈ re− P},

where e ∈ int(P ). This has the benefit of using the cone directly in the
“scalarization” instead of indirectly (via the dual cone) as we do. The
paper [37] can be viewed as a nice follow-up paper to [49].

Let (X, d) be a cone metric space that takes values in the cone
P ⊂ B. Recall that the dual wedge P ∗ is the set of all p∗ ∈ B∗ such
that p∗(q) ≥ 0 for all q ∈ P . Notice that by this definition P ∗ is always
weak* closed as a subset of B∗. It is possible for P ∗ not to be a cone,
depending on P , but it is always a wedge. Let S = {p∗ ∈ P ∗ : ‖p∗‖ = 1}
denote all those elements of P ∗ of norm 1. We note that S is a weak*
compact base for P ∗ in that P ∗ = {tp∗ : t ≥ 0, p∗ ∈ S}. For each
p∗ ∈ S, define dp by

dp(x, y) = p∗(d(x, y)).

Proposition 8.13. For each p∗ ∈ S, we have that dp is a pseudometric
on X and a metric on X if p∗ ∈ S ∩ int(P ∗).

Proof. It is immediate from the definition that dp(x, y) ≥ 0 and
dp(x, y) = dp(y, x). Furthermore, we have that if x, y, z ∈ X then
d(x, y) ≤ d(x, z) + d(y, z), which means that there is some q ∈ P
such that d(x, y) + q = d(x, z) + d(z, y) so that p∗(d(x, y)) + p∗(q) =
p∗(d(x, z)) + p∗(d(z, y)), but since p∗(q) ≥ 0 this means that

p∗(d(x, y)) ≤ p∗(d(x, z))+p∗(d(z, y)) ⇒ dp(x, y) ≤ dp(x, z)+dp(z, y).
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Thus dp is a pseudometric for every p∗ ∈ S. Note that the same ar-
gument works for any p∗ ∈ P ∗, but it is sufficient to consider p∗ ∈ S
since (λp)∗(d(x, y)) = λp∗(d(x, y)) for any λ ∈ R+.

Take p∗ ∈ int(P ∗) (assuming int(P ∗) �= ∅). Then we claim that
p∗(q) > 0 for all nonzero q ∈ P . If not, then p∗(q) = 0 for some
nonzero q ∈ P . However, then there is some r∗ ∈ B∗ with r∗(q) = −1
and ‖r∗‖ = 1. Now, as p∗ ∈ int(P ∗), there is some δ > 0, δ ∈ R with
Bδ(p

∗) ⊂ P ∗. But then p∗ + δ/2 r∗ ∈ P ∗. However, (p∗ + δ/2 r∗)(q) =
−δ/2, which is a contradiction. Thus for all p∗ ∈ int(P ∗) we have
p∗(q) > 0 for all nonzero q ∈ P . ��

Example 8.14. On Rn, the most natural example of a cone metric is
given by

d(x, y) = (|x1 − y1|, |x2 − y2|, . . . , |xn − yn|),

so the cone P is the positive orthant in Rn. In this case, the dual
wedge P ∗ is naturally identified with P . It might be natural to think
of dp as the distance between points in the direction p∗, but this is not
correct. One way to see this is that if it were correct, then it would
be impossible for dp to be a metric for any p, as any two points whose
projections onto the line R p∗ = {rp∗ : r ∈ R} were the same would
have zero dp distance. In fact, for p∗ ∈ P ∗, we have p∗ = (p1, p2, . . . , pn)
with pi ≥ 0 and thus

dp(x, y) = p1|x1 − y1|+ p2|x2 − y2|+ · · ·+ pn|xn − yn|. (8.57)

Thus dp is more correctly thought of as a weighted 
1 norm. Notice
that if all the weights are strictly positive (that is, each pi > 0), then
(8.57) defines a metric.

Lemma 8.15. Suppose that q /∈ P . Then there is some p∗ ∈ P ∗ such
that p∗(q) < 0.

Proof. Since q /∈ P , by the Hahn-Banach theorem there is some r∗ ∈ B∗
and c ∈ R with r∗(q) < c and r∗(p) ≥ c for all p ∈ P . Now, 0 ∈ P ,
which implies that 0 ≥ c, so in fact r∗ ∈ P ∗. ��

Notice that Lemma 8.15 implies that if p∗(q) ≥ 0 for all p∗ ∈ P ∗,
then we must have q ∈ P . This is a dual to the fact that p∗(q) ≥ 0 for
all q ∈ P implies that p∗ ∈ P ∗.

Lemma 8.16. If x, y ∈ P with p∗(x) ≤ p∗(y) for all p∗ ∈ P ∗, then
x ≤ y.
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Proof. Let c = y − x. Then p∗(c) ≥ 0 for all p∗ ∈ P ∗, so in fact c ∈ P
and so x+ c = y or x ≤ y. ��
Lemma 8.17. If p∗ ∈ P ∗ and ε > 0 is such that Bε(p

∗) ⊂ P ∗, then
p∗(q) ≥ ε for all q ∈ P .

Lemma 8.18. Suppose that c ∈ int(P ). Then for any p ∈ P there is
some ε > 0 such that εp ≤ c. In fact, we can even arrange that εp � c.

Proof. Since c ∈ int(P ), there is some ε > 0 such that B2ε(c) ⊂ P .
But then c − εp ∈ B2ε(c) ⊂ P , and thus there is some p′ ∈ P with
εp+ p′ = c or εp ≤ c. In fact, εp � c. ��
Definition 8.19. We say that xn → x in dp uniformly over p ∈ S if
for all ε > 0 there is some N ∈ N with n ≥ N implying dp(xn, x) < ε
for all p ∈ S.

Proposition 8.20. The sequence xn → x in the cone metric d iff
xn → x in dp uniformly in p.

Proof. Let ε > 0 be chosen. Choose c ∈ int(P ) with ‖c‖ < ε. Then
there is some N such that for all n ≥ N we have d(xn, x) ≤ c, which
implies that dp(xn, x) ≤ p∗(c) ≤ ‖c‖ < ε for all p ∈ S.

Conversely, take c ∈ int(P ). We know that p∗(c) > 0 for all p∗ ∈ P ∗
(by the same argument as in the proof of Proposition 8.13) in fact
λ = infp∗∈S p∗(c) > 0 since S is weak∗ compact. By the assumption
of uniformity, there is some N ∈ N such that n ≥ N implies that
dp(xn, x) < λ/2 < p∗(c) for all p ∈ S, which implies that d(xn, x) ≤ c
by Lemma 8.16. ��

If we define ρ(x, y) = supp∈S dp(x, y), then we have that ρ is a metric
and convergence in ρ is equivalent to convergence in the cone metric
d. Notice that for p ∈ P we have supp∗∈S p∗(p) ≤ ‖p‖ and thus

ρ(x, y) ≤ ‖d(x, y)‖.
In general, the inequality can be strict. While it is certainly true that
sup‖q∗‖=1 q

∗(p) = ‖p‖, it might not be the case that the maximizing
q∗ is in P . The metric ρ is the same metric as defined in [4].

Corollary 8.21. For a sequence (xn) in (X, d), we have xn → x in
the cone metric d iff xn → x in the metric ρ.

The notion of a Cauchy sequence is defined in the obvious way in
(X, d). It is easy to see that if (xn) is Cauchy in (X, d), then for all
p∗ ∈ S we have that (xn) is also Cauchy in the pseudometric dp. We
say that (X, d) is complete if every d-Cauchy sequence converges in the
cone metric d.
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Proposition 8.22. Let p ∈ int(P ). Then xn → x in the cone metric
d iff for all ε > 0 there is some N ∈ N such that n ≥ N implies that
d(xn, x) ≤ εp.

Proof. As p ∈ int(P ) and ε > 0, we know that εp ∈ int(P ) as well. So,
if xn → x in d and ε > 0 is given, then there must be some N such
that n ≥ N implies that d(xn, x) ≤ εp. For the converse, let c ∈ int(P )
be given. Then by Lemma 8.18 there is some ε > 0 such that εp ≤ c.
Now, by the assumption there is some N ∈ N such that n ≥ N implies
that d(xn, x) ≤ εp ≤ c and thus xn → x in d. ��

Definition 8.23. We say that the cone P satisfies property B if there
is some p∗ ∈ P ∗ such that the set (p∗)−1([0, 1])∩P is a norm-bounded
subset of P .

Notice that if property B is satisfied, then (p∗)−1([0, λ])∩P is norm
bounded for any λ ≥ 0 by the linearity of p∗ and the fact that P is a
cone. That is,

λ(p∗)−1([0, 1]) = (p∗)−1([0, λ])

for any λ ≥ 0. The “ice cream cones” (see [3]) all satisfy property B,
as do any finite-dimensional closed pointed cones.

Lemma 8.24. Suppose that property B is satisfied for P and c ∈
int(P ). Then there is some ε > 0 such that for all q ∈ P with p∗(q) < ε
we have q ≤ c.

Proof. Since c ∈ int(P ), there is some η > 0 such that B2η(c) ⊂ P .
By property B, the set (p∗)−1([0, 1]) is bounded, say by M > 0. Then
(p∗)−1([0, ε]) is bounded by εM . Choose ε such that εM < η. Then
any q ∈ (p∗)−1([0, ε]) satisfies ‖q‖ < sη and so c− q ∈ P so q ≤ c. ��

Proposition 8.25. Suppose that P satisfies property B. Then xn → x
in the cone metric d iff dp(xn, x) → 0.

Proof. If xn → x in the cone metric d, then dp(xn, x) → 0, as seen
above.

Conversely, suppose that dp(xn, x) → 0. That is, for any ε > 0
there is some N ∈ N such that n ≥ N implies that p∗(d(xn, x)) ≤ ε.
Let c ∈ int(P ) be given. Then, by Lemma 8.24, there is some ε > 0
such that all q ∈ P with p∗(q) < ε satisfy q ≤ c. However, then
by assumption there is some N ∈ N such that n ≥ N implies that
p∗(d(xn, x)) ≤ ε, which implies that d(xn, x) ≤ c. Thus xn → x in the
cone metric d. ��
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What this means is that under the condition B on the cone P , con-
vergence in the cone metric reduces to convergence in the particular
metric dp, so the cone metric topology is just a usual metric topology
as given by dp. This is a little different from the situation in Corol-
lary 8.21, as there the metric is a bit more complicated, involving the
supremum of dp for all p ∈ S, while Proposition 8.25 involves only one
(albeit special) dp.

We mention that condition B is similar to the conditions discussed
in the paper [157], in particular property II, which requires the set
(p∗)−1([0, 1])∩P to be relatively weakly compact. If the Banach space
B is reflexive, then norm-bounded subsets are all relatively weakly
compact. In fact, B is reflexive if and only if the unit ball of B is
weakly compact. Thus, for reflexive spaces, condition B and property
II are equivalent.

8.2.2.1 Completeness and contractivity

By arguments similar to those in the proofs of Corollary 8.21 and
Proposition 8.25, we get the following result.

Proposition 8.26. A sequence is Cauchy in (X, d) iff it is Cauchy in
(X, ρ). Furthermore, if P satisfies property B, then (xn) is Cauchy in
(X, d) iff it is Cauchy in (X, dp). Thus, (X, d) is complete iff (X, ρ)
is complete, and if P satisfies property B, then (X, d) is complete iff
(X, dp) is complete.

Definition 8.27. We say that T : (X, d) → (X, d) is contractive
if there is some k ∈ [0, 1) such that for all x, y ∈ X we have
d(T (x), T (y)) ≤ kd(x, y).

Proposition 8.28. Suppose that T is contractive with contractivity k.
Then ρ(T (x), T (y)) ≤ kρ(x, y) as well, so T is ρ-contractive. If P has
property B with p∗ ∈ P ∗, then dp(T (x), T (y)) ≤ kdp(x, y), so T is
contractive in the metric dp as well.

Proof. The proof is simple and follows easily from the fact that for any
q∗ ∈ P ∗ we have that if u, v ∈ B with u ≤ v, then p∗(u) ≤ p∗(v). ��

In fact, more is true: T is contractive in the cone metric d with
contractivity k if and only if it is contractive in ρ with contractivity k.

From the proposition, we easily get the following theorem (which
is a slight strengthening of Theorem 1 in [117]). This result has also
appeared in various forms in the literature (see [4] and the references
therein).
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Theorem 8.29. Suppose that (X, d) is a complete cone metric space
and T : (X, d) → (X, d) is a contraction. Then T has a unique fixed
point.

Proof. We simply see that T is also a contraction in the complete
metric space (X, ρ) and thus has a unique fixed point. ��

A simple corollary to the proof of the contraction mapping theorem
is the collage theorem, which is used in the theory of IFS fractal image
compression (and other IFS fractal-based methods in analysis) and
will feature heavily in our applications in Sect. 8.2.4.

Theorem 8.30. (The collage theorem) Suppose that (X, d) is a com-
plete cone metric space and T is a contraction on X with contractivity
k and fixed point x̄. Then, for any x ∈ X, we have

1

k + 1
d(Tx, x) ≤ d(x̄, x) ≤ 1

1− k
d(Tx, x).

Proof. We simply see that

d(x̄, x) ≤ d(x̄, Tx) + d(Tx, x) =

d(T x̄, Tx) + d(Tx, x) ≤ kd(x̄, x) + d(Tx, x),

which leads to the second inequality. The first inequality is obtained
from

d(x, Tx) ≤ d(x, x̄)+d(x̄, Tx) = d(x, x̄)+d(T x̄, Tx) ≤ d(x, x̄)+kd(x, x̄).

��

The idea of using the collage theorem is that if we wish to find a
contraction T whose fixed point x̄ is “close” to some given x, then
instead of minimizing d(x, x̄) (which requires knowledge of x̄) we can
minimize d(Tx, x), which is expressed entirely using the given data.
Practically speaking, starting from a target element x ∈ X and a
family of operators Tλ, depending on a vector of parameters λ ∈ Λ,
where Λ ⊂ Rs is a compact set, we wish to solve the program

min
λ∈Λ

ψ(λ) := min
λ∈Λ

d(Tλx, x). (8.58)

Compared with the case of a real-valued distance, the objective func-
tion ψ(λ) assigns values in the Banach space B (ordered by the pointed
cone P ⊂ B). As usual in vector optimization, a global solution to
(8.58) is a vector λ∗ ∈ Λ such that ψ(λ) /∈ ψ(λ∗)− int(P ) (see [121]).
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There are two main approaches to dealing with multicriteria optimiza-
tion programs, namely scalarization techniques and goal programming
([121, 149]). In this case, proceeding by scalarization, we get the esti-
mates

1

k + 1
dp(x, Tx) ≤ dp(x, x̄) ≤ 1

1− k
dp(x, Tx)

for any p∗ ∈ S and thus

1

k + 1
ρ(x, Tx) ≤ ρ(x, x̄) ≤ 1

1− k
ρ(x, Tx).

8.2.3 Cone with empty interior

In our application, we will be interested in considering cone metric
spaces where perhaps the natural cone P has no interior points. This
changes things considerably, as even the basic definition of convergence
needs to be modified. So, suppose that P is a closed and pointed cone
but with int(P ) = ∅. As a motivating example, consider B = L2[0, 1]
and P = {f : f(x) ≥ 0 a.e. x}. Then clearly P = P ∗ and int(P ) = ∅.

As there are no interior points, we must replace the condition on in-
terior points with something else. We choose to use the quasi-interior
points. For this purpose, we assume that B is separable and reflex-
ive. Then the set of quasi-interior points of P is non empty and is
characterized as (see [28], p. 17)

qi(P ) = {p ∈ P : q∗(p) > 0 for all q∗ ∈ P ∗ \ {0}}.

We note that if c ∈ qi(P ) and ε > 0, then εc ∈ qi(P ).
Thus we say that xn → x in the cone metric d if for all c ∈ qi(P )

we have that eventually d(xn, x) ≤ c.
Proposition 8.13 is independent of whether or not int(P ) = ∅, so

again dp is a pseudometric on X for any p ∈ P ∗ and a metric if p∗ ∈
qi(P ∗) (which is also always nonempty in this context). We again define
ρ(x, y) = supp∗∈S dp(x, y) and notice that it is a metric.

Proposition 8.31. xn → x in the cone metric if and only if ρ(xn, x) →
0.

Proof. Suppose that xn → x in the cone metric and let ε > 0 be given.
Choose some c ∈ qi(P ). Then e = c(ε/2‖c‖) ∈ qi(P ) and so eventually
d(xn, x) ≤ e, which implies that for all p∗ ∈ S we have

dp(xn, x) = p∗(d(xn, x)) ≤ p∗(e) = ε/2 ⇒ ρ(xn, x) < ε.
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Conversely, suppose that ρ(xn, x) → 0, and let c ∈ qi(P ). Then
p∗(c) > 0 for all p∗ ∈ S. In fact, since S is weak* compact, there is
some λ > 0 such that p∗(c) ≥ λ > 0 for all p∗ ∈ S. Choose ε = λ/2.
Then eventually ρ(xn, x) < ε, which implies that

p∗(d(xn, x)) ≤ ρ(xn, x) < ε < p∗(c) for all p∗ ∈ S ⇒ d(xn, x) ≤ c.

��

As usual, we say that T : X → X is a contraction if there is some
k ∈ [0, 1) with d(Tx, Ty) ≤ d(x, y) for all x, y. By the method of
scalarization, it is easy to obtain the following.

Proposition 8.32. Suppose that (X, d) is a complete cone metric
space and T is a contraction on X. Then T has a unique fixed point.

Proof. The proof is a simple consequence of the fact that ρ(Tx, Ty) ≤
kρ(x, y), and thus T is a contraction in the metric ρ. ��

Clearly we also obtain the collage theorem in this case, which we
can express either in terms of the cone metric or in terms of ρ. As the
ordering cone P in the Banach space B now has an empty interior,
we need to modify the notion of a global solution to the minimization
problem (8.58). In this case we have that a vector λ∗ ∈ Λ is a global
solution if ψ(λ) /∈ ψ(λ∗) − qi(P ) for all λ ∈ Λ. That is, we replace
the interior with the quasi-interior. Again we can approach such vec-
tor optimization problems by means of scalarization and thus solve a
family of scalar optimization problems.

8.2.4 Applications to image processing

8.2.4.1 Structural similarity index

Many times in image processing, people are interested in designing
image quality indexes that better describe and measure visual quality
and distortions between two images. The structural similarity (SSIM)
index is an example of such an index, and in its original formulation
it involves a product of three terms, each of which measures a par-
ticular aspect of two images (see [29, 30]). As was well-highlighted in
[29], SSIM can be reformulated by considering vector-valued distances
that are a particular case of cone metric distances in which the cone
coincides with the positive orthant. Let’s recall the basic assumptions
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of this theory. In [29], the authors define the following vector-valued
distance: Given x, y ∈ RN ,

d(x, y) = (d1(x, y), d2(x, y)) ∈ R2
+, (8.59)

where d1 describes the distance between the means of x and y, while
d2 measures the distortion between x and y. After assuming P equal
to the positive orthant R2

+, it can be proved that d is a cone met-
ric distance. For more details and numerical experiments, one can see
[29]. However, it is worth listing some comments that could be use-
ful to extend this index to more general contexts and to create bet-
ter compression algorithms. First, the assumption that the ordering
cone coincides with the positive orthant can be too restrictive; in fact,
roughly speaking, this corresponds to assigning the same importance
to vector components, while in some situations it could be convenient
to assume a lexicographic ordering cone that assigns priorities to vec-
tor components or even more complicated cones. This could imply that
d is no longer a cone metric and some modifications to its definition
are required. Second, in order to use a cone-metric to analyze approx-
imation problems, it could happen that one has to solve optimization
programs that involve multiobjective functions. In the case of a posi-
tive orthant, this can be done by scalarization techniques (which lead
to some sort of weighted combination of d1 and d2) or goal program-
ming algorithms. When different cones are assumed, these numerical
techniques need to be adapted by using elements of the dual cone (or
its quasi-interior).

8.2.4.2 A Hausdorff cone metric

In this section, we will again let (X, d) be a cone metric space that
takes values in the cone P ⊂ B. We assume that int(P ∗) �= ∅.

Let H(X) denote the collection of all nonempty and compact subsets
of X. Our purpose in this section is to define on H(X) a cone metric
analogue of the usual Hausdorff distance between sets. The particular
choice we make is very natural and thus has some very nice properties.
However, as we will see, the Banach space in which our new cone metric
takes values is not B.

Recalling that S = {p∗ ∈ P ∗ : ‖p∗‖ = 1}, we define

F = {all bounded f : S → R}
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and note that F is a Banach space under the norm ‖f‖ = supx |f(x)|.
The cone P ⊂ F is defined by f ∈ P whenever f(p∗) ≥ 0 for all p∗ ∈ S.
The zero element of F is the zero function, which is included in P.

Definition 8.33. Let A,B ∈ H(X). Define dH(A,B) ∈ F by

dH(A,B)(p∗) = dpH(A,B),

where dpH is the Hausdorff pseudometric on H(X) induced by dp on X.

Clearly dH(A,B) ∈ P for any A,B. Most of the cone metric prop-
erties of dH follow from the fact that each dp is a pseudometric. For
any p∗ ∈ int(P ∗), we know that dp is a metric which then means that
dpH is actually a metric as well and thus dpH(A,B) = 0 if and only if
A = B. Thus, if A �= B we have dH(A,B) �= 0, and thus dH is a cone
metric.

The following properties are all easy to verify:

1. A1, A2, B1, B2 ∈ H(X) implies that

dH(A1 ∪A2, B1 ∪B2) ≤ max{dH(A1, B1), dH(A2, B2)},

where the maximum is taken in a pointwise fashion.
2. If (X, d) is complete, then (H(X), dH) is also complete. If X is 000

compact, then so is H(X).
3. If T : X → X is a contraction with contractivity k, then T : H(X) →

H(X) is also contractive with contractivity k. This is easy to see as
dp(Tx, Ty) ≤ kdp(x, y) for each p∗.

4. If Ti : X → X,i = 1, 2, . . . , N , are contractive with contractivity k,
then so is T : H(X) → H(X), defined by

T (A) =
⋃
i

Ti(A).

With this formalism it is possible to construct geometric fractals in
cone metric spaces using the standard IFS theory.

8.2.4.3 IFSM on cone metric spaces and self-similarity

Many times in image processing, one has to deal with the notion of
distance; a fundamental aspect in this field is to decide “how far”
two images are from each other. The choice of a suitable definition
of distance is not at all easy; what seems to be close in one metric
can be very far in another one. This leads quite naturally to defining
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an environment in which many possible metrics can be considered si-
multaneously, and the notion of a cone metric lends itself naturally to
this requirement. This is the case, for instance, in the analysis of the
structural similarity index of images (see [29, 30]), which is used to im-
prove the measure assessing visual distortions between two images, or
in the case of fractal-based measure approximation with entropy max-
imization and sparsity constraints (see [109]). In both these contexts,
the difference between two images is calculated using different criteria,
which leads in a natural way to considering vector-valued distances.

Example 8.34. As an illustrative example, let us consider a possible ap-
plication in the area of image compression through generalized fractal
transforms and, in particular, the case of iterated function systems on
mapping (IFSMs). The classical IFSM theory requires one to specify
a priori the Lp space in which the image is embedded; an approach
based on cone metrics allows an all-in-one environment that preserves
the complexity of the problem. For simplicity, let X = [0, 1] and con-
sider the cone metric d : L∞(X) × L∞(X) → L∞([1,+∞]), where
d(u, v)(p) = ‖u− v‖p for all p ∈ [1,+∞]. Let L∞

+ ([1,+∞]) denote the
cone of all a.e. positive functions. It is easy to prove that (L∞(X), d)
is a complete L∞

+ ([1,+∞]) cone metric space. We can further define
an IFSM on L∞(X) in the usual manner,

Tu(x) =

n∑
i=1

αiu(w
−1
i (x)) + βi, (8.60)

where wi : X → X is a set of nonoverlapping maps with contractivity
factors Ki. We have T : L∞(X) → L∞(X), and a classical result (see
[67]) shows that

‖Tu− Tv‖p ≤ K‖u− v‖p
for all p ∈ [1,+∞], where K = maxiKi. This implies that

d(Tu, Tv) ≤ Kd(u, v)

with respect to the order induced by L∞
+ ([1,+∞]).

As a numerical example, let us compute the collage distance (the
objective function ψ from (8.58)) for a simple illustrative case. Let
w1(x) = 1

2x, w2(x) = 1
2x + 1

2 , φ1(x) = 1
2x + 1

4 and φ2(x) = 1
2x + 1

2 .

If we assume u(x) = 1 then Tu(x) = 3
4I[0,1/2](x) + I[1/2,1](x) where

I is the indicator function. The collage distance d(u, Tu) leads to the
result

d(u, Tu)(p) = ‖u− Tu‖p =
1

4

(
1

2

) 1
p

.
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Example 8.35. We now present a different type of example to illustrate
the flexibility of the cone metric framework for image analysis prob-
lems. Our cone metric in this case will measure the difference between
two images in each “resolution” level separately. To this end let ψi,j

be a wavelet basis for our image space (for example, either L2(R2)
or L2([0, 1]2) with periodic boundary conditions). The book [123] is a
great source for information about wavelets (and many other beautiful
topics).

For any image f ∈ L2, we can expand f in the wavelet basis to
obtain

f =
∑
i,j

fi,jψi,j .

In this, the first subscript, i, represents the “scale” and the second
subscript, j, represents the “location” at that scale. For two images
f, g, we define our cone metric to be

d(f, g)(i) =

⎛⎝∑
j

(fi,j − gi,j)
2

⎞⎠1/2

.

Thus d(f, g)(i) represents the 
2 distance between the images f and
g on the wavelets at the scale i. Formally, d : L2 × L2 → 
2+, as
d(f, g)(i) ≥ 0 for all i. We see that the cone 
2+ has empty interior,
so we must use the quasi-interior rather than the interior (as in Sect.
8.2.3).

Again we use an IFSM operator T , as in (8.60), for our image anal-
ysis. For appropriate maps wk and φk, this induces a type of IFS
operation on the wavelet coefficients (see [134]). If ck is the Jacobian
associated to wk (which is strictly less than 1 as wk is contractive) and
Kk is the contractivity of the “grey-level map” φk, the one can show
that (compare with Sect. 3.3 in [67])

d(Tf, Tg)(i) ≤
(∑

k

|ck|K2
k

)1/2

d(f, g)(i− 1),

which leads to conditions under which T is contractive in the cone
metric d.

The benefit of using the cone metric framework is that we preserve
the information about how well the approximation is at each distinct
resolution level. Thus in an image recovery operation, we can either
attempt to perform a vector optimization where we obtain a Pareto
optimal point (non-dominated for all resolutions) or we can attempt
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the simpler problem of focusing on the visually important resolutions
(usually the lower resolutions). It also allows one to truncate the ex-
pansion to any dimension.





Appendix A

Topological and Metric Spaces

This appendix will be devoted to the introduction of the basic proper-
ties of metric, topological, and normed spaces. A metric space is a set
where a notion of distance (called a metric) between elements of the
set is defined. Every metric space is a topological space in a natural
manner, and therefore all definitions and theorems about topological
spaces also apply to all metric spaces. A normed space is a vector space
with a special type of metric and thus is also a metric space.

All of these spaces are generalizations of the standard Euclidean
space, with an increasing degree of structure as we progress from topo-
logical spaces to metric spaces and then to normed spaces.

A.1 Sets

In this book, we use classical notation for the union and intersection
of sets. A\B denotes the difference of A and B, and A�B is the
symmetric difference. We use the notation A ⊂ B for strict inclusion,
while A ⊆ B if A = B is allowed. Furthermore, An ↑ A means that
An is a non decreasing sequence of sets and A = ∪An, while An ↓ A
is a non increasing sequence of sets and A = ∩An. If A and B are two
sets, their Cartesian product A × B consists of all pairs (a, b), a ∈ A,
and b ∈ B. If we have an infinite collection of sets, Aλ for λ ∈ Λ, then
the Cartesian product of this collection is defined as:∏

λ

Aλ =

{
f : Λ →

⋃
λ

Aλ : f(λ) ∈ Λ

}
.

The Axiom of Choice states that this product is nonempty as long as
each Aλ is nonempty and Λ �= ∅.
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A.2 Topological spaces

The basic idea of a topological space is to try to find a very general
setting in which the notions of convergence and continuity can be
defined in some meaningful way. The key idea is to think of “open”
sets as somehow measuring closeness. In this section, we give many of
the definitions of the basic concepts in topology. As such, this section
is primarily a list of definitions.

A.2.1 Basic definitions

Definition A.1. (Topology and topological space) A set X is a topo-
logical space if a topology T on X has been chosen. A topology on X,
T , is a family of subsets of X, called the open sets, that satisfies the
following properties:

• ∅,X ∈ T .
• Ai ∈ T for i = 1, 2, . . . , n implies that

⋂
iAi ∈ T .

• Aλ ∈ T for λ ∈ Λ implies
⋃

λAλ ∈ T .

In words, a topology on X is a family of subsets that is closed under
arbitrary unions and finite intersections. We call the complement of
an open set a closed set.

Sometimes it is more convenient to specify a collection smaller than
the collection of all possible open sets. This is the idea behind the
following definitions.

Definition A.2. (Base and Subbase) A subfamily T0 ⊆ T is called a
base of T if each open set A ∈ T can be written as a union of sets
of T0. We also say that T0 generates the topology T . A subbase of a
topology is a family of sets B such that their finite intersections form
a base for the topology T ; that is, such that the collection{

n⋂
i=1

Ai : Ai ∈ B
}

is a base for T .

If A ⊆ X, the induced or subspace topology on A is given by inter-
sections A ∩ O, for all O ∈ T . It is easy to verify that this collection
satisfies the properties required for it to be a topology on A.
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If X and Y are two topological spaces with topologies T1 and T2,
respectively, then their Cartesian product X×Y is a topological space
with the topology T generated by the base {A × B,A ∈ T1, A ∈ T2}.
This topology is referred to as the product topology on X × Y. The
product topology can also be defined for infinite products via the weak
topology (see below).

Definition A.3. (Closure, interior, boundary) Let E ⊆ X.

• The set
⋂
{C ⊆ X : E ⊆ C,C is closed} is called the closure of E

and is denoted by clE or E.
• An open set A such that E ⊆ A is said to be a neighbourhood of

E.
• A point x ∈ E is said to be an interior point of E if there exists a

neighbourhood A ⊆ E of x.
• The set of all interior points of E is called the interior of E and

denoted by intE. The interior of E is also equal to intE =
⋃
{A ⊆

X : A ⊆ E,A is open }.
• The boundary of E, ∂E, is the set clE\ intE.

If we have two topologies T1 and T2 on the same set X, we say that
T1 is weaker than T2 (or T2 is stronger or finer than T1) if T1 ⊆ T2.
It is easy to see that the intersection of any family of topologies is
a topology. Furthermore, for any collection of topologies, there is a
unique finest topology that is stronger than all of them.

The finest topology of all is the discrete topology, in which every set
is open. The coarsest topology is the trivial or indiscreet topology, in
which the only open sets are the empty set and the whole space.

A.2.2 Convergence, countability, and separation
axioms

Definition A.4. (Convergence) A sequence of points xn ∈ X, n ≥ 1,
converges to x ∈ X as n → +∞ if every neighbourhood of x contains
all xn with n ≥ n0 for some n0.

A partially ordered set (Λ,() is called a directed system if for every
α, β ∈ Λ there is a γ ∈ Λ with α ( γ and β ( γ. A net in X is a
function x : Λ → X from a directed system to X. The net xλ converges
to x ∈ X if for every neighbourhood N of x there is some γ ∈ Λ, so if
λ ∈ Λ with γ ( λ, then xλ ∈ N .
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All sequences are nets, but not all nets are sequences. It is possible
to show that a set C is closed if and only if it contains the limit for
every convergent net of its points. In general, sequential convergence
is not sufficient to define a given topology. However, if the space is
first countable, then sequential convergence is sufficient to determine
the topology (since each point has countably many sets to determine
convergence and thus a net can be reduced to a sequence).

A point x ∈ E is said to be isolated if {x} is an open set. One
consequence of this is that there is no sequence xn → x with xn �= x
for all n.

Definition A.5. (First and second countable, separable)

• A neighbourhood base at a point x ∈ X is a collection of sets N
such that that for each neighbourhood U of x there is some N ∈ N
with x ∈ N ⊆ U .

• A topological space X is first countable if each point has a countable
neighbourhood base.

• A topological space X is second countable if there is a countable
base for the topology.

• A topological space X is separable if there is a countable set {xn}
such that that for any point x ∈ X and any neighbourhood U of
x there is some xn with xn ∈ U . In particular, this means that
cl{xn : n ∈ N} = X.

As an example, Rn with the usual notion of convergence (topology)
is second countable. Every second countable space is first countable.
Most of the “usual” spaces one encounters are first countable, or even
second countable. Thus, for most situations sequential convergence is
sufficient. Every second countable space is also separable. Conversely,
any separable and first countable space is also second countable.

Definition A.6. (Separation conditions)

• A space is said to be T0 if for all distinct x, y ∈ X there is some
open set U such that either x ∈ U and y /∈ U or x /∈ U and y ∈ U .

• A space is said to be T1 if {x} is a closed set for all x ∈ X.
• A space is said to be Hausdorff or T2 if for all distinct x, y ∈ X

there are disjoint open sets U, V with x ∈ U and y ∈ V .

These conditions are listed in order of increasing strength. That is,
(Hausdorff )T2 ⇒ T1 ⇒ T0.
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A.2.3 Compactness

The concept of compactness is central in many areas of topology.
Roughly, it is a type of finiteness condition.

Definition A.7. (Compactness)

• A set K ⊆ X, is compact if each open covering of K admits a finite
subcovering (i.e., whenever K ⊆

⋃
λAλ for open sets Aλ, there is

some finite subset {λ1, λ2, λ3, . . . , λn} ⊆ Λ such that K ⊆
⋃

j Aλj
).

• If X itself is a compact set, then X is called a compact space.
• A set E ⊆ X is said to be relatively compact if clB is a compact

set.
• X is called locally compact if each point x ∈ X has a neighbourhood

with compact closure.
• If X can be represented as a countable union of compact sets, then

it is said to be σ-compact.

The set of all nonempty compact subsets of X is denoted by K(X).
There is a standard construction that adds one point, located at

“infinity”, to a locally compact space to obtain a compact space. The
resulting space is called the one-point or Aleksandrov compactification.
The corresponding open sets are open sets of X, and the added point
∞ has neighbourhoods that are complements to compact sets.

If the topology T has a countable base, then the compactness prop-
erty of a set K is equivalent to the fact that every sequence xn ∈ K
admits a convergent subsequence with its limit in K. In general, K is
compact if and only if every net xλ ∈ K has a subnet with its limit in
K.

A nonempty closed set E is said to be perfect if E does not have
isolated points. IFS fractals are typically compact and perfect sets.

In Hausdorff space, each compact set K is also closed. (This is not
true in general if the space is not Hausdorff.

A.2.4 Continuity and connectedness

After defining the spaces, the natural next step is to define functions
between these spaces. For the category of topological spaces, the nat-
ural functions are the continuous functions.

Definition A.8. (Continuity) A function f : X → Y that maps the
topological space X into another topological space Y is continuous if for
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each open set A ⊆ Y the inverse image f−1(A) = {x ∈ X : f(x) ∈ A}
is an open set in X.

If both f and f−1 are continuous, then we say that f is a homeo-
morphism.

If f : X → Y is a homeomorphism, then we consider X and Y

topologically indistinguishable. This is similar to the situation in linear
algebra where if L : V → W is a bijective linear map, then V and W

are basically the same as linear spaces.

Definition A.9. (Connectedness) A set A ⊆ X is connected if A can-
not be written as the union of two disjoint open sets.

Theorem A.10. (Properties of continuous functions) Suppose that f :
X → Y is continuous.

• If g : Y → Z is continuous, then so is g ◦ f : X → Z.
• If K ⊆ X is compact, then f(K) ⊆ Y is also compact,
• If K ⊆ X is compact and connected and f : X → R is continuous,

then f(K) ⊂ R is a closed and bounded interval.
• If f is a bijection and X is compact, then f is a homeomorphism.

Notice that the finer the topology on X the easier it is for f : X → Y

to be continuous. In particular, if we place the discrete topology on X,
then for any topology on Y, f : X → Y will be continuous. Similarly,
if we place the indiscreet topology on Y, then any function f : X → Y

will be continuous.

Definition A.11. (Weak topology) Let X be a set, Yλ be a collection
of topological spaces, and fλ : X → Yλ be a collection of functions. The
weak topology on X by {fλ} is the coarsest topology on X for which
each fλ is continuous.

We can use this definition in defining the product topology. There
are always natural projections πX : X × Y → X and πY : X × Y → Y

for any sets X,Y. If X and Y are also topological spaces, then we can
place the weak topology on X× Y by these projections and this weak
topology coincides with the product topology.

Thus, for an arbitrary collection of topological spaces Xλ we define
the product topology on

∏
Xλ as the weak topology by the collection

of projections πλ :
∏

γ Xγ → Xλ.
Weak topologies are fundamental in functional analysis, where the

“weak” topology on a Banach space is the weak topology by the col-
lection of bounded linear functionals and the “weak-*” topology is a
topology on a dual space generated by the collection of all point eval-
uations and thus is a topology of pointwise convergence.
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A.3 Metric spaces

A metric space is a very special type of topological space with nice
“geometric” properties. This is because the topology is given by a
distance function, the metric.

Definition A.12. A metric space is an ordered pair (X, d) where X is
a set and d : X × X → R+ is a metric on X; that is, a function such
that for any x, y, and z in X the following properties hold:

• d(x, y) = 0 if and only if x = y (identity of indiscernibles).
• d(x, y) = d(y, x) (symmetry).
• d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality).

The function d is also called a distance function or simply a distance.
The discrete topology is given by the discrete metric defined as

d(x, x) = 0 and d(x, y) = 1 if x �= y. In a sense, this is the simplest
type of metric to place on a set.

The metric is used to generate a subbase for a topology, the metric
topology . From this, all the usual objects in a topology are easily de-
fined. Given x in a metric space X, we define the open ball of radius
ε > 0 at x as the set

Bε(x) = {y ∈ X : d(x, y) < ε}.

A subset O ⊆ X is called open if for every x in O there exists an
ε > 0 such that Bε(x) ⊆ O. As usual, the complement of an open set is
called closed. A neighbourhood of the point x is any subset of X that
contains an open ball at x as a subset. The concepts of connectedness
and separability are as in general topological spaces.

A.3.1 Sequences in metric spaces

The set of balls B1/n(x) forms a countable neighbourhood basis at x,
and thus any metric space is first countable. This means that sequential
convergence is sufficient to determine the metric topology.

A sequence xn in a metric space X is said to converge to the limit
x ∈ X iff for every ε > 0 there exists a natural number N such that
d(xn, x) < ε for all n > N ; this is the same as saying that xn is
eventually in every Bε(x). A subset C ⊆ X is closed if and only if
every sequence in C that converges to a limit in X has its limit in C.
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Definition A.13. (Cauchy sequence, completeness, Polish space)

• A sequence xn ∈ X is said to be a Cauchy sequence if for all ε > 0
there exists a natural number N such that for all n,m ≥ N we
have d(xn, xm) ≤ ε.

• A metric space X is said to be complete if every Cauchy sequence
converges in X.

• Complete separable metric spaces are called Polish spaces.

If M is a complete subset of the metric space X, then M is closed
in X.

A.3.2 Bounded, totally bounded, and compact sets

A set A ⊆ X is called bounded if there exists some number M > 0
such that d(x, y) ≤ M for all x, y ∈ A. The smallest possible such M
is called the diameter of A. The set A ⊆ X is called precompact or
totally bounded if for every ε > 0 there exist a finite number of open
balls of radius ε whose union covers A. Not every bounded A is totally
bounded. As a simple example the discrete metric is bounded with
diameter 1 but not totally bounded, unless the set A is finite.

Theorem A.14. (Equivalence of notions of compactness) Let X be a
metric space and A ⊆ X. Then the following are equivalent:

• Every sequence xn ∈ A has a convergent subsequence with its limit
in A.

• Every open cover of A has a finite subcover.
• A is complete and totally bounded.

A metric space that satisfies any one of these conditions is said to
be compact. The equivalence of these three concepts is not true in a
general topological space. Since every metric space is Hausdorff, every
compact subset is also closed.

The Heine-Borel theorem gives the equivalence of the third condition
with the others. That is, it states that a subset of a metric space is
compact if and only if it is complete and totally bounded.

A metric space is locally compact if every point has a compact neigh-
bourhood. A space is proper if every closed ball {y : d(x, y) ≤ ε} is
compact. Proper spaces are locally compact, but the converse is not
true in general.
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A.3.3 Continuity

Definition A.15. (Continuity) Suppose (X1, d1) and (X2, d2) are two
metric spaces. The map f : X1 → X2 is continuous if it has one (and
therefore all) of the following equivalent properties:

1. (general topological continuity) For every open set A ⊆ X2, the
preimage f−1(A) is open in X1.

2. (sequential continuity or Heine continuity) If xn is a sequence in
X1 that converges to x ∈ X1, then the sequence f(xn) converges to
f(x) ∈ X2.

3. (ε-δ continuity or Cauchy continuity) For every x ∈ X1 and every
ε > 0 there exists δ := δ(x, ε) > 0 such that for all y ∈ Bδ(x) we
have f(y) ∈ Bε(f(x)).

As in a general topological space, the image of every compact set un-
der a continuous function is compact, and the image of every connected
set under a continuous function is connected. Given a point x ∈ X and
a compact set K ⊆ X, we know that the function d(x, y) has at least
one minimum point ȳ when y ∈ K. So we have d(x, ȳ) ≤ d(x, y) for
all y ∈ K. We call ȳ the projection of the point x on the set K and
denote it as ȳ = πxK. The point ȳ is not unique, so we choose one of
the minima.

Definition A.16. (Uniform continuity) The map f : X1 → X2 is uni-
formly continuous if for every ε > 0 there exists δ := δ(ε) > 0 such
that for all y ∈ Bδ(x) we have f(y) ∈ Bε(f(x)).

Clearly every uniformly continuous map f is continuous. The con-
verse is true if X1 is compact (HeineCantor theorem). Uniformly con-
tinuous maps turn Cauchy sequences in X1 into Cauchy sequences in
X2.

Definition A.17. (Lipschitz function) Given a number K > 0, the
map f : X1 → X2 is K-Lipschitz continuous if d(f(x), f(y)) ≤
Kd(x, y) for all x, y ∈ X1.

Every Lipschitz continuous map is uniformly continuous, but the
converse is not true in general.

Definition A.18. (Contraction) A 1-Lipschitz continuous function is
called a contraction.
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Theorem A.19. (Banach fixed-point theorem or contraction mapping
theorem) Suppose that f : X → X is a contraction and X is a complete
metric space. Then f admits a unique fixed point x̄ and, for any x ∈ X,
d(fn(x), x̄) → 0 as n → ∞.

If X is compact, the condition can be weakened: f : X → X admits
a unique fixed point if d(f(x), f(y)) < d(x, y) for all x, y ∈ X. For this,
compactness is essential. As a simple example, consider the function
f : [1,∞) → [1,∞) given by f(x) = x + 1/x. Clearly f has no fixed
point, but it is easy to show that |f(x)− f(y)| < |x− y|.

A.3.4 Spaces of compact subsets

Let (X, d) be a complete metric space and H(X) denote the space of all
nonempty closed and bounded subsets of X. The Hausdorff distance
between A,B ∈ H(X) is defined as

dH(A,B) = max

{
sup
x∈A

d(x,B), sup
x∈B

d(x,A)

}
.

Here, d(x,A) denotes the usual distance between the point x and the
set A,

d(x,A) = inf
y∈A

d(x, y).

We shall define d(A,B) := maxx∈A d(x,B) such that

dH(A,B) = max{d(A,B), d(B,A)}.

Note that in general d(A,B) �= d(B,A).
For certain considerations, the following alternative definition of

Hausdorff metric may be more appealing. For E ⊆ X and ε ≥ 0,
the set

Eε := {x ∈ X : d(x,E) ≤ ε} = {x ∈ X : d(x, y) < ε for some y ∈ E}

is called the ε–neighbourhood or the ε-dilation of the set E.
Then, for any A,B ∈ H(X), it holds that

dH(A,B) < ε ⇐⇒ A ⊆ Bε and B ⊆ Aε.

Thus we have

dH(A,B) = inf{ε ≥ 0 : A ⊆ Bε and B ⊆ Aε}.
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Recalling the notion of Minkowski addition, we can also think of the
ε-dilation as the Minkowski addition E ⊕Bε(0) (i.e. as the dilation of
E by a ball with radius ε).

Theorem A.20. (Completeness and compactness of H(X)) The space
(H(X), dH) is a complete (compact) metric space if (X, d) is complete
(compact).

Let (X, d) be a metric space. The following are some useful proper-
ties of the Hausdorff distance:

1. For all x, y ∈ X, C ⊂ X, we have d(x,C) ≤ d(x, y) + d(y, C).
2. If A ⊆ B, then d(C,A) ≥ d(C,B) and d(A,C) ≤ d(B,C) for all

C ⊂ X.
3. For all x, y ∈ X and A,B ⊂ X, we have d(x,A) ≤ d(x, y)+d(y,B)+

d(B,A).
4. For all x ∈ X and A,B ⊂ X, we have d(x,A) ≤ d(x,B) + d(B,A).
5. Suppose that (X, ‖‖) is a real normed space and E ⊂ X a convex

subset of X. Let Ai, Bi ⊆ E and λi ∈ [0, 1] for i = 1, 2, . . . , N and∑
i λi = 1. Then

dH

(∑
i

λiAi,
∑
i

λiBi

)
≤
∑
i

λidH(Ai, Bi).

6. Let A,Bi ∈ H(E), λi ∈ [0, 1] for i = 1, 2, . . . , N and such that∑
λi = 1. Suppose that A is convex. Then

dH

(
A,
∑
i

λiBi

)
≤
∑
i

λidH(A,Bi).

7. Let A,B ∈ H(X) and b ∈ B. Then for all ε > 0, there is an element
aε ∈ A such that

d(aε, b) ≤ dH(A,B) + ε.

8. Let A,B, I ⊂ Rn. Then dh(A+ I, B + I) ≤ dh(A,B).





Appendix B

Basic Measure Theory

In this appendix, we briefly review the basic definitions and results
from measure theory. This is certainly not intended as a course in
measure theory but is only a reminder of that part of measure theory
that is needed for this book. For a very good introduction to measure
theory, see any of the books [150, 50, 8].

B.1 Introduction

The prototypical example of a measure is the Lebesgue measure on R,
a generalization of measuring the length of an interval. For notational
purposes, if I ⊂ R is an interval, we denote by length(I) the length of
I.

For a set S that is a finite union of intervals, the “length” of S should
be the sum of the lengths of the constituent intervals. Similarly, if S is
a disjoint union of countably many intervals, then the total “length”
should just be the sum of the individual lengths. For a more general
set S, we define

λ(S) = inf

{∑
i

length(Ii) : S ⊆
⋃
i

Ii

}
, (B.1)

where the infimum is taken over all countable covers of S by intervals
Ii. It is not so hard to see that λ(I) = length(I) in the case where I
is an interval and that (B.1) also gives the natural measure of a set
that is either a finite or countable union of disjoint intervals. With this
definition, λ has some very nice properties:

1. λ(∅) = 0.

369
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2. A ⊆ B ⇒ λ(A) ≤ λ(B).
3. λ(

⋃
nAn) ≤

∑
n λ(An).

4. λ(S) = λ(S + a) for any a ∈ R, where S + a = {s+ a : s ∈ S}.
5. λ(cS) = |c|λ(S) for any c ∈ R, where cS = {c s : s ∈ S}.

It is possible to get equality in property 3 for disjoint An but not for
arbitrary subsets An, only for sets from a special subclass of subsets,
the measurable sets. A set S ⊂ R is Lebesgue measurable if for any
A ⊂ R we have

λ(A) = λ(A ∩ S) + λ(A \ S). (B.2)

Somehow a measurable set is nice enough to split an arbitrary set
in such a way that the measures of the parts are additive. Strangely
enough, not all subsets of R are Lebesgue measurable (however, the ex-
istence of nonmeasurable sets is a consequence of the Axiom of Choice,
so nonmeasurable sets are necessarily strange and hard to define).

B.2 Measurable spaces and measures

We now abstract the definition of Lebesgue measure to more general
spaces. Let Ω be a nonempty set. We first set the collection of subsets
of Ω that we will “measure.”

Definition B.1. A σ-algebra in Ω is a collection A of subsets of Ω
with the following properties:

1. ∅, Ω ∈ A.
2. A ∈ A ⇒ Ω \A ∈ A.
3. An ∈ A for all n ∈ N ⇒

⋃
nAn ∈ A.

The pair (Ω,A) is called a measurable space.

It is easy to see that if Aα is a collection of σ-algebras, then ∩αAα is
also a σ-algebra. Thus, if C is a collection of subsets of Ω, then there is
a unique smallest σ-algebra A that contains C. We call this σ-algebra
the σ-algebra generated by C.

Definition B.2. Let (Ω,A) be a measurable space. A nonnegative
function μ defined on A is a measure if it satisfies

1. μ(∅) = 0,
2. 0 ≤ μ(A) ≤ +∞ for all A ∈ A,
3. A ⊆ B ⇒ μ(A) ≤ μ(B), and
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4. for all pairwise disjoint sequences {An} inA, μ(
⋃

nAn) =
∑

n μ(An).

The triple (Ω,A, μ) is called a measure space.

We include property 2 just to emphasize that it is possible for a
measure μ to take the value +∞ on some set. An example of this is
that λ(R) = +∞, where λ is the Lebesgue measure. If μ(Ω) < ∞, then
we say that μ is a finite measure. Furthermore, even though property 3
is a consequence of properties 2 and 4, we include it just to emphasize
the monotonicity property of μ. Finally, if Ω =

⋃
nEn with En ∈ A

and μ(An) < ∞, we say that (Ω,A, μ) is a σ-finite measure space.
Some basic properties of measures are given in the next proposition.

Proposition B.3. Let (Ω,A, μ) be a measure space. Then:

1. If E1 ⊆ E2 ⊆ · · · is an increasing sequence of measurable sets (i.e.,
each En ∈ A), then μ(

⋃
nEn) = limn μ(En) = supn μ(En).

2. If E1 ⊇ E2 ⊇ · · · is a decreasing sequence of measurable sets and
μ(Ek) < ∞ for some k, then μ(

⋂
nEn) = limn μ(En) = infn μ(En).

Definition B.4. We say that a property occurs for μ almost all x ∈ Ω
if there is some set A ⊂ Ω such that the property occurs for all x ∈ A
and μ(Ω \A) = 0.

For instance, fn converges pointwise to f for μ almost all points
if there is some set A, so for all x ∈ A we have fn(x) → f(x) and
μ(Ω \A) = 0.

Definition B.5. Two measures μ and ν on the same measurable space
(Ω,A) are said to be mutually singular, written μ ⊥ ν, if there are two
measurable sets A,B with μ(B) = 0 = ν(A) and Ω = A ∪B.

If μ is a measure with μ(Ω) = 1, then μ is called a probability
measure. The collection of all probability measures on Ω is denoted by
P(Ω).

B.2.1 Construction of measures

We briefly indicate how measures can be constructed. A premeasure
on Ω is a set function ν defined on some class C of subsets of Ω such
that

1. ∅ ∈ C,
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2. 0 ≤ ν(C) ≤ +∞ for all C ∈ C,
3. ν(∅) = 0.

As an example, the class C could be equal to {[a, b) : a, b ∈ R} and
ν([a, b)) = b− a.

An outer measure on the set Ω is a set function μ∗ defined on all
subsets of Ω that satisfies

1. μ∗(∅) = 0,
2. A ⊆ B ⇒ μ∗(A) ≤ μ∗(B), and
3. E ⊆

⋃
nEn ⇒ μ∗(E) ≤

∑
n μ

∗(En).

We define a set E ⊂ Ω to be measurable with respect to μ∗ if for all
A ⊆ Ω we have

μ∗(A) = μ∗(A ∩ E) + μ∗(A \ E). (B.3)

It turns out that the set of all μ∗-measurable sets is a σ-algebra and
that μ∗ restricted to this σ-algebra is countably additive.

The relationship between premeasures and outer measures is simple.
Given a premeasure ν, we define

μ∗(S) = inf

{∑
n

ν(Cn) : S ⊂
⋃
n

Cn

}
, (B.4)

where the infimum is taken over all countable covers of S by elements of
C. If there are no such covers, we use the convention that inf ∅ = +∞.
The set function μ∗ defined in (B.4) is an outer measure. Restricting
μ∗ to the σ-algebra of μ∗-measurable sets results in a measure.

As another example, we briefly discuss Lebesgue-Stieltjes measures.
Let g : R → R be a nondecreasing and right-continuous function.
Define the premeasure ν((a, b]) = g(b)− g(a). The measure generated
by this premeasure is similar to the Lebesgue measure but has “weight
function” g. That is, the “measure” of an interval is given not by its
length but by the function g.

B.2.1.1 Product measures

If (X,X , μ) and (Y,Y, ν) are two measure spaces, there is a natural way
to construct both a σ-algebra and a measure on X × Y. A rectangle
in X × Y is a set of the form A × B with A ∈ X and B ∈ Y. The
σ-algebra generated by the collection of all rectangles is called the
product σ-algebra and is denoted by X × Y .
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For a rectangle A × B, we define (μ × ν)(A × B) = μ(A) · ν(B)
(where here we take 0 · ∞ = 0). This defines a countably additive set
function on the collection of rectangles. The extension to X × Y is a
measure and is called the product measure.

As an example of this, the “usual” measure on Rn is the n-fold
product of the Lebesgue measure on R.

It is also possible to consider infinite product spaces and infinite
product measures. We will only need this for the case of countable
products of probability measures, so we restrict our attention to this
case. Let (Xn,Xn, μn) be probability measure spaces for n ∈ N. We will
define a natural σ-algebra and measure on X =

∏
λ Xn (we defined an

arbitrary product in Appendix A). For the σ-algebra X , we use the
σ-algebra generated by all finite-dimensional measurable rectangles.
These are sets of the form

B(i1, i2, . . . , in) =

{
x ∈

∏
n

Xn : xij ∈ Bij

}
,

where i1, i2, . . . , in ∈ N and Bij ∈ Xij for each j. That is, we only spec-
ify finitely many of the coordinates of the points in B(i1, i2, . . . , in),
and these coordinates have to be specified as Xi measurable sets. Fi-
nally, for the measure μ, it is defined on the measurable rectangles
as

μ(B(i1, i2, . . . , in)) = μi1(Bi1) · μi2(Bi2) · · ·μin(Bin).

Another way to think of this is to define Bn for all n as Bn = Bij if
n = ij and otherwise let Bn = Xn. Then

B(i1, i2, . . . , in) =
∏
n∈N

Bn

and so

μ(B(i1, i2, . . . , in)) =
∏
n∈N

μn(Bn) = μi1(Bi1) · μi2(Bi2) · · ·μin(Bin)

as before since μn(Xn) = 1.

B.2.1.2 Push-forward measures

If (X,X , μ) is a measure space and f : X → Y is a function, we can
use f to construct a push-forward measure on Y. For this, we use the
largest σ-algebra for which f is measurable. That is,
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Y = {B ⊆ Y : f−1(B) ∈ X}.

It is straightforward to show that this defines a σ-algebra on Y. The
measure f#(μ) is equally simple to describe:

f#(μ)(B) = μ(f−1(B)) for all B ∈ Y.

B.2.2 Measures on metric spaces and Hausdorff
measures

If the space Ω is also a metric space, it is possible for the metric
and any measures defined on Ω to interact and thus exhibit a richer
structure.

The Borel sets or Borel σ-algebra, denoted by B, is defined to be
the smallest σ-algebra that contains all the open sets in Ω. A measure
μ defined on the class of Borel sets is called a Borel measure.

The support of a measure μ is the closed set

supp(μ) = Ω \
⋃

{U : U is an open set with μ(U) = 0}

and can be characterized (in the separable case) as the closed set C
such that μ(Ω \ C) = 0 and μ(C ∩ O) > 0 for all open sets with
O ∩ C �= ∅.

A measure μ on Ω is said to be tight if for all ε > 0 there is some
compact set Kε ⊂ Ω with μ(Ω \Kε) < ε.

Proposition B.6. Let Ω be a complete metric space and μ be a Borel
measure on Ω. Then, for any two A,B ∈ B with inf{d(a, b) : a ∈
A, b ∈ B} > 0, we have μ(A∪B) = μ(A)+μ(B). Furthermore, if μ is
a finite measure, then for all B ∈ B we have

μ(B) = inf{μ(U) : B ⊆ U,U open } = sup{μ(C) : C ⊂ B,C closed}.

Finally, if Ω is also separable and μ is finite, then μ is tight.

An important class of measures on a metric space are the Hausdorff
measures. These measures are nice generalizations of the Lebesgue
measure on R to a general metric space. For a subset S ⊆ Ω, we define
the diameter of S to be

|S| = sup{d(x, y) : x, y ∈ S}. (B.5)

For δ > 0 and S ⊂ Ω, a δ-cover of S is a countable collection of sets
En with |En| < δ for each n and S ⊆

⋃
nEn.
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Let d ≥ 0 and δ > 0 be fixed. We define

Hd
δ(S) = inf

{∑
i

|En|d : {En} is a δ-cover of S

}
.

It is not hard to see that Hd
δ(S) is increasing as δ decreases (since the

collection of allowable covers decreases), and thus

Hd(S) = sup
δ>0

Hd
δ(S) = lim

δ→0
Hd

δ(S) (B.6)

exists. This limit is defined as the Hausdorff d-dimensional measure
on Ω. It is a bit of an effort to show that Hd is a Borel measure on Ω.
Clearly Hd is finite only if Ω is bounded, but it might be unbounded
even if Ω is compact. For example,

H0(S) =

{
+∞ if S is an infinite set,

n if S contains n elements,

so that H0 is a counting measure on Ω. We mention that it is possible
to greatly generalize the construction of Hd by introducing a gauge
function. A function g : [0,∞) → [0,∞) is a gauge function if g is
nondecreasing and continuous and g(x) → 0 as x → 0. Then we replace
|En|d by g(|En|) in the definition of Hd

δ and we get a measure Hg. See
[126, 147] for more on Hausdorff measures.

B.3 Measurable functions and integration

After defining measurable spaces, the next natural objects to study
are mappings between measurable spaces.

Definition B.7. Let (X,X ) and (Y,Y) be two measurable spaces. A
function f : X → Y is said to be measurable if f−1(S) ∈ X for all
S ∈ Y.

The special case where Y = R and Y = B (the Borel sets) is of
particular interest. In many cases, by measurable function we will mean
this special case.

Proposition B.8. If c is a constant and f, g are measurable, then so
are f+g, f ·g, cf,max{f, g},min{f, g}. Furthermore, if fn is a sequence
of measurable functions, then the functions supn fn, infn fn, lim sup fn,
and lim inf fn are all measurable.
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For a set S ⊂ Ω, we use χS to denote the characteristic function of
S defined by

χS(t) =

{
1 if x ∈ S,

0 if x /∈ S.

Notice that S is a measurable set if and only if χS is a measurable
function.

Definition B.9. Let (Ω,A) be a measurable space. A simple function
on Ω is any function of the form

ϕ =
∑
i

αiχSi ,

where α1, α2, . . . , αn ∈ R and Si ∈ A.

That is, a simple function is a finite linear combination of characteristic
functions of measurable sets.

Proposition B.10. Let f be a nonnegative measurable function on
a measurable space (Ω,A). Then there is an increasing sequence of
simple functions ϕn ≤ ϕn+1 with ϕn(x) → f(x) for each x ∈ Ω.

B.3.1 The integral

In this section assume that we have a measure space (Ω,A, μ).
The definition of the integral of a simple function is completely

straightforward. That is, if

ϕ =
∑
i

αiχEi ,

then we define ∫
Ω
φ(x) dμ(x) =

∑
i

αiμ(Ei). (B.7)

The motivation is clear; the integral is the “area under the curve,”
(that is, the “height” αi multiplied by the “length” μ(Ei)).

For a positive measurable function f : Ω → [0,∞), we define∫
Ω
f dμ = sup

{∫
Ω
ϕ dμ : 0 ≤ ϕ ≤ f, ϕ simple

}
. (B.8)

Furthermore, for A ⊂ Ω a measurable set, we define∫
A
f(x) dμ(x) =

∫
Ω
f(x)χA(x) dμ(x).
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Proposition B.11. Let f, g be nonnegative measurable functions and
c be a nonnegative constant. Then∫

Ω
f + g dμ =

∫
Ω
f dμ+

∫
Ω
g dμ

and ∫
Ω
cf dμ = c

∫
Ω
f dμ.

If f(x) ≤ g(x) for μ almost all x, then∫
Ω
f dμ ≤

∫
Ω
g dμ.

Finally, if A,B are disjoint measurable sets, then∫
A∪B

f dμ =

∫
A
f dμ+

∫
B
f dμ.

Theorem B.12. (Fatou’s lemma) Let fn be a sequence of nonnegative
measurable functions. Then∫

Ω
lim inf fn dμ ≤ lim inf

∫
Ω
fn dμ.

Theorem B.13. (monotone convergence theorem) Let fn be a se-
quence of nonnegative measurable functions that converge μ almost
everywhere to a function f . Suppose further that fn ≤ f for all n.
Then ∫

Ω
f dμ = lim

n

∫
Ω
fn dμ.

Corollary B.14. Let fn be a sequence of nonnegative measurable
functions. Then ∫

Ω

∑
n

fn dμ =
∑
n

∫
Ω
fn dμ.

We now define the integral of a (somewhat) arbitrary measurable
function f . Notice that f+ = max{f, 0} and f− = −min{f, 0} are
both nonnegative measurable functions. We define∫

Ω
f dμ =

∫
Ω
f+ dμ−

∫
Ω
f− dμ,

on the condition that only one of the terms in the sum is infinite.
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Definition B.15. We say that the measurable function f is integrable
if ∫

Ω
|f | dμ =

∫
Ω
f+ dμ+

∫
Ω
f− dμ < ∞.

Proposition B.16. Let f, g be integrable functions and α, β be con-
stants. Then

1.

∫
Ω
αf + βg dμ = α

∫
Ω
f dμ+ β

∫
Ω
g dμ,

2. if |h| ≤ |f | for μ almost all x and h is measurable, then h is inte-
grable, and

3. if f ≥ g for μ almost all x, then

∫
Ω
f dμ ≥

∫
Ω
g dμ.

Theorem B.17. (Lebesgue dominated convergence theorem) Let g
be integrable, and suppose that fn is a sequence of measurable func-
tions that satisfy |fn| ≤ |g(x)| for μ almost all x. Suppose further that
fn(x) → f(x) for μ almost all x. Then f is integrable and

lim
n

∫
Ω
fn dμ =

∫
Ω
f dμ.

We can also include a sequence of measures in the convergence the-
orems.

Theorem B.18. Suppose that μn is a sequence of measures on the
measurable space (Ω,A) with μn(A) → μ(A) for all A ∈ A. Suppose
further that fn is a sequence of nonnegative measurable functions that
converge pointwise μ almost everywhere to the function f . Then∫

Ω
f dμ ≤ lim inf

∫
Ω
fn dμn.

Finally, we give a theorem that deals with integration in product
spaces and gives some sufficient conditions under which the integral
in the product space can be computed by computing integrals in each
factor space.

Theorem B.19. (Fubini’s theorem) Let (X,X , μ) and (Y,Y, ν) be two
σ-finite measure spaces. Let π = μ×ν on X×Y and A = X ×Y be the
product measure and σ-algebra, respectively. Suppose that F : X×Y →
R is integrable with respect to π. Then the functions

f(x) =

∫
Y

F (x, y) dν(y) and g(y) =

∫
X

F (x, y) dμ(x)
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are defined μ (respectively ν) almost everywhere and are X (respec-
tively Y) measurable. Furthermore,∫

F (x, y) dπ(x, y) =

∫
X

∫
Y

F (x, y) dν(y) dμ(x) =

∫
X

f(x) dμ(x)

=

∫
Y

∫
X

F (x, y) dμ(x) dν(y) =

∫
Y

g(y) dν(y).

B.4 Signed measures

A signed measure on the measurable space (Ω,A) is a set-function μ
defined on A that satisfies the following properties:

1. ν assumes at most one of the values −∞ or +∞
2. ν(∅) = 0.
3. ν(

⋃
nEn) =

∑
n ν(En) for any sequence {En} of measurable sets.

We sometimes denote the collection of finite signed measures on Ω
by M(Ω) or M(Ω,R) to emphasize the fact that the measures take
values in R.

Given a signed measure ν, we say that P ∈ A is a positive set if
ν(P ) ≥ 0 and ν(S) ≥ 0 for all S ⊂ P with S ∈ A. A similar definition
applies for a negative set.

Theorem B.20. (Hahn decomposition theorem) Let ν be a signed
measure on (Ω,A). Then there is a positive set P and a negative set
N such that Ω = P ∪N and N ∩ P = ∅.

Theorem B.21. (Jordan decomposition theorem) Let ν be a signed
measure on (Ω,A). Then there are two measures ν+ and ν− that are
mutually singular and such that ν = ν+ − ν−. Furthermore, this de-
composition is unique.

For a given signed measure ν, the positive measure |ν| = ν+ + ν−
is called the absolute value or total variation of ν. If |ν| is a finite
measure, then we say that ν is a finite signed measure or has finite
variation. The space of finite signed measures on Ω is a normed linear
space under the norm

‖μ‖ = |μ|(Ω) = μ+(Ω) + μ−(Ω). (B.9)

This norm is called the total variation norm.
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Definition B.22. Given two measures μ and ν, we say that ν is ab-
solutely continuous with respect to μ, denoted by ν � μ, if ν(A) = 0
whenever μ(A) = 0.

For two signed measures, we say ν � μ if |ν| � |μ|.

Finally, a measurable function f on Ω is integrable with respect to
the signed measure μ if |f | is integrable with respect to |μ|. In this
case, we define∫

Ω
f dμ =

∫
Ω
f+ dμ+ +

∫
Ω
f− dμ− −

∫
Ω
f+ dμ− −

∫
Ω
f− dμ+ .

In general, as long as this sum does not include terms of the form
+∞−∞, then one can have a well-defined notion of an integral yielding
the value +∞ or −∞.

Theorem B.23. (Radon-Nikodym theorem) Let (Ω,A, μ) be a σ-
finite measure space and ν be a signed measure defined on A. Suppose
that ν � μ. Then there is a measurable function f such that for each
E ∈ A we have

ν(E) =

∫
E
f dμ.

Furthermore, the function f is uniquely defined μ almost everywhere.

The function f from the Radon-Nikodym theorem is called the
Radon-Nikodym derivative of ν with respect to μ.

B.5 Weak convergence of measures

There are several different ways in which a sequence of measures can
converge. One way we have already discussed is if μn(A) → μ(A) for
all A ∈ A. For this section, we assume that Ω is a metric space and
that we use the Borel sets B and that all measures are Borel measures.

Definition B.24. Let μn be a sequence of Borel measures and μ be
a Borel measure. We say that μn converges weakly to μ, denoted by
μn ⇒ μ, if for all continuous and bounded f : Ω → R we have∫

Ω
f dμn →

∫
Ω
f dμ.

Since constant functions are continuous and bounded, if μn ⇒ μ we
know that μn(Ω) → μ(Ω). Clearly the converse is not true. However,
if μn(A) → μ(A) for every A ∈ B, then μn ⇒ μ.
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Proposition B.25. Let μn and μ be finite measures. Then the follow-
ing conditions are equivalent:

1. μn ⇒ μ.
2.
∫
f dμn →

∫
f dμ for all bounded and uniformly continuous f .

3. lim supμn(F ) ≤ μ(F ) for all closed sets F and μn(Ω) → μ(Ω).
4. lim inf μn(G) ≥ μ(G) for all open sets G and μn(Ω) → μ(Ω).
5. μn(S) → μ(S) for all Borel sets S with μ(∂S) = 0.

The reason that this convergence is called weak convergence is made
a little more clear in the next theorem. First we recall some notions.
Given a topological space X, Cc(X) denotes the collection of all con-
tinuous f : X → R such that there is some compact K ⊂ X with
f(X \ K) = 0. That is, each function in Cc(X) has compact support.
Clearly Cc(X) is a linear space. We make Cc(X) into a normed linear
space by defining ‖f‖ = supx∈X |f(x)|. The completion of Cc(X) in
this norm is

C0(X) = {f : f continuous, ∀ε > 0, ∃ compact K, f(X \K) ⊂ (−ε, ε)}

which is a Banach space. A linear functional on Cc(X) is a linear func-
tion Φ : Cc(X) → R, and it is bounded if there is some C > 0 such that
|Φ(f)| ≤ C‖f‖.

For simplicity and convenience, we give a slightly less general version
of the following theorem. More general versions are available in the
references.

Theorem B.26. (Riesz representation theorem) Let Ω be a locally
compact separable metric space. Then, to each bounded linear func-
tional Φ on Cc(Ω) there corresponds a unique finite signed Borel mea-
sure μ such that

Φ(f) =

∫
Ω
f dμ.

If Ω is compact, then Cc(Ω) = C(Ω) = C∗(Ω) and thus Theorem
B.26 gives a representation of bounded linear functionals on the space
of all real-valued continuous functions on Ω.

This theorem indicates that the topology of weak convergence of
measures is the weak* topology on the space of measures induced by
this representation. In fact, it says that the space of finite signed Borel
measures normed by the total variation is the dual space (in the sense
of a Banach space) to the space CO(Ω). From the abstract Banach-
Alaoglu theorem (see [170]), we get the following fact.
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Proposition B.27. Let Ω be a locally compact separable metric space
and let c > 0 be a fixed constant. Then the set of finite signed Borel
measures μ with |μ| ≤ c is weakly compact.

B.5.1 Monge-Kantorovich metric

In certain nice situations, the weak* topology on the space of probabil-
ity measures can be metrized. One particularly simple case is when Ω
is a complete separable metric space. While it is certainly possible to
obtain more general results, we will content ourselves with this simple
case, as it is usually sufficient. The Monge-Kantorovich metric arises
out of considerations in the area of mass transportation problems. For
more general results and a historical discussion, see [72, 73, 88, 164].

Recall (see Appendix A) that we use Lip(Ω) to denote the collection
of Lipschitz functions f : Ω → R and Lip1(Ω) denotes the space of
Lipschitz functions with Lipschitz constant bounded by 1.

Definition B.28. (Monge-Kantorovich metric) For two probability
measures μ, ν ∈ P(Ω), we define

dMK(μ, ν) = sup

{∫
Ω
f d(μ− ν) : f ∈ Lip1(Ω)

}
. (B.10)

The definition of dMK makes it clear that there is a relationship be-
tween convergence in this metric and weak convergence. In fact, in the
case of a compact metric space, convergence of probability measures in
the Monge-Kantorovich metric and weak convergence are equivalent,
as is seen in the next proposition.

Proposition B.29. Let Ω be a compact metric space. Then dMK

metrizes the topology of weak convergence on P(Ω). Furthermore,
P(Ω) is compact under dMK .

For the purposes of IFS fractal constructions, the Monge-Kantorovich
metric has the nice property that the distance between two probability
measures μ and ν is linked with the underlying distance function in
Ω. For instance, for two point masses, dMK(δx, δy) = d(x, y). It is also
possible to get bounds on dMK(μ, ν) based on the Hausdorff distance
between the supports of μ and ν. Of course, this connection between
the distance on Ω and that on P(Ω) is not surprising given that the
Monge-Kantorovich metric came out of considerations involving opti-
mal transport problems.



B.6 Lp spaces 383

It is also possible to consider the case where Ω is not compact but
is only assumed to be complete and separable. In this case, it is not
possible to use (B.10) on all of P(Ω), as it can be unbounded. To see
this, take Ω = R, μ = δ0, and

ν =
∞∑
n=1

2−nδ2n .

Then ∫
R

x d(ν − μ) =
∑
n

2−n2n = ∞.

The problem here is that
∫
R
x dν = ∞. The solution is to assume some

sort of uniform tightness on all the measures.

Proposition B.30. Let Ω be a complete separable metric space and
a ∈ Ω. Define the set of probability measures

P1(Ω) =

{
μ ∈ P(Ω) :

∫
Ω
d(x, a) dμ(x) < ∞

}
.

Then P1(Ω) is complete under the Monge-Kantorovich metric dMK .

Other related topologies and metrics can be placed on the space
P(Ω) (or even M(Ω,R)) by choosing some class of “test functions” as
integrators. The relations between these various topologies can be quite
complicated and depend in an intricate way on the precise properties
of the space Ω. There is some discussion of this in [50].

B.6 Lp spaces

Throughout this section, we take (Ω,A, μ) to be a fixed measure space.

Definition B.31. (Lp spaces) Let p ≥ 1. Define

Lp(Ω,μ) =

{
f : Ω → R :

∫
Ω
|f |p dμ < ∞

}
.

Furthermore, for f ∈ Lp(Ω,μ), define

‖f‖p =
(∫

Ω
|f |p dμ

)1/p

.
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From the definition, it is immediate that, for any constant α, we have
|α|‖f‖p = ‖αf‖p. Furthermore, ‖f‖p = 0 if and only if f(x) = 0 for μ
almost all x.

For p ≥ 1, the conjugate exponent q is the q ≥ 1 such that 1/p +
1/q = 1. In the case p = 1, we set q = ∞.

Proposition B.32.

1. (Minkowski’s Inequality) Let f, g ∈ Lp(Ω,μ). Then f + g ∈
Lp(ω, μ) and ‖f + g‖p ≤ ‖f‖p + ‖g‖p.

2. (Hólder’s Inequality) Let f ∈ Lp(Ω,μ) and g ∈ Lq(Ω,μ), where p
and q are conjugate exponents. Then fg ∈ L1(Ω,μ) and ‖fg‖1 ≤
‖f‖p‖g‖q.

3. (Cauchy-Bunyakovskii-Schwarz inequality) If f, g ∈ L2(Ω,μ), then
fg ∈ L1(Ω,μ) and ∣∣∣∣∫ fg dμ

∣∣∣∣ ≤ ‖f‖2‖g‖2.

Theorem B.33. Lp(Ω,μ) is a complete metric space (and thus is a
Banach space).

Proposition B.34.

1. The class of all simple functions ϕ with μ(φ−1(R \ {0})) < ∞ is
dense in Lp(Ω,μ).

2. If Ω is a locally compact metric space, then Cc(Ω) is dense in
Lp(Ω,μ).

In the special situation of L2(Ω,μ), we have more structure. In
addition to the norm ‖f‖2, we can define an inner product

〈f, g〉 =
∫
Ω
f g dμ. (B.11)

By the Cauchy-Bunyakovskii-Schwarz inequality, we know that 〈f, g〉 ∈
R if f, g ∈ L2(Ω,μ), so this is well-defined. We have the following
properties.

Proposition B.35. The inner product satisfies the following proper-
ties for all f, g, h ∈ L2(Ω,μ) and constants α:

1. 〈f, g〉 = 〈g, f〉.
2. 〈αf, g〉 = α〈f, g〉.
3. 〈f + g, h〉 = 〈f, h〉+ 〈g, h〉.
4. 〈f, f〉 ≥ 0 and 〈f, f〉 = 0 if and only if f(x) = 0 for μ almost all x.



Appendix C

Basic Notions from Set-Valued
Analysis

This appendix will be devoted to introducing of the basic properties
and results of set-valued analysis. For a more complete introduction,
see [9].

C.1 Basic definitions

Given two metric spaces X and Y, a multifunction is a set-valued
mapping (i.e. a map F : X ⇒ Y from the space X to the power set
2Y). We recall that the graph of F is the following subset of X× Y:

graph F = {(x, y) ∈ X× Y : y ∈ F (x)} .

If F (x) is a closed, compact or convex set for each x ∈ X, we say
that F is closed, compact, or convex valued, respectively. There are two
ways to define the inverse image under a multifunction F of a subset
S:

1. F−1(S) = {x ∈ X : F (x) ∩ S �= ∅}.
2. F+1(S) = {x ∈ X : F (x) ⊆ S}.

The subset F−1(S) is called the inverse image of S under F and
F+1 is called the core of S under F .

Let (X,B, μ) be a finite measure space; a multifunction F : X ⇒ Y

is said to be measurable if for each open O ⊂ Y we have

F−1(O) = {x ∈ X : F (x) ∩O �= ∅} ∈ B.

A function f : X → Y is a selection or selector of F if f(x) ∈ F (x),
∀x ∈ X.

385
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A multifunction F : X ⇒ X is said to be Lipschitzian if there exists
a K > 0 such that dH(F (x), F (y)) ≤ Kd(x, y) for all x, y ∈ X, where
dH denotes the Hausdorff metric.

If F is Lipschitz and Y is an inner product space, then the functions
x → supp (p, F (x)), where

supp (p, F (x)) = sup
s∈F (x)

p · s,

are also Lipschitz with the same constant K for any p ∈ Sd−1, where

Sd−1 = {y ∈ Y : ‖y‖ = 1}.

C.1.1 Contractive multifunctions, fixed points, and
collage theorems

A Lipschitz multifunction with K ∈ [0, 1) is said to be a contraction.
For a contractive multifunction, there exists a (not necessarily unique)
fixed point x̄ ∈ X that satisfies the inclusion relation x̄ ∈ F (x̄). Note
that the fixed point x̄ is not necessarily unique. As a simple example,
X = Y = R and F (x) = [0, 1] has fixed point x̄ for any x̄ ∈ [0, 1].

Theorem C.1. Let (X, d) be a complete metric space and F : X →
H(X) be a contractive multifunction such that dH(F (x), F (y))≤ cd(x, y)
for all x, y ∈ X with c ∈ [0, 1). Then:

1. For all x0 ∈ X, there exists a point x̄ ∈ X such that xn+1 =
P (xn) → x̄ when n → +∞, where P (x) = πx(F (x)) is the pro-
jection of x onto F (x).

2. x̄ is a fixed point; that is, x̄ ∈ F (x̄).

Theorem C.2. Given a contractive multifunction F : X ⇒ X, let

XF = {x ∈ X : x ∈ F (x)}

be the set of all fixed points of F . If (X, d) is a complete (compact)
metric space, then XF is complete (compact).

Theorem C.3. (Collage and anti-collage) Let (X, d) be a complete
metric space and F : X → H(X) a contraction multifunction with
contractivity factor c ∈ [0, 1). The following properties hold:
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1. (Generalized collage theorem) For all x ∈ X, there exists a fixed
point x̄ such that

d(x0, x̄) ≤
d(x, F (x))

1− c
,

so that

d(x,XF ) ≤
d(x, F (x))

1− c
.

2. (Generalized anti-collage theorem) d(x, F (x)) ≤ (1 + c)d(x,XF ).

If our multifunctions have compact values, a natural metric between
two multifunctions is to use a supremum norm. Specifically, let (X, d)
be a complete metric space and F1, F2 : X ⇒ X be two multifunctions
on X. We define the following distance between F1 and F2:

d∞(F1, F2) = sup
x∈X

dH(F1(x), F2(x)).

Theorem C.4. (Continuity of fixed-point sets) Suppose that XF1 and
XF2 are compact sets and F1 and F2 are compact-valued contractive
multifunctions with contractivities c1 and c2. Then

dH(XF1 ,XF2) ≤
d∞(F1, F2)

1−min{c1, c2}
.

Let us suppose that (X, d) is a compact metric space. Starting from a
multifunction F : X → H(X), it is quite natural to define an associated
multifunction map F ∗ on H(X) as follows:

F ∗(A) :=
⋃
a∈A

F (a), ∀ A ∈ H(X). (C.1)

Then F ∗ : H(X) → H(X) and F ∗ : H(X) → H(X) is contractive in
the dH metric if F is a contraction. From Banach’s theorem, there
exists a unique fixed point A ∈ H(X) such that F ∗(A) = A. What is
the relation between the solution of the inclusion a ∈ F (a) and the
equation A = F ∗(A)? This relation is simple. Suppose that a ∈ F (a)
and A = F ∗(A). Then a ∈ A. Thus the fixed set of F ∗ contains all the
fixed points of the multifunction F .
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C.1.2 Convexity and multifunctions

Let us now suppose that X and Y are two Banach spaces and that Y
is ordered by a pointed convex cone C (which means that we consider
y1 ≤ y2 if y2 − y1 ∈ C). A multifunction F : X ⇒ Y is said to be
C-convex if

tF (x) + (1− t)F (y) ⊆ F (tx+ (1− t)y) + C

whenever x, y ∈ X and t ∈ (0, 1). When F : X → Y is a point-to-point
mapping then this definition is the classical notion of C-convexity.

A point (u0, f0) is a local weak minimum for the multifunction F if
f0 ∈ F (u0) and there exists a neighbourhood U of u0 such that

F (x) ⊂ f0 + (−intC)c

for all x ∈ U . Let X be a convex set and F : X ⇒ Y be a C-convex
multifunction. It is immediate to prove that if (u0, f0) with f0 ∈ F (u0)
is a local weak minimum of F , then it is a global weak minimum.

C.2 Integral of multifunctions

We now recall the definition of the integral of multifunctions. Let
(X,B, μ) be a measure space and Y be a normed space. We suppose
that F : X ⇒ Y is a multifunction that takes nonempty, convex, and
compact subsets of Y as values. We denote by F(X,Y )μ the space of
all integrable selections of F ; that is

F(X,Y )μ = {f ∈ L1(X,Y) : f(x) ∈ F (x), a.e. x ∈ X}.

A multifunction F is said to be integrably bounded if there exists a
nonnegative function k ∈ L1(X) such that

F (x) ⊂ k(x)B1(0)

for a.e. x ∈ X. Clearly, in this case all measurable selections are inte-
grable. Notice that if F is Lipschitz and either F or μ has bounded
support, then F is integrably bounded as well.

We give the definition of the integral of a multifunction F in the
Aumann sense (see Section 8.6 in [9]). The integral of F on X is the
set of integrals of integrable selections of F ; that is,
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X

F dμ =

{∫
X

f dμ : f ∈ F(X,Y )μ

}
.

The following result states some properties of integrals of multifunc-
tions.

Theorem C.5. (Properties of multifunction integration)

• Let us consider measurable, integrably bounded set-valued maps Fi :
X ⇒ Y and set G(x) = F1(x) + F2(x). Then

–
∫
X
Gdμ =

∫
X
F1 dμ+

∫
X
F2 dμ and

– for all p ∈ Y∗, supp
(∫

X
F dμ, p

)
=
∫
X
supp (F (x), p) dμ(x).

• Suppose F is an integrably bounded multifunction.Then
∫
X
F (x) dμ(x)

is a bounded set.
• We have dH(

∫
X
F dμ,

∫
X
Gdμ) ≤

∫
X
dH(F (x), G(x)) dμ(x).

• Suppose μn converges to μ in the Monge-Kantorovich metric and
F is Lipschitz with constant K. Then, for all ε > 0, there exists N
such that ∀n ≥ N ,∫

X

supp (p, F (x))d(μn(x)− μ(x)) < Kε,

for all p ∈ Sd−1.
• Suppose F : X ⇒ Y is a Lipschitz multifunction and μn → μ

in the Monge-Kantorovich metric on X. Then we also have that
supp (p,

∫
X
F dμn) → supp (p,

∫
X
F dμ), and this convergence is uni-

form with respect to p ∈ Sd−1.
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Lp space, 383
δ-cover, 374
ε-dilation, 366
σ-algebra, 370

generated by, 370
product, 372

σ-finite measure, 371

absolutely continuous, 380
affine IFSM, 98
almost all, 371
anharmonic oscillator, 259
anti-collage theorem, 25
approximation by fixed points, see

inverse problem
attractor of an IFS, 37
Axiom of Choice, 357

bacteria and amoeba interaction,
307

Banach fixed-point theorem, 366
base characteristic, 277
Bielecki norms, 247
bilinear form, 316
Borel measure, 374
Borel sets, 374
boundary value problems, 316

Cauchy-Bunyakovskii-Schwarz
inequality, 384

chaos game, 48, 176
coloured chaos game, 176

explanation for, 49
IFSM, 214
nonoverlapping, 215
overlapping, 217, 218

mixing, 79
multifunctions, 234
multimeasures, 239
wavelets
mother wavelet, 224
multidimensional, 231
scaling function, 223
wavelet analysis, 227
wavelet synthesis, 228

characteristic function, 376
child block, 6, 87
collage coding, 17, 26, 91, 258, 263,

266, 273, 275, 281, 283, 301,
320

as quadratic problem, 243, 249,
288

generalized collage coding, 316
generalized collage theorem, 318

collage distance, 17, 18, 92, 138, 139,
243, 248, 259, 281

collage error, see collage distance
collage theorem, 17, 23
generalized anti-collage theorem,

387
generalized collage theorem, 318,

387
coloured fractals, 175
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column stochastic matrices, 177
completeness

multimeasures, 194
signed measures, 152
vector measures, 167

condensation, see IFS with conden-
sation

cone
property B, 346

cone metric, 342
cone with empty interior, 349
convergence, 342
Hausdorff, 351
IFSM, 352
scalarization, 343

cone metric space, 341
contraction, 365

continuity of fixed point, 24
continuity of fixed-point sets, 387
ODE existence and uniqueness,

244
contraction mapping theorem, 22,

366
counting measure, 375
coupled DE, 337
curve, 41

damped harmonic oscillator, 300
Devil’s staircase function, 6
diffusivity, 320
directed system, 359
divergence theorem, 186
dominated convergence theorem, 378

elliptic PDE, 315, 318
eventually contractive, 303

Fatou’s lemma, 377
finite measure, 371
finite variation, 379
first-order quasilinear PDE, 276
fractal block-coding, 88
fractal block-decoding, 90
fractal components, 1, 3, 92
fractal image compression, 1, 18, 87,

88

child block, 87
domain pool, 7
multiparent coding, 7
parent block, 87

fractal image decompression, 90
fractal imaging, 87
fractal interpolation functions, 72
fractal transform, 1, 3, 88
Fubini’s theorem, 378

gauge function, 375
generalized measures, 156
geometric IFS, 4
goal programming, 349
Green’s theorem, 184

Hölder’s inequality, 384
Haar wavelets, 104
Hahn decomposition, 379
Hammerstein integral equations, 289
Hausdorff distance, 11, 30, 366
Hausdorff measure, 375
hyperbolic PDE, 315, 334

IFS, 1, 11, 27, 34
address map, 46
attractor, 11, 37
average contractivity, 55, 82
boundary as graph-directed IFS,

76
chaos game, 48
code space, 45
coloured fractals, 175
continuous dependence of

attractor, 41, 59, 81, 83
deterministic iteration, 48
ergodic theorem, 66
eventually contractive, 34
fractal interpolation functions, 72
generalized measures, 157
generalized vector measures, 183
graph-directed IFS, 74
IFS and integral transforms, 111
IFS on Lebesgue transforms, 121
IFS on wavelets, see IFSW
IFS partition, 98, 116, 214
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IFS with condensation, 3, 70
IFS with probabilities, 51
IFSP adjoint operator, 63
induced operator, 12
infinite IFS, 79
invariant measure, 11
Markov operator, 51, 82
measure disjoint, 96
measure-valued functions, 141
measure-valued measures, 175
moment matching, 63
moments of measures, 15, 122, 145
multimeasures, 196
nonoverlapping, 38
on functions, see IFSM
on multifunctions, see IFSMF
open set condition, 5, 39
place-dependent probabilities, 69
recurrent, see graph-directed IFS
recursion for moments, 62
self-affine, 38
signed measures, 153
space of contractions, 41
space of IFS, 42
subtiles, 46
system of equations, 74
totally disconnected attractor, 39
union-additive multimeasures, 206
vector IFS, 74
vector measures, 171
with condensation
multimeasure, 200
signed measures, 155
vector measures, 175

IFS with probabilities, 11
IFSM, 92

affine, 98
cone metric space, 352
dilation equation, 5, 103
fractal components, 92
geometric IFS, 92
grey-level maps, 92
IFS and integral transforms, 111
IFS on Fourier transforms, 13, 120
IFS on integral kernels, 116

IFS on wavelets, see IFSW
IFSM on Lp(X), 95
local or partitioned, 6, 94
orthogonality, 99
uniformly contractive, 92
vector IFSM, 223

IFSMF, 132
Minkowski sum operator, 133
union operator, 132

IFSP, see IFS with probabilities
Markov operator, 11, 54

IFSW, 13, 105, 120
local, 106
relationship to IFSM, 107

IMS, 125
invariant measure, 128

IMSP, 126
Markov operator, 128

inner product, 384
integrable function, 378
signed measure, 380
vector measure, 165

integral
positive measure, 376, 377
signed measure, 380
vector measure, 165

inverse problem, 16, 25, 37, 316
fluid flow, 282
multiple data sets, 259
partial data set, 259
traffic flow, 282

iterated function system, see IFS
iterated multifunction systems, 125
iterated random functions, 213

Jordan decomposition, 379

kernel functional equation, 114

Lax-Milgram representation
theorem, 316

Lebesgue measure, 369
Lebesgue-Stieltjes measures, 372
Lipschitz norm, 156
Lorenz system, 261
Lotka-Volterra system, 254, 260
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Malthusian growth model, 303
Markov operator

IFSM chaos game, 219
IFSP, 11, 51, 54
IFSP with colour, 177
IFSP with condensation, 72
IMSP, 128
infinite IFSP, 82
on generalized measures, 157
on generalized vector measures,

183
on multimeasures, 196, 201
on signed measures, 153
on signed measures, with

condensation, 155
on union-additive multimeasures,

206
on vector measures, 171

measurable function, 375
measurable set, 372
measurable space, 370
measure, 370
σ-algebra, 370
σ-finite measure, 371
absolutely continuous, 380
almost all, 371
counting measure, 375
finite measure, 371
finite variation, 379
fractal density, 232
generalized measure, 156
Hahn decomposition, 379
Hausdorff, 375
Jordan decomposition, 379
Lebesgue measure, 369
Lebesgue-Stieltjes, 372
Monge-Kantorovich metric, see

Monge-Kantorovich metric
multimeasure, see multimeasure
negative set, 379
outer measure, 372
positive set, 379
premeasure, 371
probability, 371
product, 373

push-forward, 373
set-valued, see multimeasure
signed measure, 379
support, 56, 374
tangent measure, 170, 181
tight measure, 374
total variation, 379
vector measure, see vector

measure
weak convergence, 380

measure disjoint, 96
measure space, 371
measure-valued functions, 140
method of characteristics, 276
metric space, 363
Cauchy sequence, 364
compact, 364
complete, 364
diameter, 364
discrete metric, 363
first-countable, 363
Heine-Borel theorem, 364
Lipschitz function, 365
metric topology, 363
Polish space, 364
projection of point on a set, 365
totally bounded, 364

Minkowski sum, 190
Minkowski’s inequality, 384
moment-valued functions, 146
Monge-Kantorovich metric, 52, 382
as dual norm, 157, 182, 200
multimeasures, 194
probability measures, 382
signed measures, 151, 160
vector measures, 166, 189

monotone convergence theorem, 377
mRNA and protein concentration,

305
multicriteria optimization, 349
multifunction, 125, 385
C-convex, 388
closed, 385
compact, 385
contraction, 386
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convex, 385
core, 385
fixed-point, 386
inclusion relation, 386
integrably bounded, 131, 388
integral, 388
inverse image, 385
Lipschitz, 386
local weak minimum, 388
measurable, 385
selection, 385
space of, 130

multimeasure, 190
bounded, 191
completeness, 194
positive, 191, 195
union-additive, 203
variation, 191

multiple data sets, 259

negative set, 379
nonlocal means denoising, 8
nonnegative vector measure, 164
norm of a set, 191

ODE
existence and uniqueness, as

contraction, 244
one-dimensional steady-state

diffusion, 320
ordering cone, 341
outer measure, 372

parabolic PDE, 315, 332
parent block, 7, 87
partial data set, 259
pathogenesis, 307
penalty functions, 315
pointed wedge, 342
polynomial approximation to vector

fields, 248
positive set, 379
positive vector, 342
premeasure, 371
probability measure, 371
product σ-algebra, 372

product measure, 373

Radon-Nikodym derivative, 380
Radon-Nikodym theorem, 380
random fixed-point equations, 295
random vibrating string, 337
regularization, 315
Riesz representation theorem, 381

scalarization technique, 349
scaling function, 103
multidimensional, 230

selector, 385
self-affine tiling, 231
self-similar, 1, 4, 29, 34
self-similar integral kernel, 111, 116
set-valued measure, see multimea-

sure
Sierpinski triangle, 34
signed measure, 379
similarity, 34
simple function, 376
SML model, 257
space of compact subsets, 11
stochastic differential equation, 337
stochastic differential equations

(SDE), 302
stochastic process, 337
strictly positive vector, 342
strongly connected, 77
structural similarity index, 350
Sturm-Liouville equations, 272
suboptimality theorem, 26
subshift of finite type, 77
support function, 191
support of a measure, 374

tangent measure, 170, 181
tight measure, 374
topological space, 358
topology, 358
base, 358
compact, 361
connected, 362
continuous, 361
discrete , 359
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first-countable, 360
Hausdorff space, 360
homeomorphism, 362
net, 359
net convergence, 359
perfect set, 39, 361
product, 359
second-countable, 360
separable, 360
subbase, 358
subspace, 358
totally disconnected, 28
weak, 362

total variation, 379
tumor growth, 309
two-dimensional steady-state

diffusion, 329
two-point boundary value problem,

265, 268
two-state Markov process, 306

union-additive multimeasure, 203
completeness, 205
extension of, 212
general recursive partitions, 209
metric on, 204

universal self-similarity, 116
Urison integral equations, 284

van der Pol equation, 256
vector measure, 163
continuous, 164
infinite-dimensional, 187
integrable function, 165
integral, 165
Monge-Kantorovich, 189
Monge-Kantorovich metric, 166
nonnegative, 164
variation, 164

Volterra integral operators, 285
von Koch curve, 8, 169
tangent measure, 170

wavelets
basis, 103
coefficients, 104
dilation equation, 5, 103
Haar, 104
IFS, 102
mother, 103
multidimensional, 230
periodic, 105, 108
scale space, 103
scaling function, 103
tree, 104

weak convergence of measures, 380

zonotopes, 198
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